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PREFACE. 


On  account  of  a  great  and  increasing  demand  for  a  reduc- 
tion in  the  size  of  the  drawing  volume,  we  have  had  it  reset 
for  this  reprint.  The  drawing  plates  have  been  printed  on 
special  thin,  tough  paper  and  are  inserted  on  guards,  so  that 
they  may  be  opened  to  the  full  width.  These  plates  are  now 
ten  inches  long  between  the  border  lines  instead  of  twelve 
inches,  as  formerly,  but  it  is  not  thought  that  this  slight 
reduction  in  size  will  in  any  way  lessen  the  value  of  the 
plates,  and  the  advantages  of  having  the  drawing  volume 
uniform  in  size  with  the  other  volumes  of  the  set  are  obvious. 
On  account  of  the  thinness  of  this  volume,  we  have  placed 
the  first  of  the  two  Key  volumes  at  the  end,  to  follow 
Mechanical  Drawing.  The  mapping  plates  have  also  been 
reduced  to  the  same  size  as  the  drawing  plates  and  are 
inserted  in  their  proper  places  in  the  volume  containing  the 
paper  entitled  Mapping. 

On  account  of  the  relative  thinness  of  the  second  Key 
volume  and  the  Tables  and  Formulas  volume,  they  have 
been  combined  under  one  cover.  As  the  result  of  these 
changes,  there  are  now  ten  volumes  in  this  set  instead  of 
twelve,  as  formerly;  all  the  volumes  are  nearly  equal  in 
size;  and  the  set  is  greatly  improved,  both  in  appearance 
and  in  convenience  for  reference. 

These  volumes  comprise  a  thorough  elementary  treat- 
ment of  the  theory  and  practice  of  civil  engineering.  The 
groundwork  is  covered  by  the  papers  on  mathematics  and 
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iv  PREFACE. 

mechanics,  the  latter  embracing  the  subjects  of  Elementary 
Mechanics,  Hydromechanics,  Pneumatics,  and  Graphical 
Statics.  What  might  be  termed  the  technical  division 
embraces  the  following  subjects,  which  are  comprised  in  six 
volumes  bearing  the  subtitles  specified  herewith: 

Bridge  Engineering. — This  volume  contains  the  following 
papers  with  their  Examination  Questions:  Strength  of  Ma- 
terials, Analysis  of  Stresses,  Proportioning  the  Material, 
Details  of  Construction,  and  Details,  Bills,  and  Estimates. 

Railroad  Engineering. — This  volume  contains  the  follow- 
ing papers  with  their  Examination  Questions:  Surveying, 
Land  Surveying,  Mapping,  Railroad  Location,  Railroad 
Construction,  Track  Work,  and  Railroad  Structures. 

Municipal  Engineering. — This  volume  contains  the  follow- 
ing papers  with  their  Examination  Questions:  Drainage, 
Sewerage,  Streets  and  Highways,  and  Paving. 

Hydraulic  Engineering. — This  volume  contains  the  fol- 
lowing papers  with  their  Examination  Questions:  Water- 
Wheels,  Hydraulic  Machinery,  Water  Supply  and  Distribu- 
tion, and  Irrigation. 

Steam  Engineering. — This  volume  contains  the  following 
papers  with  their  Examination  Questions:  Heat,  Steam 
and  Steam  Engines,  Steam  Boilers,  and  Locomotives. 

Electrical  Engineering. — This  volume  contains  the  follow- 
ing papers  with  their  Examination  Questions:  Dynamos  and 
Motors,  Electric  Lighting,  and  Electric  Railways. 

In  addition  to  the  volumes  already  mentioned  there  is 
another  volume  bearing  the  subtitle  Natural  Science ;  this 
volume  contains  the  following  papers  with  their  Examina- 
tion Questions:  Descriptive  Astronomy,  Elementary  Chem- 
istry, Blowpiping,  Mineralogy,  and  Geology. 

These  volumes  have  been  printed,  in  so  far  as  was  possible, 
from  the  plates  used  in  printing  the  Bound  Volumes  of  the 
other  Courses  containing  the  same  papers.  For  this  reason, 
the  page  numbers,  article  numbers,  formula  numbers,  etc. 
are  not  continuous  throughout  all  the  volumes  containing 
the  Instruction  Paners  and  Examination  Questions.  This 
will  cause  no  confusion,  for  there  are  no  references  from  one 
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volume  to  another.     The  page  numbers,  however,  have  been 
made  continuous  throughout  each  volume. 

By  leaving  out  demonstrations  of  rules  and  formulas,  we 
have  been  enabled  to  cover  the  subjects  treated  in  from  one- 
third  to  one-fourth  the  number  of  pages  that  would  other- 
wise have  been  required.  We  have  selected  that  rule  or 
formula  which  seemed  best  adapted  to  the  requirements  of 
the  case  and  have  shown  the  reader  how  to  use  it — illustra- 
ting its  use,  whenever  practicable,  by  such  examples  as 
would  be  likely  to  occur  in  practice. 
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ARITHMETIC. 

(SECTION  1.) 


DEFINITIONS. 

1.  Arithmetic  is  the  art  of  reckoning,  or  the  study  of 
numbers. 

2.  A  unit  is  one,  or  a  single  thing,  as  one,  one  boy,  one 
horse,  one  dozen. 

3.  A  number  is  a  unit  or  a  collection  of  units,  as  one, 
three  apples,  five  boys. 

4«  The  unit  of  a  number  is  one  of  the  collection  of 
units  which  constitutes  the  number.  Thus,  the  unit  of 
twelve  is  one,  of  twenty  dollars  is  one  dollar. 

5.  A  concrete  number  is  a  number  applied  to  some 
particular  kind  of  object  or  quantity,  as  three  horses,  five  dot- 
tars,  ten  pounds. 

6.  An  abstract  number  is  a  number  that  is  not  ap- 
plied to  any  object  or  quantity,  as  three,  five,  ten. 

7.  Like  numbers  are  numbers  which  express  units  of 
the  same  kind,  as  6  days  and  10  days,  %  feet  and  5  feet. 

8.  Unlike  numbers  are  numbers  which  express  units 
of  different  kinds,  as  ten  months  and  eight  miles,  seven  dollars 
and  five  feet.  

NOTATION  AND  NUMERATION. 

9.  Numbers  are  expressed  in  three  ways:  (1)  by  words; 
(2)  by  figures;  (3)  by  letters. 

10.  Notation  is  the  art  of  expressing  numbers  by 
figures  or  letters. 

11.  Numeration  is  the  art  of  reading  the  numbers 
which  have  been  expressed  by  figures  or  letters. 

For  notice  of  copyright,  see  page  immediately  following  the  title  page. 


*  ARITHMETIC. 

1 2.  The  Arabic  notation  is  the  method  of  expressing 
numbers  by  figures.  This  method  employs  ten  different 
figures  to  represent  numbers,  viz. : 

Figures        0         123456789 
naughty    one      two     three    four    five      six    seven  eight  nine 

Names       cipher, 
or  zero. 

The  first  character  (0)  is  called  naught,  cipher,  or  zero, 
and,  when  standing  alone,  has  no  value. 

The  other  nine  figures  are  called  digits,  and  each  one 
has  a  value  of  its  own. 

Any  whole  number  is  called  an  integer. 

13.  As  there  are  only  ten  figures  used  in  expressing 
numbers,  each  figure  must  express  a  different  value  at  differ- 
ent times. 

14.  The  value  of  a  figure  depends  upon  its  position  in 
relation  to  others. 

15.  Figures  have  simple  values  and  local  or  relative 

values. 

16.  The  simple  value  of  a  figure  is  the  value  it  ex- 
presses when  standing  alone. 

1 7.  The  local  or  relative  value  is  the  increased  value 

it  expresses  by  having  other  figures  placed  on  its  right. 

For  instance,  if  we  see  the  figure  6  standing  alone, 
thus 6 

we  consider  it  as  six  units,  or  simply  six. 

Place  another  6  to  the  left  of  it;  thus 66 

The  original  figure  is  still  six  units,  but  the  second 
one  is  ten  times  6,  or  6  tens. 

If  a  third  6  be  now  placed  still  one  place  further  to 
the  left,  it  is  increased  in  value  ten  times  more,  thus 
making  it  6  hundreds 666 

A  fourth  6  would  be  6  thousands 6666 

A  fifth  6  would  be  6  tens  of  thousands,  or  sixty 
thousand 66666 

A  sixth  6  would  be  6  hundreds  of  thousands  .     666666 

A  seventh  6  would  be  6  millions 6666666 

The  entire  line  of  seven  figures  is  read  six  millions,  six 

hundred  sixty-six  thousands ',  six  hundred  sixty-six. 
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18*  The  increased  value  of  each  of  these  figures  is  its 
local  or  relative  value.  Each  figure  is  ten  times  greater  in 
value  than  the  one  immediately  on  its  right. 

19.  The  cipher  (0)  has  no  value  itself,  but  it  is  useful  in 
determining  the  place  of  other  figures.  To  represent  the 
number  four  hundred  five,  two  digits  only  are  necessary,  one 
to  represent  four  hundred,  and  the  other  to  represent  five 
units ;  but  if  these  two  digits  are  placed  together,  as  45,  the 
4  (being  in  the  second  place)  will  mean  4  tens.  To  mean  4 
hundreds,  the  4  should  have  two  figures  on  its  right,  and  a 
cipher  is  therefore  inserted  in  the  place  usually  given  to  tens9 
to  show  that  the  number  is  composed  of  hundreds  and  units 
only,  and  that  there  are  no  tens.  Four  hundred  five  is  there- 
fore expressed  as  405.  If  the  number  were  four  thousand 
and  five,  two  ciphers  would  be  inserted;  thus,  4005.  If  it 
were  four  hundred  fifty ',  it  would  have  the  cipher  at  the  right- 
hand  side  to  show  that  there  were  no  units,  and  only  hun~ 
dreds  and  tens ;  thus,  450.  Four  thousand  and  fifty  would  be 
expressed  4050,  the  first  cipher  indicating  that  there  are  no 
hundreds  and  the  second  that  there  are  no  units. 

Note. — When  speaking  of  the  figures  of  a  number  by  referring  to 
them  as  first  figure,  second  figure,  etc.,  always  begin  to  count  at  the 
left.  Thus,  in  the  number  41,625,  4  is  the  first  figure,  6  the  third 
figure,  5  the  fifth  or  last  figure,  etc 

20.  In  reading  figures,  it  is  usual  to  point  off  the  num- 
ber into  groups  of  three  figures  each,  beginning  with  the 
right-hand  or  units  column,  a  comma  (,)  being  used  to 
point  off  these  groups. 
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4  ARITHMETIC. 

In  pointing  off 'these  figures,  begin  at  the  right-hand  figure 
and  count — units,  tens,  hundreds ;  the  next  group  of  three 
figures  is  thousands,  therefore,  we  insert  a  comma  (,)  before 
beginning  with  them.  Beginning  at  the  figure  5,  we  say 
thousands,  tens  of  thousands,  hundreds  of  thousands,  and  in- 
sert another  comma ;  we  next  read  millions,  tens  of  millions, 
hundreds  of  millions,  and  insert  another  comma ;  we  then 
read  billions,  tens  of  billions,  hundreds  of  billions. 

The  entire  line  of  figures  would  be  read:  Four  hundred 
thirty-two  billions,  one  hundred  ninety-eight  millions,  seven 
hundred  sixty- five  thousands,  four  hundred  thirty -two.  When 
we  thus  read  a  line  of  figures  it  is  called  numeration,  and 
if  the  numeration  be  changed  back  to  figures,  it  is  called 
notation. 

For  instance,  the  writing  of  the  figures, 

72,584,623, 
would  be  the  notation,  and  the  numeration  would  be 
seventy-two  millions,  five  hundred  eighty-four  thousands,  six 
hundred  twenty-three, 

21*  Note. — It  is  customary  to  leave  the  s  off  the  words  millions, 
thousands,  etc. ,  in  cases  like  the  above,  both  in  speaking  and  writing ; 
hence,  the  above  would  usually  be  expressed,  seventy-two  million,  five 
hundred  eighty-four  thousand,  six  hundred  twenty-three. 

22.  The  four  fundamental  processes  of  Arithmetic  are 
addition,  subtraction,  multiplication,  and  division. 

They  are  called  fundamental  processes,  because  all  opera- 
tions in  Arithmetic  are  based  upon  them. 


ADDITION. 

23.  Addition  is  the  process  of  finding  the  sum  of  two  or 
more  numbers.  The  sign  of  addition  is  +  .  It  is  read  plus, 
and  means  more.  Thus,  5  +  6  is  read  5  plus  6,  and  means 
that  5  and  6  are  to  be  added. 

24.  The  sign  of  equality  is  =  .  It  is  read  equals  or  is 
equal  to.     Thus,  5  +  6  =  11  may  be  read  5  plus  6  equals  11. 

25.  Like  numbers  can  be  added,  but  unlike  numbers  can- 
not. Thus,  6  dollars  can  be  added  to  7  dollars,  and  the  sum 
will  be  13  dollars,  but  6  dollars  cannot  be  added  to  7  feet. 
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26»    The  following  table  gives  the  sum  of  any  two  num- 
bers from  1  to  12: 

TABLE    1. 


1  and    1  are   2 

2  and    1  are    8 

3  and    1  are   4 

4  and    1  are   5 

1  and   2  are   8 

2  and    2  are   4 

8  and    2  are   5 

4  and   2  are   6 

1  and   3  are   4 

2  and   8  are   5 

Sand    8  are   6 

4  and   8  are   7 

1  and   4  are    5 

2  and   4  are    6 

8  and   4  are    7 

4  and   4  are   8 

1  and    5  are   6 

2  and   5  are    7 

3  and    5  are   8 

4  and    5  are   9 

1  and   6  are   7 

2  and   6  are   8 

8  and    6  are   9 

4  and   6  are  10 

1  and    7  are   8 

2  and   7  are    9 

Sand    7 are  10 

4  and    7  are  11 

1  and   8  are   9 

2  and   8  are  10 

3  and   8  are  11 

4  and   8  are  12 

1  and   9  are  10 

2  and   9  are  11 

3  and   9  are  12 

4  and   9  are  13 

1  and  10  are  11 

2  and  10  are  12 

8  and  10  are  13 

4  and  10  are  14 

1  and  11  are  12 

2  and  11  are  18 

8  and  11  are  14 

4  and  11  are  15 

1  and  12  are  13 

2  and  12  are  14 

8  and  12  are  15 

4  and  12  are  16 

5  and   1  are   6 

6  and   1  are    7 

7  and    1  are   8 

8  and    1  are   9 

5  and   2  are    7 

6  and   2  are   8 

7  and    2  are   9 

8  and   2  are  10 

5  and   8  are   8 

6  and   8  are    9 

7  and   8  are  10 

8  and   3  are  11 

5  and   4  are   9 

6  and   4  are  10 

7  and   4  are  11 

8  and   4  are  12 

5  and   5  are  10 

6  and    5  are  11 

7  and   5  are  12 

8  and   5  are  18 

5  and   6  are  11 

6  and   6  are  12 

7  and   6  are  18 

8  and   6  are  14 

5  and   7  are  12 

6  and   7  are  13 

7  and   7  are  14 

8  and    7  are  15 

5  and   8  are  13 

6  and   8  are  14 

7  and   8  are  15 

8  and   8  are  16 

5  and   9  are  14 

6  and    9  are  15 

7  and    9  are  16 

8  and   9  are  17 

5  and  10  are  15 

6  and  10  are  16 

7  and  10  are  17 

8  and  10  are  18 

5  and  11  are  16 

6  and  11  are  17 

7  and  11  are  18 

8  and  11  are  19 

5  and  12  are  17 

6  and  12  are  18 

7  and  12  are  19 

8  and  12  are  20 

9  and    1  are  10 

10  and    1  are  11 

11  and    1  are  12 

12  and    1  are  18 

9  and   2  are  11 

10  and   2  are  12 

Hand    2 are  13 

12  and    2  are  14 

9  and    8  are  12 

10  and    8  are  13 

11  and    3  are  14 

12  and   8  are  15 

9  and   4  are  18 

10  and   4  are  14 

11  and   4  are  15 

12  and    4  are  16 

9  and    5  are  14 

10  and    5  are  15 

11  and    5  are  16 

12  and   5  are  17 

9  and   6  are  15 

10  and    6  are  16 

11  and    6  are  17 

12  and    6  are  18 

9  and    7  are  16 

10  and   7  are  17 

11  and    7  are  18 

12  and    7  are  19 

9  and   8  are  17 

10  and    8  are  18 

Hand    8 are  19 

12  and    8  are  20 

9  and   9  are  18 

10  and   9  are  19 

Hand    9  are  20 

12  and    9  are  21 

9  and  10  are  19 

10  and  10  are  20 

11  and  10  are  21 

12  and  10  are  22 

9  and  11  are  20 

10  and  11  are  21 

11  and  11  are  22 

12  and  11  are  23 

9  and  12  are  21 

10  and  12  are  22 

11  and  12  are  23 

12  and  12  are  24 

This  table  should  be  carefully  committed  to  memory.  Since  0  has 
no  value,  the  sum  of  any  number  and  0  Is  the  number  itself;  thus,  17 
and  0  are  17. 

27 •  For  addition,  place  the  numbers  to  be  added  directly 
under  each  other,  taking  care  to  place  units  under  units,  tens 
under  tens,  hundreds  under  hundreds,  and  so  on. 

When  the  numbers  are  thus  written,  the  right-hand  figure 
of  one  number  is  placed  directly  under  the  righUhand  figure 
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of  the  number  above  it,  thus  bringing  the  unit  figures  of  all 
the  numbers  to  be  added  in  the  same  vertical  line.  Proceed 
as  in  the  following  examples: 

28.     Example.— What  is  the  sum  of  181,  222,  21,  2,  and  418  ? 

Solution,—  181 

222 

21 

2 

418 


sum    78  9    Ans. 

Explanation. — After  placing  the  numbers  in  proper 
order,  begin  at  the  bottom  of  the  right-hand  or  units 
column,  and  add,  mentally  repeating  the  different  sums. 
Thus,  three  and  two  are  five  and  one  are  six  and  two  are 
eight  and  one  are  nine,  the  sum  of  the  numbers  in  units 
column.  Place  the  9  directly  beneath  as  the  first  or  units 
figure  in  the  sum. 

The  sum  of  the  numbers  in  the  next  or  tens  column  equals 
8  tens,  which  is  the  second  or  tens  figure  in  the  sum. 

The  sum  of  the  numbers  in  the  next  or  hundreds  column 
equals  7  hundreds,  which  is  the  third  or  hundreds  figure  in 
the  sum. 

The  sum  or  answer  is  789. 

29.     Example.— What  is  the  sum  of  425,  86,  9,215,  4,  and  907  ? 

Solution. —  425 

86 

9215 

4 

907 


27 

60 

1500 

9000 


sum    10  5  8  7    Ans. 

Explanation. — The  sum  of  the  numbers  in  the  first  or 
units  column  is  seven  and  four  are  eleven  and  five  are  six- 
teen and  six  are  twenty-two  and  five  are  twenty-seven,  or 
27  units;  i.  e.,  two  tens  and  seven  units.  Write  27  as  shown. 
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The  sum  of  the  numbers  in  the  second  or  tens  column  is 

six  tens,  or  60.     Write  60  underneath  27  as  shown.     The 

sum  of  the  numbers  in  the  third  or  hundreds  column  is  15 

hundreds,  or  1,500.     Write  1,500  under  the  two  preceding 

results  as  shown.     There  is  only  one  number  in  the  fourth 

or  thousands  column,  nine,  which  represents  9,000.     Write 

9,000  under  the  three  preceding  results.    Adding  these  four 

results,  the  sum  is  10,587,  which  is  the  sum  of  425,    36, 

9,215,  4,  and  907. 

Note. — It  frequently  happens,  when  adding  a  long  column  of  fig- 
ures, that  the  sum  of  two  numbers,  one  of  which  does  not  occur  in  the 
addition  table,  is  required.  Thus,  in  the  first  column  above,  the  sum  of 
16  and  6  was  required.  We  know  from  the  table  that  6+  6  =  12; 
hence,  the  first  figure  of  the  sum  is  2.  Now,  the  sum  of  any  number  less 
than  20  and  of  any  number  less  than  10  must  be  less  than  thirty,  since 
20  -h  10  =  30;  therefore,  the  sum  is  22.  Consequently,  in  cases  of  this 
kind,  add  the  first  figure  of  the  larger  number  to  the  smaller  number 
and,  if  the  result  is  greater  than  9,  increase  the  second  figure  of  the  larger 
number  by  1.    Thus,  44  +  7  =  ?    4  +  7  =  11;  hence,  44  +  7  =  51. 

30«    The  addition  may  also  be  performed  as  follows: 

425 

86 

9215 

4 
907 


sum    10587    Ans. 

Explanation. — The  sum  of  the  numbers  in  units  column 
=  27  units,  or  2  tens  and  7  units.  Write  the  7  units  as  the 
first  or  right-hand  figure  in  the  sum.  Reserve  the  two  tens 
and  add  them  to  the  figures  in  tens  column.  The  sum  of 
the  figures  in  the  tens  column,  plus  the  2  tens  reserved  and 
carried  from  the  units  column  =  8,  which  is  written  down  as 
the  second  figure  in  the  sum.  There  is  nothing  to  carry  to 
the  next  column,  because  8  is  less  than  10.  The  sum  of  the 
numbers  in  the  next  column  is  15  hundreds ,  or  1  thousand 
and  5  hundreds.  Write  down  the  5  as  the  third  or  hundreds 
figure  in  the  sum  and  carry  the  1  to  the  next  column.  1  -f- 
9  =  10,  which  is  written  down  at  the  left  of  the  other 
figures. 

The  second  method  saves  space  and  figures,  but  the  first 
is  to  be  preferred  when  adding  a  long  column. 
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31*     Example. — Add  the  numbers  in  the  column  below: 

Solution.—  890 

82 

90 
893 
281 

80 
770 

88 
492 

80 
888 

84 
191 


sum    88  9  9    Ans. 

Explanation. — The  sum  of  the  digits  in  the  first  column 
equals  19  units,  or  1  ten  and  9  units.  Write  down  the  9  and 
carry  1  to  the  next  column.  The  sum  of  the  digits  in  the 
second  column  +  1  =  109  tens,  or  10  hundreds  and  9  tens. 
Write  down  the  9  and  carry  the  10  to  the  next  column.  The 
sum  of  the  digits  in  this  column  plus  the  10  reserved  =  38. 

The  entire  sum  is  3,899. 

32.  Rule. — I.  Begin  at  the  right,  add  each  column 
separately,  and  write  the  sum,  if  it  be  only  one  figure,  under 
the  column  added. 

II.  If  the  sum  of  any  column  consists  of  two  or  more  fig- 
ures, put  the  right -hand  figure  of  the  sum  under  that  column, 
and  add  the  remaining  figure  or  figures  to  the  next  column. 

33.  Proof. — To  prove  addition,  add  each  column  from 
top  to  bottom.  If  you  obtain  the  same  result  as  by  adding 
from  bottom  to  top,  the  work  is  probably  correct. 


EXAMPLES  FOR  PRACTICE. 

34*     Find  the  sum  of 

(a)  104  +  203  +  613  +  214. 

(b)  1,875  +  3,143  +  5,826  +  10,832.  A 

(c)  4,865  +  2,145  +  8,173  +  40,084. 
{d)  14,204  +  8,173  +  1,065  +  10,042. 


(a)  1,184 

(b)  21,676. 

(c)  55,267. 

(d)  88,484 
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(*)    10,882 -+-4,145 +  3,183 +  5,872.  f  (e)  23,982. 

(/)   214  +  1,231  +  141  +  5,000.  *  I   (/)6,586. 

(^)   1?8  +  104  +  425  +  126  +  827.  '    |  (g)  1,105. 

(*)    6,354  +  2,145  +  2,042  +1,111  +  3,38a  [  (h)  14,985. 


SUBTRACTION. 

35.  In  Arithmetic,  subtraction  is  the  process  of  find- 
ing how  much  greater  one  number  is  than  another. 

The  greater  of  the  two  numbers  is  called  the  minuend. 
The  smaller  of  the  two  numbers  is  called  the  subtrahend. 
The  number  left  after  subtracting  the  subtrahend  from  the 
minuend  is  called  the  difference,  or  remainder. 

36.  The  sign  of  subtraction  is  —  .  It  is  read  minus, 
and  means  less.  Thus,  12  —  7  is  read  12  minus  7,  and  means 
that  7  is  to  be  taken  from  12. 

37.  Example.— From  7,568  take  3,425. 

Solution. —  minuend  7  5  68 

subtrahend  34  2  5 


remainder  4148    Ans. 

Explanation. — Begin  at  the  right-hand  or  units  column 
and  subtract  in  succession  each  figure  in  the  subtrahend  from 
the  one  directly  above  it  in  the  minuend,  and  write  the  re- 
mainders below  the  line.     The  result  is  the  entire  remainder. 

38.  When  there  are  more  figures  in  the  minuend  than  in 
the  subtrahendy  and  when  some  figures  in  the  minuend  are 
less  than  the  figures  directly  under  them  in  the  subtrahend, 
proceed  as  in  the  following  example : 

Example. — From  8,453  take  844. 

Solution. —  minuend  8  4  5  3 

subtrahend     8  44 


remainder  7  609    Ans. 

Explanation. — Begin  to  subtract  at  the  right-hand  or 
units  column.  We  cannot  take  4  from  3,  and  must,  therefore, 
borrow  1  from  5  in  tens  column  and  annex  it  to  the  3  in 

r 
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units  column.  The  1  ten  =  10  units,  which  added  to  the' 3 
in  units  column  =  13  units.  4  from  13  =  9,  the  first  or  units 
figure  in  the  remainder. 

Since  we  borrowed  1  from  the  5,  only  4  remains ;  4  from  4  = 
0,  the  second  or  tens  figure.  We  cannot  take  8  from  4,  and 
must,  therefore,  borrow  1  from  8  in  thousands  column.  Since 
1  thousand =  10  hundreds ',  10  hundreds  +  4  hundreds  =  14 
hundreds,  and  8  from  14  =  6,  the  third  or  hundreds  figure  in 
the  remainder. 

Since  we  borrowed  1  from  8,  only  7  remains,  from  which 
there  is  nothing  to  subtract ;  therefore,  7  is  the  next  figure 
in  the  remainder  or  answer. 

The  operation  of  borrowing  is  placing  1  before  the  figure 
following  the  one  from  which  it  is  borrowed.  In  the  above 
example  the  1  borrowed  from  5  is  placed  before  3,  making  it 
13,  from  which  we  subtract  4.  The  1  borrowed  from  8  is 
placed  before  4,  making  14,  from  which  8  is  taken. 

39*     Example.— Find  the  difference  between  10,000  and  8,768. 

Solution. —  minuend  10000 

subtrahend    8  768 


remainder  128  7  Ans. 
Explanation. — In  the  above  example  we  borrow  1  from 
the  second  column  and  place  it  before  0,  making  10 ;  3  from 
10  =  7.  In  the  same  way  we  borrow  1  and  place  it  before 
the  next  cipher,  making  10 ;  but  as  we  have  borrowed  1  from 
this  column  and  taken  it  to  the  units  column,  only  9  remains, 
from  which  to  subtract  6 ;  6  from  9  =  3.  For  the  same 
reason  we  subtract  7  from  9  and  8  from  9  for  the  next  two 
figures,  and  obtain  a  total  remainder  of  1,237. 

40»  Rule. — Place  the  subtrahend  or  smaller  number  under 
the  minuend  or  larger  number,  in  the  same  manner  as  for 
addition,  and  proceed  as  in  Arts.  37f  38,  and  39. 

41.  Proof. — To  prove  an  example  in  subtraction,  add  the 
remainder  to  the  subtrahend.  The  sum  should  equal  the  min- 
uend. If  it  does  not,  a  mistake  has  been  made,  and  the  work 
should  be  done  over. . 
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Proof  of  the  above  example : 

subtrahend   8768 
remainder    1287 


minuend  10000 


EXAMPLES  FOR  PRACTICE. 

42*     From 

(a)  94,278  take  62,674  (  (a)   81,704. 

(b)  58,714  take  25,824. 

(c)  71,882  take  58,109. 

(d)  20,804  take  10,408. 

(e)  810,465  take  102,141.  Ans' 
(/)  (81,043  +  1,041)  take  14,881. 
(g)  (20,482  +  18,216)  take  21,214 
(*)  (2,040  +  1,213  +  542)  take  8,791. 


(b)  27,890. 

(c)  13,723. 

(d)  10,896. 

(e)  208,324 
(/)   67,258. 
(g)  17,484 
(*)4 


MULTIPLICATION, 

43.  To  multiply  a  number  is  to  a<£/  it  to  itself  a  cer- 
tain number  of  times. 

44.  Multiplication  is  the  process  of  multiplying  one 
number  by  another. 

The  number  thus  added  to  itself,  or  the  number  to  be 
multiplied,  is  called  the  multiplicand. 

The  number  which  shows  how  many  times  the  multipli- 
cand is  to  be  taken,  or  the  number  by  which  we  multiply \  is 
called  the  multiplier. 

The  result  obtained  by  multiplying  is  called  the  product. 

45.  The  sign  of  multiplication  is  x .  It  is  read  times 
or  multiplied  by.  Thus,  9  X  6  is  read  9  times  6,  or  9  multi- 
plied by  6. 

46*  It  matters  not  in  what  order  the  numbers  to  be 
multiplied  together  are  placed.  Thus,  6  X  9  is  the  same  as 
9X6. 

47»  In  the  following  table,  the  product  of  any  two  num- 
bers (neither  of  which  exceeds  twelve)  may  be  found : 
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TABLE   2. 

1  times   1  is 

1 

2  times    1  are 

2 

3  times   1  are 

8 

1  times   2  are 

2 

2  times   2  are 

4 

8  times   2  are 

6 

1  times   8  are 

8 

2  times   8  are 

6 

8  times   8  are 

9 

1  times   4  are 

4 

2  times   4  are 

8 

8  times   4  are 

12 

1  times   5  are 

5 

2  times   5  are 

10 

8  times   5  are 

15 

1  times   6  are 

6 

2  times    6  are 

12 

3  times    6  are 

18 

1  times    7  are 

7 

2  times    7  are 

14 

3  times    7  are 

21 

1  times    8  are 

8 

2  times    8  are 

16 

3  times    8  are 

24 

1  times   9  are 

9 

2  times    9  are 

18 

3  times    9  are 

27 

1  times  10  are 

10 

2  times  10  are 

20 

3  times  10  are 

80 

1  times  11  are 

11 

2  times  11  are 

22 

3  times  11  are 

88 

1  times  12  are 

12 

2  times  12  are 

24 

8  times  12  are 

86 

4  times    1  are 

4 

5  times.    1  are 

5 

6  times    1  are 

6 

4  times   2  are 

8 

5  times   2  are 

10 

6  times   2  are 

12 

4  times    3  are 

12 

5  times    3  are 

15 

6  times    8  are 

18 

4  times   4  are 

16 

5  times   4  are 

20 

6  times   4  are 

24 

4  times    5  are 

20 

5  times    5  are 

25 

6  times    5  are 

80 

4  times   6  are 

24 

5  times    6  are 

80 

6  times    6  are 

86 

4  times    7  are 

28 

5  times   7  are 

85 

6  times    7  are 

42 

4  times   8  are 

82 

5  times    8  are 

40 

6  times   8  are 

48 

4  times   9  are 

36 

5  times   9  are 

45 

6  times    9  are 

54 

4  times  10  are 

40 

5  times  10  are 

50 

6  times  10  are 

60 

4  times  11  are 

44 

5  times  11  are 

55 

6  times  11  are 

66 

4  times  12  are 

48 

5  times  12  are 

60 

6  times  12  are 

72 

7  times    1  are 

7 

8  times    1  are 

8 

9  times    1  are 

9 

7  times   2  are 

14 

8  times    2  are 

16 

9  times   2  are 

18 

7  times    3  are 

21 

8  times    3  are 

24 

9  times    3  are 

27 

7  times   4  are 

28 

8  times   4  are 

32 

9  times   4  are 

86 

7  times   5  are 

85 

8  times    5  are 

40 

9  times    5  are 

45 

7  times   6  are 

42 

8  times    6  are 

48 

9  times    6  are 

54 

7  times   7  are 

49 

8  times    7  are 

56 

9  times    7  are 

68 

7  times   8  are 

56 

8  times   8  are 

64 

9  times    8  are 

72 

7  times    9  are 

63 

8  times    9  are 

72 

9  times    9  are 

81 

7  times  10  are 

70 

8  times  10  are 

80 

9  times  10  are 

90 

7  times  11  are 

77 

8  times  11  are 

88 

9  times  11  are 

99 

7  times  12  are 

84 

8  times  12  are 

96 

9  times  12  are 

108 

10  times    1  are 

10 

11  times    1  are 

11 

12  times    1  are 

~12 

10  times    2  are 

20 

11  times    2  are 

22 

12  times    2  are 

24 

10  times    3  are 

30 

11  times    8  are 

33 

12  times    3  are 

86 

10  times   4  are 

40 

11  times    4  are 

44 

12  times    4  are 

48 

10  times    5  are 

50 

11  times    5  are 

55 

12  times    5  are 

60 

10  times    6  are 

60 

11  times    6  are 

66 

12  times    6  are 

72 

10  times   7  are 

70 

11  times    7  are 

77 

12  times    7  are 

84 

10  times    8  are 

80 

11  times    8  are 

88 

12  times    8  are 

96 

10  times    9  are 

90 

11  times    9  are 

99 

12  times    9  are 

108 

10  times  10  are 

100 

11  times  10  are 

110 

12  times  10  are 

120 

10  times  11  are 

110 

11  times  11  are 

121 

12  times  11  are 

182 

10  times  12  are 

120 

11  times  12  are 

132 

12  times  12  are 

144 

This  table  should  be  carefully  committed  to  memory. 
Since  0  has  no  value,  the  product  of  0  and  any  number  is  0 
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48*     To  multiply  a  number  by  one  figure  only  t 

Example.— Multiply  425  by  5. 

Solution. —  multiplicand      425 

multiplier  5 

product    2125    Ans. 

Explanation. — For  convenience,  the  multiplier  is  gener- 
ally written  under  the  right-hand  figure  of  the  multiplicand. 
On  looking  in  the  multiplication  table,  we  see  that  5X5  are  25. 
Multiplying  the  first  figure  at  the  right  of  the  multiplicand, 
or  5,  by  the  multiplier  5,  it  is  seen  that  5  times  5  units  are  25 
units,  or  2  tens  and  5  units.  Write  the  5  units  in  units  place 
in  the  product,  and  reserve  the  2  tens  to  add  to  the  product  of 
tens.  Looking  in  the  multiplication  table  again,  we  see  that 
5x2  are  10.  Multiplying  the  second  figure  of  the  multipli- 
cand by  the  multiplier  5,  we  see  tliat  5  times  2  tens  are  10 
tens,  plus  the  2  tens  reserved,  are  12  tens,  or  1  hundred  plus 
2  tens.  Write  the  2  tens  in  tens  place,  and  reserve  the  1  hun- 
dred to  add  to  the  product  of  hundreds.  Again,  we  see  by 
the  multiplication  table  that  5x4  are  20.  Multiplying  the 
third  or  last  figure  of  the  multiplicand  by  the  multiplier  5,  we 
see  that  5  times  4  hundreds  are  20  hundreds,//^  the  1  hun- 
dred reserved,  are  21  hundreds,  or  2  thousands  plus  1  hundred, 
which  we  write  in  thousands  and  hundreds  places,  respectively. 

Hence,  the  product  is  2,125. 

This  result  is  the  same  as  adding  425  five  times.     Thus, 

425 

425 
425 
425 
425 

sum    2125    Ans. 


EXAMPLES  FOR  PRACTICE. 

49.     Find  the  product  of 

(a)  61,488  X  6. 

(b)  12,375X5.  . 

(c)  10,426x7. 

(d)  10,885  x  a 


(a)  868,89a 

(b)  61,876. 

(c)  72,982. 

(d)  82,505. 
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(<f)    98,876x4  f  (A  898,504. 

(/)    10,878x8.  </)  86»984- 

(^)    71,548x9.  AM,1(^)  643,887. 

(A)   218,784x2.  (A)  437,46a 


50.     To  multiply  a  number  by  two  or  more  fig* 


Example.— Multiply  475  by  284 

Solution.—       multiplicand  475 

multiplier  284 

1900 
1425 
950 


product   111150    Ana. 

Explanation. — For  convenience,  the  multiplier  is  gener- 
ally written  under  the  multiplicand,  placing  units  under 
units,  tens  under  tens,  etc. 

We  cannot  multiply  by  234  at  one  operation;  we  must, 
therefore,  multiply  by  the  parts  and  then  add  the  partial 
products. 

The  parts  by  which  we  are  to  multiply  are  4  units,  3  tens, 
and  2  hundreds.  4  times  475  =  1,900,  the  first  partial  prod- 
uct ;  3  times  475  =  1,425,  the  second  partial  product,  the 
right-hand  figure  of  which  is  written  directly  under  the  fig- 
ure multiplied  by,  or  3 ;  2  times  475  =  950,  the  third  partial 
product,  the  right-hand  figure  of  which  is  written  directly 
under  the  figure  multiplied  by,  or  2. 

The  sum  of  these  three  partial  products  is  111,150,  which 
is  the  entire  product. 

51.  Rale. — I.  Write  tlie  multiplier  under  the  multipli- 
cand, so  that  units  are  under  units,  tens  under  tens,  etc. 

II.  Begin  at  the  right  and  multiply  each  figure  of  the  multi- 
plicand by  each  successive  figure  of  the  multiplier,  placing  the 
right-hand  figure  of  each  partial  product  directly  under  the 
figure  used  as  a  multiplier. 

III.  The  sum  of  the  partial  products  will  equal  the  required 
product. 


AklTrtMEttC. 


ib 


52.  Proof. — Review  the  work  carefully \  or  multiply  the 
multiplier  by  the  multiplicand;  if  the  results  agree,  the  work 
ts  correct 

53.  When  there  is  a  cipher  in  the  multiplier,  multiply 
the  entire  multiplicand  by  it ;  since  the  result  will  be  zero, 
place  a  cipher  under  the  cipher  in  the  multiplier.     Thus, 


(*)      to 
2       15 

X^     X  0 
0  Ans.   IT 

CO 
4008 

305 


Ans. 


(*) 
0 

xo 

0  Ans. 

8114 
208 

9342 
82280 

682142  Ans.    1222440  Ans. 


20040 
120240 


(<0 
708 

X  o 

0  Ans. 

81264 
1002 

62528 
3126400 

81826528  Ana 


In  examples  (e),  (/),  and  (g),  we  multiply  by  0  as  directed 
above;  then  multiply  by  the  next  figure  of  the  multiplier 
and  place  the  first  figure  of  the  product  alongside  the  0,  as 
shown. 


EXAMPLES  FOR  PRACTICE. 


64*  Find  the  product  of 

(a)  8,842X26. 

(J)  8,716  X  45. 

(c)  1,817X124 

(d)  675x88. 

(e)  1,875  X  8a 

(/)  4,886X47. 

U)  5,682  X  54a 

(A)  3,257  X  246. 

(/)  2,875  X  802. 

O)  17,819  X  1,004. 

(k)  88,674  X  205. 

(/)  18,804  X  100. 

{fH)  7,884  X  10. 

(*)  87,543  X  l,000t 

(fi)  48,768  X  10a 


Ana 


1 


0) 

to 

</> 

(*) 

(m) 
(*) 


90,893. 

167,220. 

225,808. 

25,660. 

61,875. 

227,292. 

8,085,826 

801,222. 

868,250. 

17,890,276. 

7,928.170. 

1,830,400. 

78,340. 

87,543,000. 

4.876,800. 
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DIVISION. 

55.  Division  is  the  process  of  finding  how  many  times 
one  number  is  contained  in  another  of  the  same  kind. 

The  number  to  be  divided  is  called  the  dividend. 
The  number  by  which  we  divide  is  called  the  divisor. 
The  number  which  shows  how  many  times  the  divisor  is 
contained  in  the  dividend  is  called  the  quotient. 

56.  The  sign  of  division  is  -r- .     It  is  read  divided  by. 

54  -f-  9  is  read  54  divided  by  9.     Another  way  to  write  54 

54  54 

divided  by  9  is  — .     Thus,  54  -r-  9  =  6,  or  —  =  6. 

In  both  of  these  cases  54  is  the  dividend  and  9  is  the 
divisor. 

Division  is  the  reverse  of  multiplication. 

57.  To  divide  when  tlie  divisor  consists  of  but 
one  figure,  proceed  as  in  the  following  example : 

Example. — What  is  the  quotient  of  875  +  7? 

divisor  dividend  quotient 

Solution.—  7)875(125    Ans. 

7 

14 


85 
35 

remainder       0 

Explanation. — 7  is  contained  in  8  hundreds  1  hundred 
times.  Place  the  one  as  the  first  or  left-hand  figure  of  the 
quotient.  Multiply  the  divisor  7  by  the  1  hundred  of  the 
quotient,  and  place  the  product  7  hundreds  under  the  8 
hundreds  in  the  dividend,  and  subtract.  Beside  the  remain- 
der 1,  bring  down  the  next  or  tens  figure  of  the  quotient, 
in  this  case  7,  making  17  tens ;  7  is  contained  in  17,  2  times. 
Write  the  2  as  the  second  figure  of  the  quotient.  Multiply 
the  divisor  7  by  the  2  in  the  quotient,-  and  subtract  the 
product  from  17.  Beside  the  remainder  3,  bring  down  the 
next  or  units  figure  of  the  dividend,  in  this  case  5,  making 
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35  units.  7  is  contained  in  35,  5  times,  which  is  placed  in 
the  quotient.  Multiplying  the  divisor  by  the  last  figure  of 
the  quotient,  5  times  7  =  35,  which  subtracted  from  35, 
under  which  it  is  placed,  leaves  0.  Therefore,  the  quotient 
is  125.     This  method  is  called  Ions  division. 

58.  In  snort  division,  only  the  divisor,  dividend,  and 
quotient  are  written,  the  operations  being  performed  men- 
tally. 

dividend 
divisor    7  )  8*1*5 

quotient   12  5    Ans. 

The  mental  operation  is  as  follows :  7  is  contained  in  8, 
once  and  one  remainder;  1  placed  before  7  makes  17;  7  is 
contained  in  17,  2  times  and  3  over;  the  3  placed  before  5 
makes  35 ;  7  is  contained  in  35,  5  times.  These  partial  quo- 
tients placed  in  order  as  they  are  found,  make  the  entire 
quotient  125. 

The  small  figures  are  placed  in  the  example  given  to  better 
illustrate  the  explanation;  they  are  never  written  when 
actually  performing  division  in  this  way. 

59.  If  the  divisor  consists  of  2  or  more  figures,  proceed 
as  in  the  following  example : 

Example.— Divide  2,702,826  by  63. 

divisor         dividend         quotient 
Solution.—  68)2702826(42902   Ans. 

252 


182 
126 


568 
567 


126 
126 

0 


Explanation. — As  63  is  not  contained  in  the  first  two  fig. 
ures,  27,  we  must  use  the  first  three  figures,  270.  Now,  by 
trial,  we  must  find  how  many  times  63  is  contained  in  270; 
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6  is  contained  in  the  first  two  figures  of  270,  4  times.  Place 
the  4  as  the  first  or  left-hand  figure  in  the  quotient.  Multi- 
ply the  divisor  63  by  4,  and  subtract  the  product  252  from 
270.  The  remainder  is  18,  beside  which  we  write  the  next 
figure  of  the  dividend,  2,  making  182.  Now,  6  is  contained 
in  the  first  two  figures  of  182,  3  times,  but  on  multiplying 
63  by  3,  we  see  that  the  product  189  is  too  great,  so  we  try 
2  as  the  second  figure  of  the  quotient.  Multiplying  the 
divisor  63  by  2,  and  subtracting  the  product  126  from  182, 
the  remainder  is  56,  beside  which  we  bring  down  the  next 
figure  of  the  dividend,  making  568;  6  is  contained  in  56 
about  9  times.  Multiply  the  divisor  63  by  9  and  subtract 
the  product  567  from  568.  The  remainder  is  1,  and  bringing 
down  the  next  figure  of  the  dividend,  2,  gives  12.  As  12  is 
smaller  than  63,  we  write  0  in  the  quotient  and  bring  down 
the  next  figure,  6,  making  126.  63  is  contained  in  126,  2 
times,  without  a  remainder.  Therefore,  42,902  is  the  quo- 
tient. 

60«  Rule. — I.  Write  the  divisor  at  the  left  of  the  divi- 
dend, with  a  line  between  them. 

'  II.  Find  how  tnany  times  the  divisor  is  contained  in  the 
lowest  number  of  the  left-hand  figures  of  the  dividend 
that  will  contain  it,  and  write  the  result  at  the  right  of  the 
dividend^  with  a  line  between,  for  the  first  figure  of  the 
quotient. 

III.  Multiply  the  divisor  by  this  quotient ;  write  the  product 
under  the  partial  dividend  used,  and  subtract,  annexing  to  tfu 
remainder  the  next  figure  of  the  dividend.  Divide  as  before, 
and  thus  continue  until  all  the  figures  of  the  dividend  have 
been  used. 

IV.  If  any  partial  dividend  will  not  contain  the  divisor, 
write  a  cipher  in  the  quotient,  annex  the  next  figure  of  the 
dividend  and  proceed  as  before. 

V.  If  there  be  a  remainder  at  last,  write  it  after  the  quo* 
tient,  with  the  divisor  underneath. 
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Id 


61 •  Proof. — Multiply  the  quotient  by  the  divisor y  and  add 
the  remainder,  if  there  be  any,  to  the  product.  The  result  will 
be  the  dividend. 

divisor  dividend  quotient 
Thus,  68)4235(67H    Ans. 

878 

~~465 
441 


remainder 

14 

Proof,                 quotient 

67 

divisor 

63 

201 
402 

4221 

remainder 

14 

dividend 

4285 

EXAMPLES  FOR 

• 

PRACTICE. 

82*     Divide  the  following: 

(a)  126,498  by  58. 

'  (a)  2,181. 

(d)   8,207,594  by  767. 

(b)  4,182. 

(c)   11,408,202  by  234 

(c)   48,75a 

(d)  2,100,815  by  581. 

Ans.  « 

(d)  3,615. 

(e)   969,986  by  4,008. 

(e)   242. 

(/)  7,481,888  by  1,021. 

(/)  7,828. 

(£■)  1,525,915  by  5,008. 

(g)  805. 

(A)    1,646,801  by  881. 

(h)  4,821. 

CANCELATION. 

63.  Cancelation  is  the  process  of  shortening  opera- 
tions in  division  by  casting  out  equal  factors  from  both 
dividend  and  divisor. 

64.  The  factors  of  a  number  are  those  numbers  which, 
when  multiplied  together,  will  equal  that  number.  Thus,  5 
and  3  are  factors  of  15,  since  5  X  3  =  15.  Likewise,  8  and  7 
are  the  factors  of  56,  since  8  X  7  =  56. 

65.  A  prime  number  is  one  which  cannot  be  divided 
by  any  number  except  itself  and  1.  Thus,  2,  3,  11,  29, etc., 
are  prime  numbers. 


20  ARITHMETIC. 

66*  A  prime  factor  is  any  factor  that  is  a  prime 
number. 

Any  number  that  is  not  a  prime  is  called  a  composite 
number,  and  may  be  produced  by  multiplying  together  its 
prime  factors.  Thus,  GO  is  a  composite  number,  and  is  equal 
to  the  product  of  its  prime  factors,  2x2x3x5. 

Numbers  are  said  to  be  prime  to  each  other  when  no 
two  of  them  can  be  divided  by  any  number  except  1 ;  the 
numbers  themselves  may  be  either  prime  or  composite. 
Thus,  the  numbers  3,  5,  and  11  are  prime  to  each  other,  so 
also  are  22,  25,  and  21  —  all  composite  numbers. 

67.  Canceling  equal  factors  from  both  dividend  and  divi- 
sor does  not  change  the  quotient. 

The  canceling  of  a  factor  in  both  dividend  and  divisor  is  the 
same  as  dividing  them  both  by  the  same  number \  which,  by 
the  principle  of  division,  does  not  change  the  quotient. 

Write  the  numbers  which  make  the  dividend  above  the  liney 
and  those  which  make  the  divisor  below  it. 

68.  Example.— Divide  4x45x60  by  9x  24. 

Solution. — Placing  the  dividend  over  the  divisor,  and  canceling 

6      10 


Explanation. — The  4  in  the  dividend  and  24  in  the  divisor 

are  both  divisible  by  4,  since  4  divided  by  4  equals  1,  and  24 

divided  by  4  equals  6.     Cross  off  the  four  and  write  the  1 

over  it :  also,  cross  off  the  24  and  write  the  6  under  it.  Thus, 

1 
^  X  45  x  60 

yxw    ' 

6 

60  in  the  dividend  and  6  in  the  divisor  are  divisible  by  6, 

since  60  divided  by  6  equals  10,  and  6  divided  by  6  equals  1. 

Cross  off  the  60  and  write  10  over  it ;  also,  cross  off  the  6  and 

write  1  under  it.     Thus, 

l  10 

gX45x 
9X# 
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Again,  45  in  the  dividend  and  9  in  the  divisor  are  divisible 
by  9,  since  45  divided  by  9  equals  5,  and  9  divided  by  9  equals 
1.  Cross  off  the  45  and  write  the  5  over  it ;  also,  cross  off  the 
9  and  write  the  1  under  it.     Thus, 

1      5     10 

txf?x 


9xU     ' 

1      9 
1 

Since  there  are  no  two  remaining  numbers  (one  in  the  divi- 
dend and  one  in  the  divisor^  divisible  by  any  number  except 
1,  without  a  remainder,  it  is  impossible  to  cancel  further. 

Multiply  all    the    uncanceled   numbers   in   the  dividend 

together,  and  divide  their  product  by  the  product  of  all  the 

uncanceled  numbers  in  the  divisor.     The  result  will  be  the 

quotient.     The  product  of  all  the  uncanceled  numbers  in 

the  dividend  equals  5  X  1  X  10  =  50 ;  the  product  of  all  the 

uncanceled  numbers  in  the  divisor  equals  1x1  =  1. 

l      6      10 
w*«„»  *XffXff     1  X  5  X  10      ^      . 

Hence»    jfxH    =    ixi     =6a   Ana* 

1       f 
1 

It  is  usual  to  omit  the  l's  when  canceling  them,  instead 
of  writing  them  as  above. 

69.  Rule. — I.  Cancel  the  common  factors  from  both  the 
dividend  and  divisor. 

II.  Then  divide  the  product  of  the  remaining  factors  of  the 
dividend  by  the  product  of  the  remaining  factors  of  the  divisor, 
and  the  result  will  be  the  quotient. 
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70.     Divide 

(a)  14X18X16X40  by7x8x6x5x3. 

(6)   8  X  65  X  50  X  100  X  60  by  30  X  60  X  18  X  10. 

Or)  8  X  4  X  3  X  9  X  11  by  11  X  »  X  4  X  3  X  8. 

(d)  164x321x6x7x4  by  82x821x7. 

(*)   50  X  100X200X72  by  1,000X144X100.  A 

(/)  48  X  63  X  55  X  49  by  7  X  21  X  11  X  48. 

(g)   110  X  150  X  84  X  32  by  11  X  15  X  100  X  64. 
(A)   115  X 120  X  400  X  1,000  by  23  X  1,000  X  60  X  800. 


(a)  32. 
{b)  250. 

to  I- 
0/)48. 

to  5. 

(/)  105. 

(£0  42 

(/i)5. 
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FRACTIONS. 

71.  A  fraction  is  one  or  more  equal  parts  of  a  unit: 
One-half  one-third,  two-fifths  are  fractions. 

72.  Two  numbers  are  required  to  express  a  fraction ;  one 
is  called  the  numerator,  and  the  other  the  denominator. 

73.  The  numerator  is  placed  above  the  denominator, 
with  a  line  between  them ;  as,  \.  3  is  the  denominator, 
and  shows  into  how  many  equal  parts  the  unit  or  one  is 
divided.  The  numerator  2  shows  how  many  of  these 
equal  parts  are  taken  or  considered.  The  denominator  also 
indicates  the  names  of  the  parts. 

i  is  read  one-half;  f  is  read  three-fourths;  f  is  read 
three-eighths;  ^  is  read  five-sixteenths;  ||  is  read  twenty- 
nine-forty-sevenths. 

74.  In  the  expression  "  J  of  an  apple,"  the  denominator 
4  shows  that  the  apple  is  to  be  (or  has  been)  cut  into  4  equal 
parts,  and  the  numerator  3  shows  that  three  of  these  parts, 
ox  fourths,  are  taken  or  considered. 

If  each  of  the  parts,  or  fourths,  of  the  apple  were  cut  in 
two  equal  pieces,  there  would  then  be  twice  as  many  pieces 
as  before,  or  4X2  =  8  pieces  in  all ;  one  of  these  pieces 
would  be  called  one-eighth,  and  would  be  expressed  in 
figures  as  \.  Three  of  these  pieces  would  be  called  three- 
eighths,  and  written  f.  It  is  evident  that  the  larger  the 
denominator,  the  greater  is  the  number  of  parts  into  which 
anything  is  divided  and  the  less  the  value  of  the  fraction  for 
the  same  number  of  parts  taken.  In  other  words,  \,  for 
example,  is  smaller  than  \,  because  if  an  object  be  divided 
into  9  parts,  the  parts  are  smaller  than  if  the  same  object 
had  been  divided  into  8  parts;  and,  since  \  is  smaller  than  £, 

Por  notice  of  copyright,  see  page  immediately  following  the  title  page. 
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it  is  clear  that  7  one-ninths  is  a  smaller  amount  than  7  one- 
eighths.     Hence,  also,  •$  is  less  than  £. 

7B.  The  value  of  a  fraction  is  the  numerator  divided  by 
the  denominator;  as,  %  =  2,  %  =  3. 

76.  The  line  between  the  numerator  and  denominator 
means  divided  byy  or  -*-. 

{•  is  equivalent  to  3  -5-  4. 
\  is  equivalent  to  5  -r-  8. 

77.  The  numerator  and  denominator  of  a  fraction,  when 
considered  together,  are  called  the  terms  of  a*fraction. 

78.  The  value  of  a  fraction  whose  numerator  and  denomi- 
nator are  equal  is  1. 

f,  or  four-fourths,  =  1. 

-f,  or  eight-eighths,  =  1. 

|4,  or  sixty-four-sixty-fourths,  =:  1. 

79«  A  proper  fraction  is  a  fraction  whose  numerator 
is  less  than  its  denominator.     Its  value  is  /aw  than  1 ;  as,  J, 

"8 »  TJT* 

80.  An  improper  fraction  is  a  fraction  whose  numer- 
ator equals  or  is  greater  than  the  denominator.  Its  ##/#*  is 
<ra*  or  more  than  ^c  as,  f,  -§-,  ff. 

81.  A  mixed  number  is  a  ze//&?/<r  number  and  a  />m- 
/£?#  united.  4J  is  a  mixed  number,  and  is  equivalent  to 
4  +  -f.     It  is  read  four  and  two-thirds. 


REDUCTION    OF   FRACTIONS. 

82.  Reduction  of  fractions  is  the  process  of  chan- 
ging their  form  without  changing  their  value. 

83.  A  fraction  is  reduced  to  higher  terms  by  multiplying 
both  terms  of  the  fraction  by  the  same  number.  Thus,  \  is 
reduced  to  \  by  multiplying  both  terms  by  2. 

3  X  2_6 

4  X2"8* 

The  value  is  not  changed,  since  J  =  \.  For,  suppose  that 
an  object,  say  an  apple,  is  divided  into  8  equal  parts.     If 
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these  parts  be  arranged  into  4  piles,  each  containing  2  parts, 
it  is  evident  that  each  pile  will  be  composed  of  the  same 
amount  of  the  entire  apple  as  would  have  been  the  case  had 
the  apple  been  originally  cut  into  4  equal  parts.  Now,  if 
one  of  these  piles  (containing  2  parts)  be  removed,  there 
will  be  3  piles  left,  each  containing  2  equal  parts,  or  6  equal 
parts  in  ail,  i.  e.,  six-eighths.  But,  since  one  pile,  or  one 
quarter,  was  removed,  there  are  three-quarters  left.  Hence, 
|  =  f.  The  same  course  of  reasoning  may  be  applied  to 
any  similar  case.  Therefore,  multiplying  both  terms  of  a 
fraction  by  the  same  number  does  not  alter  its  value. 

84.  To  reduce  a  fraction  to  an  equal  fraction 
having  a  given  denominator : 

Example. — Reduce  J  to  an  equal  fraction  having  96  for  a  denomi- 
nator. 

Solution. — Both  the  numerator  and  the  denominator  must  be  multi- 
plied by  the  same  number  in  order  not  to  change  the  value  of  the  frac- 
tion. The  denominator  must  be  multiplied  by  some  number  which 
will,  in  this  case,  make  the  product  96;  this  number  is  evidently  96  -*- 

7  y  12     84 
8  =  12,  since  8  X  12  =  96.     Hence,  ^  £  12  =  W    Ans* 

85.  Rule. — Divide  the  given  denominator  by  the  denomi- 
nator of  the  given  fraction,  and  multiply  both  terms  of  the 
fraction  by  the  result. 

Example. — Reduce  \  to  lOOths. 

3  X  25       75 
Solution. —    100  -*-  4  =  25;  hence,  -j-*  ne  =  77^.    Ans. 

86.  A  fraction  is  reduced  to  lower  terms  by  dividing 
both  terms  by  the  same  number.  Thus,  -fa  is  reduced  to  ^ 
by  dividing  both  terms  by  2. 

10  -f-  2      5  * 
That  -fa  =  ^  is  readily  seen  from  the  explanation  given  in 
Art.  83 ;  for,  multiplying  both  terms  of  the  fraction  £  by  2, 

t$l  =  -ft>  and>  if  $  =  A>  A  must  equal  f.  Hence,  dividing 
both  terms  of  a  fraction  by  the  same  number  does  not  alter 
its  value. 

87.  A  fraction  is  reduced  to  lowest  terms  when  its  numer- 
ator and  denominator  cannot  both  be  divided  by  the  same 

T.    L—3 
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number  without  a  remainder;  as,  f,  f,  JJ,  ^.  In  other 
words,  the  numerator  and  denominator  are  prime  to  each 
other.  

EXAMPLES  FOR  PRACTICE. 

SS«     Reduce  the  following: 

(a)  ^tol28ths. 

(£)   ^  to  its  lowest  terms. 

(c)    xffo  to  its  lowest  terms.  Ana. 

{d)  f  to49ths. 

(#)   H  to  lO.OOOths.      

89.  To  reduce  a  whole  number  or  mixed  num- 
ber to  an  improper  fraction : 

Example. — How  many  fourths  in  5  ? 

Solution.— Since  there  are  4 fourths  in  1  (J  =  1),  in  5  there  will  be 
5x4  fourths,  or  20  fourths;  i.  e.,  5  X  i  =  V-    Ans. 
Example. — Reduce  8}  to  an  improper  fraction. 
Solution.— 8 x  i  =  Y-    V  +  ♦  =  V-    Ans- 

90«  Rule. — Multiply  the  whole  number  by  the  denomi- 
nator of  the  fraction,  add  the  numerator  to  tlie  product ',  and 
place  the  denominator  under  the  result.  If  it  is  desired  to  re- 
duce a  whole  number  to  a  fraction,  multiply  the  whole  num- 
ber by  the  denominator  of  the  given  fraction^  and  write  the 
result  over  the  denominator. 
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91  •     Reduce  to  improper  fractions: 


(a)  4J. 

<*) 

5J. 

W 

10ft. 

(J)  37f 

(') 

60f. 

Ans. 


(f)  Reduce  7  to  a  fraction  whose  denominator  is  16. 


to  ¥> 

to  v 

to  w 

to  H^ 
to  H1 


92.  To  reduce  an  improper  fraction  to  a  whole 
or  mixed  number : 

Example. — Reduce  ^  to  a  mixed  number. 

Solution. — 4  is  contained  in  21,  5  times  and  1  remaining  (see  Art. 
75) ;  as  this  is  also  divided  by  4,  its  value  is  \.  Therefore,  5  -h  J,  or  6J, 
is  the  number.    Ana 
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93.  Rule. — Divide  the  numerator  by  the  denominator, 
the  quotient  will  be  the  whole  number ;  the  remainder \  if 
there  be  any,  will  be  the  numerator  of  the  fractional  part  of 
which  the  denominator  is  the  same  as  the  denominator  of  the 
improper  fraction. 


EXAMPLES  FOR  PRACTICE. 

©4»     Reduce  to  whole  or  mixed  numbers: 


(b)  if*. 

«    ^  Ana  J 

CO  w> 


(a)  24J. 

(c)  116|. 

(d)  49f 

W  4. 

LCO  5.  . 


95«  A  common  denominator  of  two  or  #wr  frac- 
tions is  a  number  which  will  contain  ( i.  e. ,  which  may  be 
divided  by)  ail  of  the  denominators  of  the  fractions  without 
a  remainder.  The  least  common  denominator  is  the 
least  number  that  will  contain  all  of  the  denominators  of 
the  fractions  without  a  remainder. 

96.     To  find  tlie  least  common  denominator : 

Example. — Find  the  least  common  denominator  of  \t  J,  J,  and  ^. 

Solution. — We  first  place  the  denominators  in  a  row,  separated  by 
commas.  2)4,    3,    9,  16 

2)2,    3,    9,    8 

8)1,    3,     9,    4 

1,    1,    3,    4 

2x2x3x3X4  =  144,  the  least  common  denominator.    Ana. 

Explanation. — Divide  the  numbers  by  some  prime  num- 
ber that  will  divide  at  least  two  of  them  without  a  remain- 
der (if  possible),  bringing  down  to  the  row  below  those 
denominators  which  will  not  contain  the  divisor  without  a 
remainder.  Dividing  each  of  the  numbers  by  2,  the  second 
row  becomes  2,  3,  9,  8,  since  2  will  not  divide  3  and  9  with- 
out a  remainder.    Dividing  again  by  2,  the  result  is  1,  3,  9,  4. 
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Dividing  the  third  row  by  3,  the  result  is  1,  1,  3,  4.  Since 
the  remaining  numbers  are  prime  to  each  other,  we  cease 
dividing  further.  The  product  of  all  the  divisors  and  of 
the  numbers  prime  to  each  other,  is  2x2X3x3x4  =  144, 
which  is  the  required  least  common  denominator. 

97*     Example. — Pind  the  least  common  denominator  of  f,  fa  fa 
Solution.—  3  )9,  12,  18 

3)8,    4,    6 
2)1,    4,    2 
1,    2,    1 
8x3x2x2  =  86.    Ana 

98.  To  reduce  two  or  more  fractions  to  frac- 
tions having  a  common  denominator : 

Example. — Reduce  |,  J,  and  J  to  fractions  having  a  common 
denominator. 

Solution. — The  common  denominator  is  any  number  which  will 
contain  8, 4,  and  2.  The  least  common  denominator  is  12,  because  it  is 
the  smallest  number  which  can  be  divided  by  8,  4,  and  2  without  a 
remainder.  |  =  A,    |  =  A,    j  =  A. 

Reducing  |  (see  Art  84),  8  is  contained  in  12,  4  times.  By  multi- 
plying both  numerator  and  denominator  of  f  by  4,  we  find 

-=      .  =  -r=.    In  the  same  way  we  find  |  =  -fa  and  J  =  fa 

99.  Rule.  —  Divide  the  common  denominator  by  the 
denominator  of  the  given  fraction,  and  multiply  both  terms  of 
the  fraction  by  the  quotient. 


EXAMPLES  FOR  PRACTICE. 

lOO*     Reduce  to  fractions  having  a  common  denominator: 


(*)  *,  I  h 

(*)  A.  *.  A- 

to   !.*.«•  Ans. 

to  fa  A>  A* 
CO  A.tf.H- 


(*)  f.    f.    J- 

(*)  A.  M.  A 

to  h»  a»  a* 
(<o  u. «.  **• 

to    To»  A»  to* 
^  \J )    tt»  1Q»  ■•• 
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ADDITION   OF   FRACTIONS 

101*  Fractions  cannot  be  added  unless  they  have  a  com- 
mon denominator.  We  cannot  add  \  to  \  as  they  now  stand, 
since  the  denominators  represent  parts  of  different  sizes. 
Fourths  cannot  be  added  to  eighths. 

Suppose  we  divide  an  apple  into  4  equal  parts,  and  then 
divide  2  of  these  parts  into  two  equal  parts.  It  is  evident 
that  we  shall  have  2  one-fourths  and  4.  one-eighths.  Now, 
if  we  add  these  parts,  the  result  is  2  +  4  =  6  something.  But 
what  is  this  something  ?  It  is  not  fourths,  for  six  fourths 
are  1£,  and  we  had  only  1  apple  to  begin  with  ;  neither  is  it 
eighths,  for  six  eighths  are  f,  which  is  less  than  1  apple. 
By  reducing  the  quarters  to  eighths,  we  have  \  =  f ,  and 
adding  the  other  4  eighths,  4  +  4=8  eighths.  This  result 
is  correct,  since  £  =  1.  Or,  we  can,  in  this  case,  reduce 
the  eighths  to  quarters.  Thus,  -|  =  i;  whence,  adding 
2  +  2  =  4  quarters,  a  correct  result  since  £  =  1. 

Before  adding,  fractions  should  be  reduced  to  a  common 
denominator,  preferably  the  least  common  denominator. 

102*     Example. — Find  the  sum  of  \y  |,  and  |. 

Solution. — The  least  common  denominator,  or  the  least  number 
which  will  contain  all  the  denominator s,  is  8. 

i  =  f  *  =  i  1  =  1 

Explanation. — As  the  denominator  tells  or  indicates  the 
names  of  the  parts >  the  numerators  only  are  added  in  order 
to  obtain  the  total  number  of  parts  indicated  by  the  denomi- 
nator. Thus,  4  one-eighths  plus  6  one-eighths  plus  5  one- 
eighths  = 

l  +  *  +  4  =  A±f±A  =  ¥  =  lf     Ans. 

103.     Example.— What  is  the  sum  of  12},  14f ,  and  7^  ? 

Solution. — The  least  common  denominator  in  this  case  is  16. 

12|  =  12if 
14f  =  14U 


jtf*f  =  88  +  fi  =  83  +  ltt  =  84tt.    Ans. 
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The  sum  of  the  fractions  =  ft  or  lft,  which  added  to  the  sum  of  the 
whole  numbers  =  34|J. 

Example. — What  is  the  sum  of  17,  ISfV,  J^,  and  8J? 

Solution.— The  least  common  denominator  is  82.  18^  =  18^, 
8J  =  8ft.  17 

A 

sum  88}|.    Ans. 

104«  Rule  I. — Reduce  the  given  fractions  to  fractions 
having  the  least  common  denominator ;  and  write  the  sum  of 
the  numerators  over  the  common  denominator. 

II.  When  there  are  mixed  numbers  and  whole  numbers, 
add  the  fractions  first \  and  if  their  sum  is  an  improper  frac- 
tion, reduce  it  to  a  mixed  number,  and  add  the  whole  number 
with  the  other  whole  numbers. 


EXAMPLES  FOR  PRACTICE. 

105.     Find  the  sum 

of 

<«>  frt.f- 

r  («)  i* 

(*)  I.A.H- 

<*>  i*. 

to  hi.  A- 

w  i* 

<<0  f.«.«- 

Ans.  - 

w  m 

to  tt.rt.B- 

to  i«. 

CO  H,  H.  H- 

(/)  if- 

(#)  A.  A.  4f 

<*-)  1A- 

<*)  ♦.«.♦• 

SUBTRACTION    OF   FRACTIONS. 

106*  Fractions  cannot  be  subtracted  without  first  re* 
ducing  them  to  a  common  denominator.  This  can  be  shown 
in  the  same  manner  as  in  the  case  of  addition  of  fractions. 

Example. — Subtract  f  from  ft. 
Solution. — The  common  denominator  is  16. 

13-6 


*  =  *•    tt-*  = 


16 


=  -rV    Ans. 


107*     Example. — From  7  take  {. 

Solution. —     1  =  f ;    therefore,   since  7  =  6-+-l,  7  =  6  +  f  =  6f,  or 
-  |  -  6|.     Ans. 
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108.     Example.— What  is  the  difference  between  17^  and  9|j  ? 
Solution. — The  common  denominator  of  the  fractions  is  82.     17^  = 

minuend      17f| 
subtrahend       9f| 

difference        8^    Ans. 

lOO*     Example. — From  9}  take  4^. 

Solution. — The  common  denominator  of  the  fractions  is  16.    9J  = 

minuend    9^  or  8ff 
subtrahend   4^       4^ 

difference  4J§  4Jf  Ans. 
Explanation. — As  the  fraction  in  the  subtra/iend 'is  greater 
than  the  fraction  in  the  minuend,  it  cannot  be  subtracted  ;* 
therefore,  borrow  1,  or  fj,  from  the  9  in  the  minuend  and 
a<#itto  the^V;  ^  +  -ft  =  ff  ^  f  rom  f£  =  ii  Since  1 
was  borrowed  irova  9,  8  remains;  4  from  8  =  4;  4  +  -J-j-  =  4fJ. 

HO.     Example.— From  9  take  8^- 
Solution.—  minuend   9    or  8Jf 

subtrahend    8^      8fY 
difference      |f        |f     Ans. 
Explanation. — As  there  is  no  fraction  in  the  minuend 
from  which  to  take  the  fraction  in  the  subtrahend,  borrow  1, 
or  ff ,  from  9.     -^  from  -J-J  =  \\.     Since  1  was  borrowed  from 
9,  only  8  is  left.     8  from  8  =  0. 

Ill,  Rule  I. — Reduce  the  fractions  to  fractions  having 
a  common  denominator.  Subtract  one  numerator  from  the 
otlier  and  place  the  remainder  over  the  common  denominator. 

II.  When  there  are  mixed  number s,  subtract  the  fractions 
and  whole  numbers  separately \  and  place  the  remainders  side 
by  side. 

III.  When  the  fraction  in  the  subtrahend  is  greater  than 
the  fraction  in  the  minuend,  borrow  1  from  the  whole  number 
in  the  minuend  and  add  it  to  the  fraction  in  the  minuend,  from 
which  subtract  the  fraction  in  the  subtrahend, 

IV.  When  the  minuend  is  a  whole  number,  borrow  1 ;  reduce 
it  to  a  fraction  whose  denominator  is  the  same  as  the  denomi- 
nator of  the  fraction  in  the  subtrahend,  and  place  it  over  that 
fraction  for  subtraction. 
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EXAMPLES  FOR  PRACTICE. 

112.     Subtract 


(a)  tf  from  ft- 

(d)  T^fromH- 

(c)  A  from  A- 

(d)  i|  from  ft 

(*)    if  from  H- 
(/)  13}  from  30J. 

(g)  12J  from  27. 

(^)    5J  from  80. 


<«>  4 
(*)   A 

(0    tt- 
(<0  A- 
to   i- 
(/)  I7*- 
(*>  141. 
<*)  24f. 


MULTIPLICATION    OF    FRACTIONS. 

113.  In  multiplication  of  fractions  it  is  not  necessary 
to  reduce  the  fractions  to  fractions  having  a  common  denomi- 
nator. 

114.  Multiplying  the  numerator  or  dividing  the  denomi- 
nator multiplies  the  fraction. 

Example. — Multiply  f  by  4. 

8x4 
Solution.—  fX4  =  ^        =y  =  3.    Ans. 

o 

OrlX4  =  T     4  =  |  =  3.     Ans. 

The  word  "of"  in  multiplication  of  fractions  means  the 
same  as  X ,  or  times.     Thus, 

Jof4  =  |x4  =  3. 

iof  A  =  iX  A  =  yf5- 

Example. — Multiply  }  by  2.  ' 

3x2 
Solution. —  2  X  {  =  o-        =!  =  }•    Ans. 

Or  2x1  =  0-^2  =  }.     Ans. 
115*     Example. — What  is  the  product  of  TV  and  J? 
Solution.-  A  X{  =  j^-g  =  AV  =  A-    Ans. 

4  X  7  7 

or,  by  cancelation,  8  =  — -  =  ^ .     Ans. 

4 

116.     Example.— What  is  |  of  }  of  { j  ? 

e  £  X  8  x  J0  3  3 

Solution.-  __  =  _  =  _,    Ans. 

2 
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117*     Example. — What  is  the  product  of  9|  and  5|  ? 
Solution.— 9|  =  y  ;  5f  =  ^. 

Vx¥  =  Txf  =  ltti:=54H*    An8' 

118.  Example.— Multiply  15}  by  8. 

Solution.—  15}  15} 

8    or       8 

47|  45  +  *£  =  45  +  2f  ss.  47|.    Ana. 

119.  Rule. — I.  Divide  the  product  of  the  numerators 
by  the  product  of  the  denominators.  All  factors  common  to 
the  numerators  and  denominators  should  first  be  cast  out  by 
cancelation, 

II.  To  multiply  one  mixed  number  by  another \  reduce  them 
both  to  improper  fractions. 

III.  To  multiply  a  mixed  number  by  a  whole  number \  first 
multiply  the  fractional  part  by  the  multiplier \  and  if  the 
product  is  an  improper  fractiony  reduce  it  to  a  mixed  number \ 
and  add  the  whole  number  part  to  the  product  of  the  multi- 
plier and  whole  number. 


120. 


EXAMPLES 

FOR  PRACTICE. 

Find  the  product  of 

(«)  'XA> 

(«)  lAv 

V)  W  XA- 

(*)  4|. 

W  Hxfr 

to  *f 

<<0ttX4 

Ans.  ■" 

(^)3». 

to  H  X  7. 

W  ?*• 

CO  17tf  X  7. 

CO  125. 

<#)tt*X8& 

(^•)18. 

<*)  H  X  14 

1  (*)  74. 

DIVISION   OF   FRACTIONS. 

121*     In  division  of  fractions  it  is  not  necessary  to  reduce 
the  fractions  to  fractions  having  a  common  denominator. 

122«     Dividing  the  numerator  or  multiplying  the  denomu 
nator,  divides  the  fraction. 

Example. — Divide  }  by  8. 

Solution. — When  dividing  the  numerator \  we  have 


* 
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When  multiplying  the  denominator,  we  have 

S-*-3=8  x3  =  A  =  i-    Ans. 
Example. — Divide  -ft  by  2. 

Solution.—  ^  +  2  =  ^^  =  A-    Ans. 

Example. — Divide  f|  by  7. 

Solution.-  W-l-7  =  ||-,-7=:A  =  ,ft.    Ans. 

1 23.  To  invert  a  fraction  is  to  /«r«  it  upside  down  ; 
that  is,  make  the  numerator  and  denominator  change  places. 

Invert  \  and  it  becomes  f . 

1 24.  Example. — Divide  ft  by  -ft. 

Solution. — 1.  The  fraction  -ft  is  contained  in  ft,  8  times,  for  the 
denominators  are  the  same,  and  one  numerator  is  contained  in  the 
other  3  times.  2.  If  we  now  invert  the  divisor  -ft,  and  multiply, 
the  solution  is 

9        .I6_^xl£_3      Ans. 
16  X   3  ~  Xf  x  2 

This  brings  the  same  quotient  as  in  the  first  case. 

1 2S»     Example. — Divide  }  by  \. 

Solution. — We  cannot  divide  |  by  J,  as  in  the  first  case  above,  for 
the  denominators  are  not  the  same,  therefore,  we  must  solve  as  in  the 
second  case. 

t  +  i  =  f  X|  =  j^  =  §orl|.    Ans, 

2 

1 26.  Example. — Divide  5  by  {$. 

Solution. —    tf  inverted  becomes  |J. 

8 

6xio=-70-=a   Ans* 

1 27.  Example. — How  many  times  is  3}  contained  in  7^  1 

Solution.—  3|  =  ^  ;  7ft  =  ifr. 

*£  inverted  equals  -ft. 
119       4  _  119  x*  _  119  _ 
16  X  15  ~  W  x  lo  ~  60  ~    **•     Ans* 
4 

128.  Rule. — Invert  the  divisor \  and  proceed  as  in  multi- 
plication. 
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129*    We  have  learned  that  aline  placed  between  two 

numbers  indicates  that  the  number  above  the  line  is  to  be 

divided  by  the  number  below  it.     Thus,  -^  shows  that  18 

is  to  be  divided  by  3.     This  is  also  true  if  a  fraction  or  a 

fractional  expression  be  placed  above  or  below  a  line. 

9  3x7 

-  means  that  9  is  to  be  divided  by  4  ;  Q   ,    .  means  that 

f  8  +  4 


16 

8  +  4 

16    ' 


3  X  7  is  to  be  divided  by  the  value  of 

l 

j  is  the  same  as  -J-  -5-  •£. 

It  will  be  noticed  that  there  is  a  heavy  line  between  the  9 
and  the  f .  This  is  necessary,  since  otherwise  there  would 
be  nothing  to  show  as  to  whether  9  was  to  be  divided  by  £ , 
or  $  was  to  be  divided  by  8.  Whenever  a  heavy  line  is  used, 
as  shown  here,  it  indicates  that  all  above  the  line  is  to  be 
divided  by  all  below  it. 


EXAMPLES  FOB 

PRACTICE. 

130. 

Divide 

(«) 

15  by  6f . 

r  («) 

H. 

(*> 

80byf 

w 

40. 

to 

172  by  f 

to 

215. 

id) 

tt  by  1*. 

Ans.  ■ 

id) 

TVT' 

to 

m  by  14f . 

to 

m 

(/) 

W  by  17*. 

(/) 

#r- 

U) 

ttbyW- 

U) 

AV 

W 

W  by  72J. 

{*) 

Mr 

131*  Whenever  an  expression  like  one  of  the  three 
following  is  obtained,  it  may  always  be  simplified  by 
transposing  the  denominator  from  above  to  below  the  line,  or 
from  below  to  above,  as  the  case  may  be,  taking  care  how- 
ever to  indicate  that  the  denominator  when  so  transferred 
is  a  multiplier. 

xt  3 

1b      9  =  9~X~4  =  ^  =  ^;    for>    reSarding    the    faction 

above  the  heavy  line  as  the  numerator  of  a  fraction  whose 

i  X  4  3 

denominator  is  9,  J       .  = -,  as  before. 

9X4       9X4 
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9      9x4 
2.      ■=  =  — 5 —  =  12.     The  proof  is  the  same  as  in  the  first 

t  3 

case. 

4      5x4 

3-      I  =  u q  ^  H  J   f°r>    regarding  £  as  the  numerator 

■J       o  X  9 

4-X9  5 

of   a  fraction  whose  denominator  is  £,  |        =  ;  and 

5X4       5  X  4       20  -  4 

ST9  =  33^  =  H.  ^  above. 

—  X4 

This  principle  may  be  used  to  great  advantage  in  cases  like 

£ — ,,       „« — •     Reducing  the  mixed  numbers  to  frac- 

40  X  H  X  5|  6 

tions,    the    expression    becomes  * — '     tti — .     Now 

40  X  f  X  Y 

transferring  the  denominators  of  the  fractions  and  canceling, 

3 
W       3       $  3 

1  X  310  x  27  x  72  x  2  x  6      1  x  ftip  X  %K  y,  J%  x  %  X  ft 

40x9x31x4x12       "         jMIX^X^X^x;?        "" 

?->*  ? 

Greater  exactness  in  results  can  usually  be  obtained  by 
using  this  principle  than  can  be  obtained  by  reducing  the 
fractions  to  decimals.  The  principle,  however,  should  not 
be  employed  if  a  sign  of  addition  or  subtraction  occurs  either 
above  or  below  the  dividing  line. 


ARITHMETIC. 

(SECTION  8.) 


DECIMALS. 

Remark. — A  knowledge  of  decimals  is  of  the  utmost 
importance  to  all  who  are  required  to  make  calculations 
of  any  kind.  The  subject  is  easy  to  learn,  and  for  this 
reason  the  student  is  somewhat  inclined  to  study  it  too 
hastily,  the  result  being  that  he  afterwards  has  trouble 
that  might  have  been  entirely  avoided  had  he  given  the  text 
the  proper  attention  in  the  beginning.  Decimals  are  much 
easier  to  use  than  common  fractions,  which  they  replace; 
at  the  same  time  it  is  frequently  more  expedient  to  use 
common  fractions  in  certain  operations,  and,  hence,  they 
cannot  be  wholly  dispensed  with.  Particular  attention 
should  be  paid  to  the  rules  for  multiplication  and  division — 
especially  to  the  locating  of  the  decimal  point — and  to  the 
operations  of  changing  a  common  fraction  to  a  decimal  and 
vice  versa. 

132.  Decimals  are  tenth  fractions;  that  is,  the  parts 
of  a  unit  are  expressed  on  the  scale  of  ten,  as  tenths  ^hun- 
dredths^ thousandths,  etc. 

133*  The  denominator ',  which  is  always  ten  or  a  multiple 
of  ten,  as  10,  100,  1,000,  etc.,  is  not  expressed  as  it  would  be 
in  common  fractions,  by  writing  it  under  the  numerator, 
with  a  line  between  them ;  as,  ^  yl^,  TsVtt-  The  denomi- 
nator is  always  understood,  the  numerator  consisting  of  the 
figures  on  the  right  of  the  unit  figure.    In  order  to  distinguish 

For  notice  of  copyright,  see  page  immediately  following  the  title  page. 
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the  unit  figure,  a  period  (.),  called  the  decimal  point, 
is  placed  between  the  unit  figure  and  the  next  figure  on  the 
right.  The  decimal  point  may  be  regarded  in  two  ways  : 
first,  as  indicating  that  the  number  on  the  right  is  the  nu- 
merator of  a  fraction  whose  denominator  is  10, 100, 1,000,  etc. ; 
and,  second,  as  a  part  of  the  Arabic  system  of  notation, 
each  figure  on  the  right  being  10  times  as  large  as  the  next 
succeeding  figure,  and  10  times  as  small  as  the  next  prece- 
ding figure,  serving  merely  to  point  out  the  unit  figure. 

1 34.  The  reading  of  a  decimal  number  depends  upon  the 
number  of  decimal  places  in  it,  or  the  number  of  figures  to 
the  right  of  the  unit  figure. 

The  first  figure  to  the  right  of  the  unit  figure  expresses 
tenths. 

The  second  figure  to  the  right  of  the  unit  figure  expresses 
hundredths. 

The  third  figure  to  the  right  of  the  unit  figure  expresses 
thousandths. 

The  fourth  figure  to  the  right  of  the  unit  figure  expresses 
ten-thousandt/is. 

The  fifth  figure  to  the  right  of  the  unit  figure  expresses 
hundred-thousandths. 

The  sixth  figure  to  the  right  of  the  unit  figure  expresses 

millionths. 

Thus: 

.3  =      ^      =3  tenths. 

.03         =      -j-jhr     =  3  hundredths. 

.003        =     toW     =  3  thousandths. 

.0003      =     rdhnr  =  3  ten-thousandths. 

.00003    =   !  6  030  0  0  =  3  hundred-thousandths. 

.000003  =  ttto  o-rrt  =  3  millionths. 
The  first  figure  to  the  right  of  the  unit  figure  is  called  the 
first  decimal  place  ;  the  second  figure,  the  second  decimal 
place,  etc.  We  see  in  the  above  that  the  number  of  decimal 
places  in  a  decimal  equals  the  number  of  ciphers  to  the  right 
of  the  figure  1  in  the  denominator  of  its  equivalent  fraction. 
This  fact  kept  in  mind  will  be  of  much  assistance  in  reading 
and  writing  decimals. 
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Whatever  may  be  written  to  the  left  of  a  decimal  point  is 
a  whole  number.  The  decimal  point  affects  only  the  figures 
to  its  right. 

When  a  whole  number  and  decimal  are  written  together, 
the  expression  is  a  mixed  number.  Thus,  8.12  and  17.25  are 
mixed  numbers. 

The  relation  of  decimals  and  whole  numbers  to  each  other 
is  clearly  shown  by  the  following  table  : 

i        1  i 

3  »'       2  a  s   «  « 

o=      «s  §   .  1      j  J3  1  i    .  1  1 

4)     vm      r!       4>     *m      !2      0)  rt        •      0)      tl      O       1)      r!     rzj      V 


I    o    g    c    o    I    s     . 
gcrsgeogc 

,JG        +->  G       rC        -*-»        4J       rC 


CU 


p  "u  +j  j:  4J  *j  *  p  4J  « 
1.23456789 


987654321.23456789 

The  figures  to  the  Zf/7  of  the  decimal  point  represent  whole 
numbers  ;  those  to  the  right  are  decimals. 

In  &?///  the  decimals  and  whole  numbers,  the  units  place 
is  made  the  starting  point  of  notation  and  numeration.  The 
decimals  decrease  on  the  scale  of  ten  to  the  right,  and 
the  whole  numbers  increase  on  the  scale  of  ten  to  the  left. 
The  first  figure  to  the  left  of  units  is  tens,  and  the  first  figure 
to  the  right  of  units  is  tent  Its.  The  second  figure  to  the  left  of 
units  is  hundreds,  and  the  second  figure  to  the  right  is  hun- 
dredths. The  third  figure  to  the  left  is  thousands,  and  the 
M/Vv/  to  the  right  is  thousandths,  and  so  on  ;  the  whole  num- 
bers on  the  left  and  the  decimals  on  the  right.  The  figures 
equally  distant  from  units  place  correspond  in  name.  The 
decimals  have  the  ending  ths,  which  distinguishes  them  from 
whole  numbers.  The  following  is  the  numeration  of  the 
number  in  the  above  table  :  Nine  hundred  eighty-seven 
million,  six  hundred  fifty-four  thousand,  three  hundred 
twenty-one,  and  twenty-three  million,  four  hundred  fifty- 
six  thousand,  seven  hundred  eightv-nine  hundred  millionths. 
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The  decimals  increase  to  the  left,  on  the  scale  of  ten,  the 
same  as  whole  numbers  ;  for,  beginning  at,  say,  ^-thou- 
sandths, in  the  table,  the  next  figure  to  the  left  is  hundredths, 
which  is' ten  times  as  great,  and  the  next  tenths,  or  ten  times 
the  hundredths,  and  so  on  through  both  decimals  and  whole 
numbers. 

135*  Annexing  or  taking  away  a  cipher  at  the  right  of  a 
decimal  does  not  affect  its  value. 

.5  is  -j^;  .50  is  -ffo,  but  ^  =  -ffo;  therefore,  .5  =  .50. 

1 36.  Inserting  a  cipher  between  a  decimal  and  the  deci- 
mal point  divides  the  decimal  by  10. 

•5  =  W;  A  -*- 10  =  t*t  =  -05. 

137.  Taking  away  a  cipher  from  the  left  of  a  decimal 
multiplies  the  decimal  by  10. 

.05  =  yjhr;  yfy  X  10  =  VV  =  .5. 

138*  In  some  cases  it  is  convenient  to  express  a  mixed 
decimal  fraction  in  the  form  of  a  common  (improper)  frac- 
tion. To  do  so  it  is  only  necessary  to  write  the  entire  num- 
ber, omitting  the  decimal  point,  as  the  numerator  of  the 
fraction,  and  the  denominator  of  the  decimal  part  as  the 
denominator  of  the  fraction.  Thus,  127.483  = -4^P;  for, 
127.483  =  127WW  =  *"****"*  =  HW1- 


ADDITION   OF   DECIMALS. 

139*  The  only  respect  in  which  addition  of  decimals 
differs  from  addition  of  whole  numbers \  is  that  while  the  unit 
figures  are  placed  under  each  other  in  both  cases,  the  right- 
hand  figures  are  not  necessarily  in  line  when  adding  decimals. 

Whole  numbers  begin  at  units  and  increase  on  the  scale  of 
10,  to  the  left.  Decimals  decrease  on  the  scale  of  10,  to  the 
right.  Whole  numbers  are  to  the  left  of  the  decimal  point 
and  decimals  are  to  the  right  of  it.  In  whole  numbers  the 
right-hand  side  of  a  column  of  figures  to  be  added,  must  be  in 
line,  and  in  decimals,  the  left-hand  side  must  be  in  line, 
which  brings  the  decimal  points  directly  under  each  other. 
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89 


whole  numbers 

decimals 

mixed  numbers 

842 

.842 

842.082 

4284 

.4284 

42345 

26 

.26 

26.6782 

8 

Ans. 

sum 

.03 

3.06 

tm    4605 

1.0554    Ans. 

sum    4606.2702    . 

Ans. 


140.  A  decimal,  as  .342,  ought  really  to  be  expressed  as 
0.342,  but  it  is  quite  customary  to  omit  the  cipher  on  the 
left  of  the  decimal  point,  though  many  authors  use  it. 

Example.— What  is  the  sum  of  242,  .36,  118.725,  1.005,  6,  and  100.1  ? 

Solution. —  242. 

.86 
118.725 
1.005 
6. 
100.1 


sum    468.190    Ans. 

141.  Rule. — Place  the  numbers  to  be  added  so  that  the 
decimal  points  will  be  directly  under  each  other.  Add  as  in 
whole  numbers,  and  place  the  decimal  point  in  the  sum  directly 
under  the  decimal  points  above. 


EXAMPLES  FOR  PRACTICE. 

142.     Find  the  sum  of 

(a)  .2143,  .105,  2.3042,  and  1.1417. 

(b)  783.5,  21.473,  .2101,  and  .7816. 

(c)  21.781,  138.72,  41.8738,  .72,  and  1.413. 

(d)  .3724,  104.15,  21.417,  and  100.042. 
(*)    200.172,  14105,  12.1465,  .705,  and  7.2. 
(/)    1,427.16,  .244,  .32,  .032,  and  10.0041. 
(g)   2,473.1,  41.65.  .7243,  104.067,  and  21.073. 
(A)   4,107.2,  .00375,  21.716,  410.072,  and  .0345. 


Ans. 


(a)  3.7652. 

(b)  805.9647. 

(c)  204.5078. 

(d)  225.9814 
(*)  234.3285. 
(/)  1,437.7601. 
(g)  2,640.6143. 
(h)  4,539.02625. 


SUBTRACTION    OF   DECIMALS. 

143*  For  the  same  reason  as  in  addition  of  decimals, 
the  left-hand  figures  of  decimal  numbers  are  placed  in  line 
and  the  decimal  points  under  each  other. 


T.    /.— 4 
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Example. — Subtract  .182  from  .3063. 

Solution.—  minuend   .3  068 

subtrahend    .13  2 


difference    .1748    Ans. 

144*     Example. — What  is  the  difference  between  7.895  and  .725  ? 

Solution.—  minuend   7.8  95 

subtrahend     .7  25 


difference    7. 1  7  0  or  7. 17    Ans. 

145*     Example. — Subtract  .625  from  11. 

Solution.—  minuend    11.000 

subtrahend        .62  5 


difference    1 0.3  7  5    Ans. 

146*  Rule. — Place  the  subtrahend  under  the  minuend,  so 
that  the  decimal  points  will  be  directly  under  each  other.  Sub- 
tract, as  in  whole  numbers ',  and  place  the  decimal  point  in  the 
remainder \  directly  under  the  decimal  points  above. 

When  the  figures  in  the  decimal  part  of  the  subtrahend  ex- 
tend  beyond  those  in  the  minuend \  place  ciphers  in  the  minuend 
above  themf  and  subtract  as  before. 


EXAMPLES  FOR  PRACTICE. 


147.     From 


(a)  407.385  take  235.0004 

\b)  22.718  take  1.7042. 

(c)  1,368.17  take  13.6817. 

(d)  70.00017  take  7.000017. 

(e)  630.630  take  .6304 
(/)  421.73  take  217.162. 
(g)  1.000014  take  .00001. 
(*)  .788652  take  .542314 


Ans. 


(a)  172.8846. 

(b)  21.0138. 

(c)  1,354.4883. 

(d)  63.000153. 

(e)  629.9996. 
(/)  204568. 
(g)  1.000004 
{h)  .241388. 


MULTIPLICATION   OF   DECIMALS. 

148*  In  multiplication  of  decimals,  we  do  not  place  the 
decimal  points  directly  under  each  other  as  in  addition  and 
subtraction.    We  pay  no  attention  for  the  time  being  to  the 


ARITHMETIC  41 

♦ 

decimal  points.  Place  the  multiplier  under  the  multiplicand, 
so  that  the  right-liand  figure  of  the  one  is  under  the  right- 
hand  figure  of  the  other,  and  proceed  exactly  as  in  multipli- 
cation of  whole  numbers.  After  multiplying,  count  the 
number  of  decimal  places  in  both  multiplicand  and  multiplier \ 
and  point  off  the  same  number  in  the  product. 

Example.— -Multiply  .825  by  13. 

Solution.—       multiplicand       .825 

multiplier  1 8 

2475 
825 


product    1 0. 7  2  5    Ans. 

In  this  example  there  are  three  decimal  places  in  the  mul- 
tiplicand and  none  in  the  multiplier;  therefore,  3  decimal 
places  are  pointed  off  in  the  product. 

1 49.  Example.— What  is  the  product  of  426  and  the  decimal  .005  ? 

Solution.—         multiplicand      42  6 

multiplier      .005 

product    2.1 3  0  or  2.13    Ans. 

In  this  example  there  are  3  decimal  places  in  the  multi- 
plier and  none  in  the  multiplicand;  therefore,  3  decimal 
places  are  pointed  off  in  the  product. 

150.  It  is  not  necessary  to  multiply  by  the  ciphers  on  the 
left  of  a  decimal;  they  merely  determine  the  number  of  deci- 
mal places.  Ciphers  to  the  right  of  a  decimal  should  be  re- 
moved, as  they  only  make  more  figures  to  deal  with,  and  dc 
not  change  the  value. 

151*     Example.— Multiply  1.205  by  1.15. 

Solution.—      multiplicand        1.2  05 

multiplier  1.15 

6025 
1205 
1205 


product    1,3  8  5  75    Ans. 
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In  this  example  there  are  3  decimal  places  in  the  multipli- 
cand, and  2  in  the  multiplier;  therefore,  3  +  2,  or  5,  decimal 
places  must  be  pointed  off  in  the  product. 

152.  Example.— Multiply  .232  by  .001. 

Solution.—    multiplicand  .2  82 

multiplier  .001 

product     .000282    Ans. 

In  this  example  we  multiply  the  multiplicand  by  the  digit 
in  the  multiplier,  which  makes  232  in  the  product,  but  since 
there  are  3  decimal  places  in  each,  the  multiplier  and  the 
multiplicand,  we  must  prefix  3  ciphers  to  the  232,  to  make 
3  +  3f  or  6,  decimal  places  in  the  product. 

1 53.  Rule. — Place  the  multiplier  under  the  multiplicand, 
disregarding  the  position  of  the  decimal  points.  Multiply  as  in 
whole  numbers,  and  in  the  product  point  off  as  many  decimal 
places  as  there  are  decimal  places  in  both  multiplier  and  mul- 
tiplicand, prefixing  ciphers  if  necessary. 


EXAMPLES  FOR  PRACTICE. 


1 54»  Find  the  product  of 

(a)  .000492x4.1418. 

(b)  4,003.2x1.2. 

(c)  78.6531xl.03. 
(</)  .3685  X. 042. 

(*)  178,352  X. 01.  Ans* 

CO  .00045  X  .0045. 

(g)  . 714 X. 00002. 

(A)  .00004  X. 008. 


(a)  .0020877666. 
{b)  4,803.84 
(c)  81.012693. 
(d)  .015477. 
(c)    1,783.52. 
(/)  .000002025. 
(g)  .00001428. 
(A)  .00000032. 


DIVISION   OF   DECIMALS. 

155*  In  division  of  decimals -we  pay  no  attention  to  the 
decimal  point  until  after  the  division  is  performed.  The 
number  of  decimal  places  in  the  dividend  must  equal  (be  made 
to  equal  by  annexing  ciphers}  the  number  of  decimal  places  in 
the  divisor.  Divide  exactly  as  in  whole  numbers.  Subtract 
the  number  of  decimal  places  in  the  divisor  from  the  number  of 
decimal  places  in  the  dividend,  and  point  off  as  many  decimal 
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places  in  the  quotient  as  there  are  units  in  tlie  remainder  thus 
found, 

Examplb.— Divide  .625  by  26. 

divisor  dividend  quotient 

Solution.—  25).6  25(.0  25    Ans. 

50 


125 
125 


remainder       0 

In  this  example  there  are  no  decimal  places  in  the  divisor, 
and  3  decimal  places  in  the  dividend ;  therefore,  there  are  3 
minus  0,  or  3,  decimal  places  in  the  quotient.  One  cipher 
has  to  be  prefixed  to  the  25,  to  make  the  3  decimal  places. 

1 56.  Example.— Divide  6.035  by  .05. 

divisor   dividend    quotient 

Solution.—  .0  5  )  6.0  8  5  ( 1  2  0.7    Ans. 

5 

To 

10 

35 
35 

remainder    0 

In  this  example  we  divide  by  5,  as  if  the  cipher  were  not 
before  it.  There  is  one  more  decimal  place  in  the  dividend 
than  in  the  divisor;  therefore,  one  decimal  place  is  pointed 
off  in  the  quotient. 

157.  Example.— Divide  .  125  by  .005. 

divisor  dividend  quotient 

Solution.—  .0  05).125(25    Ans. 

10 


25 
25 

remainder    0 

In  this  example  there  are  the  same  number  of  decimal 
places  in  the  dividend  as  in  the  divisor;  therefore,  the  quo- 
tient has  no  decimal  places,  and  is  a  whole  number. 
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1 58.     Example.— Divide  826  by  .26. 

divisor    dividend   quotient 

Solution.—  .2  5  )  8  2  6.0  0  ( 1  3  0  4    Ana 

25 


76 

75 


100 
100 


remainder     0 

In  this  problem  two  ciphers  were  annexed  to  the  dividend, 
to  make  the  number  of  decimal  places  equal  to  the  number 
in  the  divisor.     The  quotient  is  a  whole  number. 

1 59.     Example.— Divide  .0025  by  1.25. 

Solution.—  1.2  5)  .0  0 25  0 ( .00  2    Ana. 

250 


remainder     0 

Explanation. — In  this  example  we  are  to  divide  .0025  by 
1.25.  Consider  the  dividend  as  a  whole  number,  or  25  (dis- 
regarding the  two  ciphers  at  its  left,  for  the  present) ;  also, 
consider  the  divisor  as  a  whole  number,  or  125.  It  is  clearly 
evident  that  the  dividend  25  will  not  contain  the  divisor  125 ; 
we  must,  therefore,  annex  one  cipher  to  the  25,  thus  making 
the  dividend  250.  125  is  contained  twice  in  250,  so  we  place 
the  figure  2  in  the  quotient.  In  pointing  off  the  decimal 
places  in  the  quotient,  it  must  be  remembered  that  there 
were  only  four  decimal  places  in  the  dividend;  but  one 
cipher  was  annexed,  thereby  making  4  +  1,  or  5,  decimal 
places.  Since  there  are  5  decimal  places  in  the  dividend  and 
2  decimal  places  in  the  divisor,  we  must  point  off  5  —  2,  or  3, 
decimal  places  in  the  quotient.  In  order  to  point  off  3  deci- 
mal places,  two  ciphers  must  be  prefixed  to  the  figure  2, 
thereby  making  .002  the  quotient.  It  is  not  necessary  to 
consider  the  ciphers  at  the  left  of  a  decimal  when  dividing, 
except  when  determining  the  position  of  the  decimal  point  in 
the  quotient. 

160.  Rule. — I.  Place  the  divisor  to  the  left  of  the  divi- 
dend, and  proceed  as  in  division  of  whole  numbers ;   in  tkt 
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quotient,  point  off  as  many  decimal  places  as  tlie  number  of 
decimal  places  in  the  dividend  exceed  those  in  the  divisor,  pre- 
fixing ciphers  to  the  quotient,  if  necessary. 

II.  If  in  dividing  one  number  by  another  there  be  a  re- 
mainder, the  remainder  can  be  placed  over  the  divisor,  as  a 
fractional  part  of  the  quotient,  but  it  is  generally  better  to 
annex  ciphers  to  the  remainder,  and  continue  dividing  until 
there  are  3  or  4  decimal  places  in  the  quotient,  and  then  if 
there  still  be  a  remainder,  terminate  the  quotient  by  the  plus 
sign  (+),  which  shows  that  it  can  be  carried  further. 

161*     Example. — What  is  the  quotient  of  199  divided  by  15  ? 

Solution.—  15)199(18  +  ^   Ans. 

15 


49 
45 

remainder     4 
Or,       15)199.000(13.266  + 
15 

An*. 

49 
45 

40 
80 

100 
90 

100 
90 

remainder      1 0 
13^  =  13.266  + 
^=     .266  + 

162*  It  frequently  happens,  as  in  the  above  example, 
that  the  division  will  never  terminate.  In  such  cases,  de- 
cide to  how  many  decimal  places  the  division  is  to  be  carried, 
and  carry  the  work  one  place  further.  If  the  last  figure  of 
the  quotient  thus  obtained  is  5  or  a  greater  number,  increase 
the  preceding  figure  by  1,  and  write  after  it  the  minus  sign 
(— ),  thus  indicating  that  the  quotient  is  not  quite  as  large 
as  indicated ;  if  the  figure  thus  obtained  is  less  than  5,  write 
the  plus  sign  (+)  after  the  quotient,  thus  indicating  that 
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the  number  is  slightly  greater  than  as  indicated.  In  the 
last  example,  had  it  been  desired  to  obtain  the  answer  cor- 
rect to  four  decimal  places,  the  work  would  have  been  car- 
ried to  five  places,  obtaining  13.26666,  and  the  answer  would 
have  been  given  as  13.2667—.  This  remark  applies  to  any 
other  calculation  involving  decimals,  when  it  is  desired  to 
omit  some  of  the  figures  in  the  decimal.  Thus,  if  it  is  de- 
sired to  retain  three  decimal  places  in  the  number  .2471253, 
it  would  be  expressed  as  .247  +  ;  if  it  was  desired  to  retain 
five  decimal  places,  it  would  be  expressed  as  .24713—.  Both 
the  -f-  and  —  signs  are  frequently  omitted ;  they  are  seldom 
used  outside  of  Arithmetic,  except  in  exact  calculations,  when 
it  is  desired  to  call  particular  attention  to  the  fact  that  the 
result  obtained  is  not  quite  exact. 


EXAMPLES  FOR  PRACTICE. 


1 63*     Divide 

(a)  101.6688  by  2.36. 

(6)  187.12264  by  123.107. 

(c)  .08  by  .008. 

(d)  .0003  by  8.75. 

(e)  .0144  by  .024 
(/)  .00375  by  1.25. 
(g)  .004  by  400. 
(h)  .4  by  .008. 


Ans. 


(a)  43. 0a 

(b)  1.52. 

(c)  10. 

(d)  .00008. 

if)  .ooa 

(g)  .00001. 

(h)  50. 


TO  REDUCE  A  FRACTION  TO  A  DECIMAL. 

1 64.     Example.  —  J  equals  what  decimal  ? 


Solution. — 


'     ,  or  f  =  .75.    Ans. 

.7  0 


Example. — What  decimal  is  equivalent  to  J  ? 


Solution.— 


8)7.000(.875 
64 

60 

56        or  |  =.875.    Ans. 

40 
40 

~o" 

165*  Rule. — Annex  ciphers  to  the  numerator  and  divide 
by  the  denominator.  Point  off  as  many  decimal  places  in  the 
quotient  as  there  are  ciphers  annexed. 
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EXAMPLES  FOR  PRACTICE. 

1  66.     Reduce  the  following  common  fractions  to  decimals: 


(«) 

H 

(*) 

f 

W 

H 

V) 

H 

(') 

A 

(/) 

1 

(jr) 

TJnr* 

<*) 

iiA»ir 

Ans. 


f   <«> 

w 

(/) 


.46875. 

.875. 

.65625. 

.796875. 

.16. 

.625. 

.05. 

.004. 


167.     To  reduce   inches    to   decimal   parts  of  a 
foot: 

Example.— What  decimal  part  of  a  foot  is  9  inches  ? 

Solution. — Since  there  are  12  inches  in  one  foot,  1  inch  is  ^  of  a 
foot,  and  9  inches  is  9  X  A  or  -ft  of  a  foot.  This,  reduced  to  a  decimal 
by  the  above  rule,  shows  what  decimal  part  of  a  foot  9  inches  is. 

1  2  )  9.0  0  ( .7  5  of  a  foot    Ans. 
84 


60 
60 


168.  Rule  I. — To  reduce  inches  to  decimal  parts  of  a 
foot,  divide  the  number  of  inches  by  12. 

II.  Should  the  resulting  decimal  be  an  unending  one  and  it 
is  desired  to  terminate  the  division  at  some  pointy  say,  the 
fourth  decimal  place,  carry  the  division  one  place  further ,  and 
if  the  fifth  figure  is  5  or  greater,  increase  the  fourth  figure 
by  1.     Omit  the  signs  -f-  and  — . 


EXAMPLES  FOR  PRACTICE. 

169*    Reduce  to  the  decimal  part  of  a  foot: 


to 

(d) 
to 


8  in. 
4}  in. 
5  in. 
6|im 
11  in. 


Ans. 


<«) 

.25. 

w 

.875. 

to 

.4167. 

V) 

.5521. 

to 

.9167. 
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TO  REDUCE  A  DECIMAL  TO  A  FRACTION. 

1 70.  Example.— Reduce  .125  to  a  fraction. 
Solution. —  .125  =  ^y^  =  ^y  =  J.    Ans. 
Example. — Reduce  .875  to  a  fraction. 
Solution.—              .875  =  ^fo  =  Jf  =  J.    Ans. 

171.  Rule. — Under  the  figures  of  the  decimal,place  1  with 
as  many  ciphers  at  its  right  as  there  are  decimal  places  in  the 
decimal \  and  reduce  the  resulting  fraction  to  its  lowest  terms  by 
dividing  both  numerator  and  denominator  by  the  same  number. 


EXAMPLES  FOR  PRACTICE. 

172.     Reduce  the  following  to  common  fractions  : 


(<*) 

.125. 

(*) 

.626. 

w 

.3126. 

(.d) 

.04. 

<<> 

.06. 

(/) 

.75. 

it) 

.15626. 

(*) 

.875. 

Ans. 


(«) 

i- 

w 

f 

(c) 

A- 

id) 

A- 

W 

A- 

(/) 

f 

ie) 

A 

<*) 

i- 

173*  To  express  a  decimal  approximately  as  a 
fraction  having  a  given  denominator : 

1 74.  Example.— Express  .5827  in  64ths. 

Solution.—       .5827  XU  =  — ^ — .  say  H- 
Hence,  .5827  =  £J,  nearly.     Ans. 

Example. — Express  .3917  in  12ths. 

4  7004 
Solution.—       .3917  X  H  =  ■  '        ,  say  ^. 

Hence,  .3917  =  -fa,  nearly.     Ans. 

175.  Rule. — Reduce  1  to  a  fraction  having  the  given 
denominator.  Multiply  the  given  decimal  by  the  fraction  so 
obtained \  and  the  result  will  be  the  fraction  required. 


176. 


EXAMPLES  FOR 

PRACTICE. 

Express 

(a)     .625  in  8ths. 

r  (*) 

1 

(b)     .3125  in  16ths. 

(b) 

A 

(c)    .15625  in  32ds. 

Ans.  - 

(0 

A 

(d)    .77in64ths. 

(d) 

H 

(<r)     .81  in  48ths. 

(') 

« 

if)    .928in96ths. 

I  if) 

If 
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1 77.  The  sign  for  dollars  is  $.  It  is  read  dollars.  $2§ 
is  read  25  dollars. 

Since  there  are  100  cents  in  a  dollar,  one  cent  is  1-one- 
hundredth  of  a  dollar;  the  first  two  figures  of  a  decimal 
part  of  a  dollar  represent  cents.  Since  a  mill  is  -rV  of  a  cent, 
or  ttjVt  °f  a  dollar,  the  third  figure  represents  mills. 

Thus,  $25.16  is  read  twenty-five  dollars  and  sixteen  cents; 
$25,168  is  read  twenty-five  dollars,  sixteen  cents  and  eight 
mills. 

178.  The  vinculum ,  parenthesis  (  ),  bracket 

[  ],  and  brace  {  }  are  called  symbols  of  aggregation, 

and  are  used  to  include  numbers  which  are  to  be  considered 
together;  thus,  13  X  8  —  3,  or  13  X  (8  —  3),  shows  that  3  is  to 
be  taken  from  8  before  multiplying  by  13. 

13  X  (8-3)  =  13  X  5  =  65.     Ans. 

13  X   8-3  =  13  X  5  =  65.     Ans. 
When  the  vinculum  or  parenthesis  is  not  used,  we  have 

13  X  8  -  3  =  104  -  3  =101.     Ans. 

1 79.  In  any  series  of  numbers  connected  by  the  signs  +, 
— ,  X,  and  -+,  the  operations  indicated  by  the  signs  must  be 
performed  in  order  from  left  to  right,  except  that  no  addition 
or  subtraction  may  be  performed  if  a  sign  of  multiplication 
or  division  follows  the  number  on  the  right  of  a  sign  of 
addition  or  subtraction,  until  the  indicated  multiplication  or 
division  has  been  performed.  In  all  cases  the  sign  of  multi- 
plication takes  the  precedence,  the  reason  being  that  when 
two  or  more  numbers  or  expressions  are  connected  by  the 
sign  of  multiplicatipn,  the  numbers  thus  connected  are  re- 
garded as  factors  of  the  product  indicated,  and  not  as  sepa- 
rate numbers. 

Example.— What  is  the  value  of  4  X  24  —  8  +  17? 
Solution. — Performing  the  operations  in  order  from  left  to  right, 
4  X  24  =  96;  96 - 8  =  88;  88  +  17  =  105.     Ans. 

1 80»  Example. — What  is  the  value  of  the  following  expression : 
1,296  -*- 12  4- 160  -  22  X  3J  =  ? 

Solution.— 1,296-*- 12  =  108;  108  +  160  =  268;  here  we  cannot  sub- 
tract 22  from  268  because  the  sign  of  multiplication  follows  22;  hence, 
multiplying  22  by  8|,  we  get  77,  and  268  -  77  =  191.    Ans. 
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Had  the  above  expression  been  written  1,296  -f- 12  -f- 160  — 
22  X  3  J  -T-  7  +  25,  it  would  have  been  necessary  to  have  divi- 
ded 22  X  3  J  by  7  before  subtracting,  and  the  final  result  would 
have  been  22  X  3^  =  77;  77  +  7  =  11;  268-11  =  257;  257 
-|-  25  =  282.  Ans.  In  other  words,  it  is  necessary  to  per- 
form #//  of  the  multiplication  or  division  included  between 
the  signs  -f-  and  — ,  or  —  and  -}-,  before  adding  or  subtracting. 
Also,  had  the  expression  been  written  1,296-4-12  +  160 
—  24£  ~7x  3  j-  -f-  25,  it  would  have  been  necessary  to  have 
multiplied  3£  by  7  before  dividing  24£,  since  the  sign  of 
multiplication  takes  the  precedence,  and  the  final  result 
would  have  been  3 ±  X  7  =  24£ ;  24£  +  24£-  =  1 ;  268  -  1  = 
267;  267  +  25  =  292.     Ans. 

It  likewise  follows  that  if  a  succession  of  multiplication 
and  division  signs  occurs,  the  indicated  operations  must  not 
be  performed  in  order,  from  left  to  right — the  multiplication 
must  be  performed  first.  Thus,  24x  3-f  4X  2-r9  X  5  =  f 
Ans.  In  order  to  obtain  the  same  result  that  would  be 
obtained  by  performing  the  indicated  operations  in  order, 
from  left  to  right,  symbols  of  aggregation  must  be  used. 
Thus,  by  using  two  vinculums,  the  last  expression  becomes 
24  X  3  +  4  X  2  +  i)  X  5  =  20,  the  same  result  that  would  be 
obtained  by  performing  the  indicated  operations  in  order, 
from  left  to  right.  

EXAMPLES  FOR   PRACTICE. 

1  SI*     Find  the  values  of  the  following  expressions  : 

(a)  (8 +  5-1) -i-4 

(b)  5  X  24  -  32. 

(c)  5  X  24  -i-  15. 

(d)  144-5x24. 

(e)  (1,691  -  540  +  559)  -*-  3  X  57. 
(/ )  2,080  +  120  -  80  x  4  -  1,670. 
(g)  (90  +  60-«-  25)  X  5  -  29. 

(/i)       90  +  00-*- 25X5. 


Ans. 


(*> 

3. 

w 

88. 

(0 

8. 

(<o 

24. 

w 

10. 

(/) 

210. 

U) 

1. 

w 

1.2. 
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PERCENTAGE. 

1 82.  Percentage  is  the  process  of  calculating  by  hun 
dredths. 

1 83.  The  term  per  cent,  is  an  abbreviation  of  the  Latin 
words  per  centum,  which  mean  by  the  hundred.  A  certain 
per  cent,  of  a  number  is  the  number  of  hundredths  of  that 
number  which  is  indicated  by  the  number  of  units  in  the  per 
cent.  Thus,  6  per  cent,  of  125  is  125  X  Tchr  =  7. 5 ;  25  per  cent. 
of  80  is  80  X  AV  =  20 ;  43  per  cent,  of  432  pounds  is  432  X 
-^  =185.76  pounds. 

184.  The  sign  of  per  cent,  is  *,  and  is  read  per  cent. 
Thus,  6*  is  read  six  per  cent.;  12£*  is  read  twelve  and  one- 
half  per  cent. ,  etc. 

When  expressing  the  per  cent,  of  a  number  to  use  in  cal- 
culations, it  is  customary  to  express  it  decimally  instead  of 
fractionally.  Thus,  instead  of  expressing  6*,  25*,  and  43*  as 
rfor»  tWt»  an(*  iWf*  ft  *s  usual  to  express  them  as  .06,  .25, 
and  .43. 

The  following  table  will  show  how  any  per  cent,  can  be 
expressed  either  as  a  decimal  or  as  a  fraction : 


Per  Cent. 

Decimal. 

Fraction. 

Per  Cent 

Decimal. 

Fraction. 

1* 

.01 

llo 

150  *... 

.     1.50 

HI  on* 

H 

.02 

dhFor-5V 

500  *. . . 

.     5.00 

fXII  or  8 

5* 

.05 

rib  or  ^ 

i*... 

.0025 

tI»  or  xh 

10£ 

.10 

iVoor^ 

\t° ■•  •  • 

.       .005 

^vOT?h 

25* 

.25 

i¥oor   I 

\\i.... 

.       .015 

i^or**, 

D\)jb  •  •  •  •  • 

.50 

i%or  i 

8^.... 

.08J 

$*orh 

75* 

.75 

iVuor  f 

l/vgjfc  .    .    .    . 

.125 

$  °r  i 

100* 

1.00 

Mori 

1C|*.... 

.16| 

iia  °r  * 

125* 

1.25 

HJorlJ 

62J*.... 

.       .625 

ia  °r  * 

Por  notice  of  copyright,  see  page  immediately  following  the  title  page. 
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185.  The  names  of  the  different  elements  used  in  per- 
centage are:  the  base,  the  rate  per  cent.,  the  percentage,  the 
amount,  and  the  difference, 

186*  The  base  is  the  number  on  which  the  per  cent,  is 
computed. 

187.  The  rate  is  the  number  of  hundredths  of  the 
base  to  be  taken. 

188.  The  percentage  is  the  part,  or  number  of  hun- 
dredths, of  the  base  indicated  by  the  rate  ;  or,  the  percent- 
age is  the  result  obtained  by  multiplying  the  base  by  the  rate. 

Thus,  when  it  is  stated  that  7#  of  $25  is  $1.75,  $25  is  the 
base,  7 ft  is  the  rate,  and  $1.75  is  the  percentage. 

1 80.     The  amount  is  the  sum  of  the  base  and  percentage. 

190.  The  difference  is  the  remainder  obtained  by 
subtracting  the  percentage  from  the  base. 

Thus,  if  a  man  has  $180,  and  he  earns  6#  more,  he  will  have, 
altogether,  $180  +  $180  X  .06,  or  $180  +  $10.80  =  $190.80. 
Here  $180  is  the  base;  6jt,  the  rate;  $10.80,  the  percentage, 
and  $190.80,  the  amount. 

Again,  if  an  engine  of  125  horsepower  uses  16#  of  it  in 
overcoming  friction  and  other  resistances,  the  amount  left 
for  obtaining  useful  work  is  125  —  125  X  .16  =  125  —  20  = 
105  horsepower.  Here  125  is  the  base;  16#,  the  rate;  20, 
the  percentage,  and  105,  the  difference. 

191.  From  the  foregoing  it  is  evident  that  to  find  the 
percentage,  the  base  must  be  multiplied  by  the  rate.  Hence, 
the  following 

Rule. — To  find  the  percentage,  multiply  the  base  by  the 
rate  expressed  decimally. 

Example.— Out  of  a  lot  of  300  bushels  of  apples,  76 %  were  sold. 
How  many  bushels  were  sold  ? 

Solution. — 76£,  the  rate,  expressed  decimally,  is  .76  ;  the  base  is 

800;  hence,  the  number  of  bushels  sold,  or  the  percentage,  is  by  the 

above  rule. 

300  X  •  76  =  228  bushels.    Ans. 

Expressing  the  rule  as  a 

Formula,  percentage  =  base  X  rate* 
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192*  When  the  percentage  and  rate  are  given,  the  base 
may  be  found  by  dividing  the  percentage  by  the  rate.  For, 
suppose  that  12  is  6#,  or  yj-g-,  of  some  number;  then,  1#,  or 
yfr,  of  the  number,  is  12  ~-  6,  or  2.  Consequently,  if  2  =  1#, 
or  t4tt>  100&  or  \tt>  =  2  X  100  =  200.  But,  since  the  same 
result  may  be  arrived  at  by  dividing  12  by  .06,  for  12  -H  .06 
=  200,  it  follows  that 

Rule. — When  the  percentage  and  rate  are  given,  to  find  the 
base,  divide  the  percentage  by  the  rate,  expressed  decimally. 

Formula,  base  =  percentage  -=-  rate. 

Example. — Bought  a  certain  number  of  bushels  of  apples  and  sold 
76£  of  them.     If  I  sold  228  bushels,  how  many  bushels  did  I  buy  ? 

Solution. — Here  228  is  the  percentage,  and  76£,  or  .76,  is  the  rate; 
hence,  applying  the  rule, 

228  -*-  .76  ss  300  bushels.    Ans. 

193.  When  the  base  and  percentage  are  given,  to  find 
the  rate,  the  rate  may  be  found,  expressed  decimally,  by  di- 
viding the  percentage  by  the  base.  For,  suppose  that  it  is 
desired  to  find  what  per  cent.  12  is  of  200.  1^  of  200  is  200 
X  .01  =  2.  Now,  if  \<f>  is  2,  12  is  evidently  as  many  per 
cent,  as  the  number  of  times  that  2  is  contained  in  12,  or  12 
-4-  2  =  6#.  But  the  same  result  may  be  obtained  by  dividing 
12,  the  percentage,  by  200,  the  base,  since  12  -f-  200  =  .06 
=  6#.     Hence, 

Rule. — When  the  percentage  and  base  are  given,  to  find  the 
rate,  divide  the  percentage  by  the  base,  and  the  result  will  be 
the  rate,  expressed  decimally. 

Formula,  rate =  percentage  -s-  base. 

Example. — Bought  300  bushels  of  apples  and  sold  228  bushels.  What 
per  cent,  of  the  total  number  of  bushels  was  sold  ? 

Solution. — Here  300  is  the  base  and  228  is  the  percentage  ;  hence, 
applying  rule,  rate  =  228  -*-  800  =  .  76  =  76*.     Ans. 

Example. — What  per  cent  of  875  is  25  ? 

Solution. — Here  875  is  the  base  and  25  is  the  percentage ;  hence, 
applying  rule,  25-*-875  =  .02f  =  2f*.    Ans. 

Proof.— 675  X  .021  =  25.  .  . 
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EXAMPLES  FOR   PRACTICE. 

1 94.     What  per  cent  of 

(a)  860  is  90? 

(£)  900  is  860? 

(c)  125  is  25? 

(</)  150  is  750? 

(*)  280  is  112  ? 

(/)  400  is  200? 

(g)  47  is  94? 

(A)  500  is  250? 


Ana. 


r  « 

25* 

w 

40*. 

«■> 

20* 

(d) 

600* 

e> 

40* 

CO 

60* 

<*•) 

200* 

<>*) 

60* 

195*  The  amount  may  be  found,  when  the  base  and  rate 
are  given,  by  multiplying  the  base  by  1  plus  the  rate,  ex- 
pressed decimally.  For,  suppose  that  it  is  desired  to  find 
the  amount  when  200  is  the  base  and  G#  is  the  rate.  The 
percentage  is  200  X  .06  =  12,  and,  according  to  definition, 
Art.  189,  the  amount  is  200  +  12  =  212.  But  the  same 
result  may  be  obtained  by  multiplying  200  by  1  +  .06,  or 
1.06,  since  200  X  1.06  =  212.     Hence, 

Rule. — When  the  base  and  rate  are  given ,  to  find  the 
amount ',  multiply  the  base  by  1  plus  the  ratef  expressed  deci- 
mally. 

Formula,  amount  =  base  X  (1  +  rate). 

Example. — If  a  man  earned  $725  in  a  year,  and  the  next  year  lOg 
more,  how  much  did  he  earn  the  second  year  ? 

Solution. — Here  725  is  the  base  and  10£  is  the  rate,  and  the  amount 
is  required.     Hence,  applying  the  rule, 

725X1.10  =  $797.50.     Ans. 

196.  When  the  base  and  rate  are  given,  the  difference 
may  be  found  by  multiplying  the  base  by  1  minus  the  rate, 
expressed  decimally.  For,  suppose  that  it  is  desired  to  find 
the  difference  when  the  base  is  200  and  the  rate  is  6#.  The 
percentage  is  200  X  .06  =  12;  and,  according  to  definition, 
Art.  190,  the  difference  =  200  —  12  =  188.  But  the  same 
result  may  be  obtained  by  multiplying  200  by  1  —  .06,  or  .94, 
since  200  X  .0-t  =  188.     Hence, 

Rule. —  J  Vhcn  the  base  and  rate  are  given,  to  find  the  differ- 
ence9  multiply  the  base  by  1  minus  the  rate,  expressed  decimally. 

Formula,  difference  =  base  X  (1  —  rate). 
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Example. — Bought  800  bushels  of  apples,  and  sold  all  but  24*  of 
them.    How  many  bushels  were  sold  ? 

Solution. — Here  800  is  the  base,  24#  is  the  rate,  and  it  is  desired  to 
find  the  difference.     Hence,  applying  the  rule, 

800  X  (1 — .24)  =  228  bushels.    Ans. 

197*  When  the  amount  and  rate  are  given,  the  base  may 
be  found  by  dividing  the  amount  by  1  plus  the  rate.  For, 
suppose  that  it  is  known  that  212  equals  some  number  in- 
creased by  6#  of  itself.  Then  it  is  evident  that  212  equals 
106#  of  the  number  (base)  that  it  is  desired  to  find.     Con- 

212 
sequently,  if  212  =  106&  1#  =-^£-  =  2,  and  100ft  =  2  X  100  = 

200  =  the  base.     But  the  same  result  may  be  obtained  by- 
dividing  212  by  1  +  .06,  or  1.06,  since  212  -5-  1.06  =  200. 
Hence, 

Rule. — When  the  amount  and  rate  are  given,  to  find  the 
base,  divide  the  amount  by  1  plus  the  rate,  expressed  deci- 
mally. 

Formula,  base  =  amount  -r-  (1  +  Tate). 

Example. — The  theoretical  discharge  of  a  certain  pump,  when  run- 
ning at  a  piston  speed  of  100  feet  per  minute,  is  278,910  gallons  per  day 
of  10  hours.  Owing  to  leakage  and  other  defects,  this  value  is  25£ 
greater  than  the  actual  discharge.    What  is  the  actual  discharge  ? 

Solution. — Here  278,010  equals  the  actual  discharge  (base)  increased 
by  25£  of  itself.  Consequently,  278,010  is  the  amount ;  25£  is  the  rate, 
and,  applying  rule, 

actual  discharge  =  278,910  -f- 1.25  =  228,128  gallons.     Ans. 

198.  When  the  difference  and  rate  are  given,  the  base 
may  be  found  by  dividing  the  difference  by  1  minus  the  rate. 
For,  suppose  that  188  equals  some  number  less  6#  of  itself. 
Then,  188  evidently  equals  100  —  6  =  94#  of  some  number. 
Consequently,  if  188  =  94#,  \<f>  =  188  -^  94  =  2,  and  100#  = 
2  X  100  =  200.  But  the  same  result  may  be  obtained  by 
dividing  188  by  1  -  .06,  or  .94,  since  188 -t- .94  =  200. 
Hence, 

Rule. — When  the  difference  and  rate  are  given,  to  find  the 

base,  divide  the  difference  by  1  minus  the  rate,  expressed  decu 

mally. 

Formula,  base  =  difference  -4-  (1  — rate). 

T.    I.-5 
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Example. — Bought  a  certain  number  of  bushels  of  apples  and  sold 
76£  of  them.  If  there  were  72  bushels  left  unsold,  how  many  bushels 
did  I  buy  ? 

Solution. — Here  72  is  the  difference  and  76*  is  the  rate.     Applying 

rule, 

72  -*-  (1  —  .76)  =  800  bushels.    Ans. 

Example. — The  theoretical  number  of  foot-pounds  of  work  per 
minute  required  to  operate  a  boiler  feed-pump  is  127,344  If  80g  of  the 
total  number  actually  required  be  allowed  for  friction,  leakage,  etc, 
how  many  foot-pounds  are  actually  required  to  work  the  pump  ? 

Solution. — Here  the  number  actually  required  is  the  base;  hence, 
127,844  is  the  difference,  and  80£  is  the  rate.    Applying  the  rule, 

127, 844  -*-  ( 1  — .  30)  =  181 ,  920  foot-pounds.     Ans. 

199*  Example. — A  certain  chimney  gives  a  draft  of  2.76  inches 
of  water.  By  increasing  the  height  20  feet,  the  draft  was  increased  to 
3  inches  of  water.     What  was  the  gain  per  cent  ? 

Solution. — Here  it  is  evident  that  3  inches  is  the  amount  and  that 
2.76  inches  is  the  base.  Consequently,  3  — 2. 76  =  .24  inch  is  the  per- 
centage, and  it  is  required  to  find  the  rate.  Hence,  applying  the  rule 
given  in  Art.  193, 

gain  per  cent.  =  .24  -*-  2.76  =  .087  =  8.7*.     Ans. 

200.  Example. — A  certain  chimney  gave  a  draft  of  3  inches  of 
water.  After  an  economizer  had  been  put  in,  the  draft  was  reduced  to 
1.2  inches  of  water.     What  was  the  loss  per  cent.  ? 

Solution. — Here  it  is  evident  that  1.2  inches  is  the  difference  (since 
it  equals  3  inches  diminished  by  a  certain  per  cent,  loss  of  itself)  and 
8  inches  is  the  base.  Consequently,  3  —  1.2  =  1.8  inches  is  the  per- 
centage.    Hence,  applying  the  rule  given  in  Art.  193, 

loss  per  cent  =1.8-1-3  =  .60  =  60*.     Ans. 

201.  To  find  the  gain  or  loss  per  cent.: 

Rule. — Find  the  difference  between  the  initial  and  final 
values;  divide  this  difference  by  the  initial  value. 

Example. — If  a  man  buys  a  house  for  $1,860,  and  some  time  after- 
wards builds  a  barn  for  25#  of  the  cost  of  the  house,  does  he  gain  or 
lose,  and  how  much  per  cent.,  if  he  sells  both  house  and  barn  for  $2,100? 

Solution. — The  cost  of  the  barn  was  $1,860  X  .25  =  $465  ;  conse- 
quently, the  initial  value,  or  cost,  was  $1,860  +  $465  =  $2,325.  Since 
he  sold  them  for  $2,100,  he  lost  $2,325  —  $2,100  =  $225.     Hence,  apply- 

ing  rule, 

225  -*•  2,325  =  .0968  =  9.68*  loss.     Ans. 


(«) 

$112. 50. 

(*) 

6.016. 

w 

18. 

(<*> 

146«. 

(') 

940.8. 

(/) 

16fct 

(*•) 

12JX. 

I  w 

40*. 
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EXAMPLES  FOR  PRACTICE. 

202.     Solve  the  following: 

(a)  What  is  12#  of  $900  ? 

(J)  What  is  &  of  627  ? 

(c)  What  is  88J*  of  54  ? 

(d )  101  is  68f  %  of  what  number  ?  ^^ 

(<?)  784  is  88#  of  what  number  ? 

(/)  What  *  of  960  is  160  ? 

(g)  What  %  of  $8,606  is  $450}? 

(/&)  What  *  of  280  is  112  ? 

1.  A  steam  plant  consumed  an  average  of  8,640  pounds  of  coal  per 
day.  The  engineer  made  certain  alterations  which  resulted  in  a  saving 
of  250  pounds  per  day.    What  was  the  per  cent  of  coal  saved  ? 

Ans.  1%%  nearly. 

2.  If  the  speed  of  an  engine  running  at  126  revolutions  per  minute 
should  be  increased  6}£,  how  many  revolutions  per  minute  would  it 
then  make  ?  Ans.  134.19  revolutions. 

8.  The  list  price  of  a  lot  of  silk  goods  is  $1,400  ;  of  some  laces,  $1,150, 
and  of  some  calico,  $840.  If  25£  discount  was  allowed  on  silk,  22  £ 
on  the  laces,  and  12}£  on  the  calico,  what  was  the  actual  cost  of  the 
purchase  ?  Ans.  $2,244.50. 

4  If  I  lend  a  man  $1,100,  and  this  is  18 J£  of  the  amount  that  I  have 
on  interest,  how  much  money  have  I  on  interest  ?  Ans.  $5,945.95. 

5.  A  test  showed  that  an  engine  developed  190.4  horsepower,  15£ 
of  which  was  consumed  in  friction.  How  much  power  was  available 
for  use  ?  Ans.  161.84  H.P. 

6.  By  adding  a  condenser  to  a  steam  engine,  the  power  was  increased 
14£,  and  the  consumption  of  coal  per  horsepower  per  hour  was  decreased 
20£  If  the  engine  could  originally  develop  50  horsepower,  and  required 
8J  pounds  of  coal  per  horsepower  per  hour,  what  would  be  the  total 
weight  of  coal  used  in  an  hour,  with  the  condenser,  assuming  the 
engine  to  run  full  power  ?  Ans.  159.6  pounds. 


DENOMINATE  NUMBERS. 

203.  A  denominate  number  is  a  concrete  number, 
and  may  be  either  simple  or  compound,  as  8  quarts,  5  feet, 
10  inches,  etc. 

204.  A   simple   denominate   number   consists    of 
units  of  but  one  denomination,  as  16  cents,  10  hours,  5  doi 
lars,  etc. 
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205.  A  compound  denominate  number  consists 
of  units  of  two  or  more  denominations  of  a  similar  kind,  as 
3  yards  2  feet  1  inch  ;  34  square  feet  57  square  inches. 

206*     In  whole  numbers  and  in  decimals  the  law  of 

increase  and  decrease  is  on  the  scale  of  10,  but  in  com- 
pound or  denominate  numbers  the  scale  varies. 


MEASURES. 

207.  A  measure  is  a  standard  unit,  established  by  law 
or  custom^  by  which  quantity  of  any  kind  is  measured.  The 
standard  unit  of  dry  measure  is  the  Winchester  bushel ; 
of  weight,  the  pound  ;  of  liquid  measure,  the  gallon, 
etc. 


'  208.  Measures  are  of  six  kinds  : 

1.  Extension. 

2.  Weight. 

3.  Capacity. 


4.  Time. 

5.  Angles. 

6.  Money  or  value. 


MEASURES   OF   EXTENSION. 

209.     Measures  of  extension  are  used  in  measuring 
lengths,  distances,  surfaces,  and  solids. 


LINEAR  MEASURE. 


TABLE  8. 


Abbreviation. 

12     inches  (in.)  =  1  foot   ■  .  ft. 

3     feet              =  1  yard  .  .  yd. 

5.5  yards            =  1  rod  ...  rd. 

40     rods              =  1  furlong  fur. 

8     furlongs       =  1  mile  .  .  mi. 


ft 


in.     tt.     yd.  rd.  fur.  mi 
86=   8  =    1 
198=   16J  =  55=  1 
7,920=  660  =  220=  40  =  1 
68,860  =  5,280  =1,760  =  820  =  8  =  1 


SURVEYOR'S  LINEAR  MEASURE. 

TABLE  4. 

=  llink li. 

=  1  rod rd. 


7.92  inches 

25  links 

4  rods    ) 

100  links  ( 

80  chains 

mi.         ch. 

1    =    80 


=  1  chain ch. 

=  1  mile mi. 

rd.  li.  in. 

820    =    8,000    =    63,860 
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210*  The  linear  unit,  generally  used  by  surveyors,  is 
Gunter's  chain,  which  is  equal  to  4  rods,  or  66  feet. 

211.  An  engineer's  chain,  used  by  civil  engineers, 
is  100  feet  long,  and  consists  of  100  links.  In  computations, 
the  links  are  written  as  so  many  hundredths  of  a  chain. 


SQUARE  MEASURE. 

TABLE  5. 


144  square  inches  (sq.  in.). 

9   square  feet     .... 

80J-  square  yards  .... 

160   square  rods    .... 

640   acres 

sq.mi      A.        sq.rd 


sq.yd. 


1  square  foot 
1  square  yard 
1  square  rod 
I  acre  .    .    . 
1  square  mile 

sq.ft. 


sq 


•  sq.ft 
.sq.yd. 
.  sq.rd. 
.  .  A. 
sq.mi 


in. 


1      =  640  =  102,400  =  8,097,600  =  27,878,400  =  4,014,489,600 

SURVEYOR'S  SQUARE  MEASURE. 

TABLE  6. 


626  square  links 

16  square  rods 

10  square  chains 

640  acres 

86  square  miles  (6  mi.  square)  . 

sq.mi.         A.  sq.ch. 

1      =    640    =    6,400 


1  square  rod sq.rd. 

1  square  chain    ....    sq.ch. 

1  acre A. 

1  square  mile sq.mi. 

1  township Tp. 

sq.rd.  sq.li. 

102,400    =    64,000,000 


CUBIC    MEASURE. 

TABLE  7. 


1728  cubic  inches  (cu.  in.) .    .    .  = 

27  cubic  feet = 

128   cubic  feet = 

24}  cubic  feet = 

cu.yd.    cu.ft 
1    =    27 


1  cubic  foot cu.ft 

1  cubic  yard cu.yd. 

1  cord cd. 

1  perch P. 

cu.in. 
=    46,666 


MEASURES   OP   WEIGHT. 

AVOIRDUPOIS  WEIGHT. 

TABLE  8. 

16  ounces  (oz,) =    1  pound    .    .    . 

100  pounds =    1  hundredweight 

20  cwt,  or  2,000  lb =    1  ton    .    .    .    . 

T.         cwt  lb.  oz. 

1    =    20    =    2,000    =    82,000 


.lb, 
cwt 
.  T. 
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212*  The  ounce  is  divided  into  halves,  quarters,  etc 
Avoirdupois  weight  is  used  for  weighing  coarse  and  heavy 
articles.     One  avoirdupois  pound  contains  7,000  grains. 

LONG  TON  TABLE. 

TABLE  9. 

16  ounces =    1  pound lb. 

112  pounds =    1  hundredweight  .    •    •      cwt 

20  cwt,  or  2,240  lb. =    1  ton T. 

213*  In  all  the  calculations  throughout  this  and  the 
succeeding  volumes,  2,000  pounds  will  be  considered  one 
ton,  unless  the  long  ton  (2,240  pounds)  is  especially  men- 
tioned. 

TROY  WEIGHT. 

TABLE  10. 

24  grains  (gr.) '.    .  =    1  pennyweight  •    •    •    .      pwt 

20  pennyweights =    1  ounce oz. 

12  ounces =    1  pound lb. 

lb.         oz.         pwt.  gr. 

1    =    12    =    240    =    5,700 

214*  Troy  weight  is  used  in  weighing  gold  and  silver- 
ware, jewels,  etc.     It  is  used  by  jewelers. 


MEASURES  OF  CAPACITY. 

LIQUID  MEASURE. 

TABLE  11. 

4  gills  (gi.) =    lpint pt 

2  pints =    1  quart qt 

4  quarts =    1  gallon gal. 

81J  gallons =    1  barrel bbl. 

2  barrels,  or  63  gallons    .    .    .  =    1  hogshead hhd. 

hhd.      bbl.      gal.  qt.           pt           gi 

1    =    2    =    63    =  252    =    504  =    2,016 

DRY  MEASURE. 

TABLE   12. 

2  pints  (pt) =    1  quart qt 

8  quarts =    1  peck pk. 

4  pecks =    1  bushel bu. 

bu.      pk.  qt.         pt. 

1    =    4    =  82    =    64 
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60  seconds  (sec) 
60  minutes   •    • 
24  hours  .    .    • 
7  days 


MEASURE   OF  TIME. 

TABLE  18. 

=  1  minute min, 

=  1  hour hr. 

=  1  day da. 

=  1  week wk. 


865  days      >  H     _ 

„-      '    -    I =    1  common  year 

12  months J  J 

866  days = 

100  years = 


yr- 


1  leap  year. 
1  century. 


Note. — It  is  customary  to  consider  one  month  as  80  days. 


MEASURE  OP  ANGLES  OR  ARCS. 

TABLE  14 

60  seconds  (") =  1  minute ' . 

60  minutes =  1  degree *  • 

90  degrees =  1  right  angle  or  quadrant  L  • 

860  degrees =  1  circle dr. 

l'  s    860*    s    21,60c    =    1,296,000" 


10  mills  (m.) 
10  cents     . 
10  dimes    . 
10  dollars  . 


B. 
1 


MEASURE   OP   MONEY. 

UNITED  STATES  MONET. 
TABLE  15. 

=    1  cent ct 

=    1  dime  .......  <L 

=    1  dollar *. 

=    1  eagle •  B. 

$  d.  ct  m. 

«s    10    s    100    as    1,000    =    10,000 


MISCELLANEOUS   TABLE. 

TABLE   16. 


12  things  are  1  dozen. 

12  dozen  are  1  gross. 

12  gross  are  1  great  gross. 

2  things  are  1  pair. 
20  things  are  1  score. 

1  league  is  3  miles. 

1  fathom  is  6  feet 


1  meter  is  nearly  89.87  inches. 

1  hand  is  4  inches. 

1  palm  is  8  inches. 

1  span  is  9  inches. 
24  sheets  are  1  quire. 
20  quires,  or  480  sheets,  are  1  ream. 

1  bushel  contains  2,150.4  cubic  in. 


1  U.  S.  standard  gallon  (also  called  a  wine  gallon)  contains  281  cubic  in. 
1  U.  S.  standard  gallon  of  water  weighs  8.355  pounds,  nearly. 
1  cubic  foot  of  water  contains  7.481  U.  S.  standard  gallons,  nearly. 
1  British  imperial  gallon  weighs  10  pounds. 

It  will  be  of  great  advantage  to  the  student  to  carefully 
memorise  all  of  the  above  tables. 
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REDUCTION   OF   DENOMINATE   NUMBERS. 

215.  Reduction  of  denominate  numbers  is  the  pro- 
cess of  changing  their  denomination  without  changing  their 
value.  They  may  be  changed  from  a  higher  to  a  lower 
denomination  or  from  a  lower  to  a  higher— either  is  redm> 

tion.     As, 

2  hours  =  120  minutes. 

32  ounces  =  2  pounds. 

216*  Principle. — Denominate  numbers  are  changed 
to  lower  denominations  by  multiplying^  and  to  higher  de- 
nominations by  dividing. 

To  reduce  denominate  numbers  to  lower  denoml* 
nations : 

217*     Example.— Reduce  5  yd.  2  ft  7  in.  to  inches. 

Solution.—  yd.         ft  in. 

5  2  1 

8 

Tift 
2ft 

77  ft 
12 

"84 

17 

204  in. 
7in. 


211  inches.  Ans. 
Explanation. — Since  there  are  3  feet  in  1  yard,  in  5  yards 
there  are  5  X  3,  or  15  feet,  and  15  feet  plus  2  feet  =  17  feet. 
There  are  12  inches  in  a  foot ;  therefore,  12  X  17  =  204 
inches,  and  204  inches  plus  7  inches  =  211  inches  =  number 
of  inches  in  5  yards  2  feet  and  7  inches.     Ans. 

21 S*     Example.— Reduce  6  hours  to  seconds. 

Solution.-  6       hours. 

60 

8  6  0     minutes. 
60 


21600  seconds.    An* 
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Explanation. — As  there  are  CO  minutes  in  one  hour,  in 
six  hours  there  are  6  X  60,  or  360  minutes  ;  as  there  are  no 
ininutes  to  add,  we  multiply  360  minutes  by  60,  to  get  the 

number  of  seconds. 

• 

219.  In  order  to  avoid  mistakes,  if  any  denomination 
be  omitted,  represent  it  by  a  cipher.  Thus,  before  reducing 
3  rods  6  inches  to  inches,  insert  a  cipher  for  yards  and  a 
cipher  for  feet ;  as, 

rd.       yd.      ft.       in. 
3         0         0         6 

220.  Rule. — Multiply  the  number  representing  the  high- 
est denomination  by  the  number  of  units  in  the  next  lower 
required  to  make  one  of  the  higher  denomination^  and  to  the 
product  add  the  number  of  given  units  of  that  lower  denomi- 
nation. Proceed  in  this  manner  until  the  number  is  reduced 
to  the  required  denomination* 


EXAMPLES  FOR  PRACTICE. 


221*     Reduce 

(a)  4  rd.  2  yd.  2  ft  to  ft. 

\b)  4  bu.  8  pk.  2  qt  to  qt 

(c)  18  rd.  5  yd.  2  ft  to  ft 

(d)  5  mi.  100  rd.  10  ft  to  ft 

(e)  8  lb.  4  oz.  6  pwt  to  gr. 
(/)  52  hhd.  24  gal.  1  pt  to  pt 
(g)  5  cir.  16°  20'  to  minutes. 
(A)  14  bu.  toqt 


Ans. 


(a)  74  ft 

(b)  164  qt 

(c)  281.5  ft 

(d)  28,060  ft 
{e)  48,144  gr. 
(/)  26,401  pt 
(g)  108,980'. 
(h)  448  qt 


To  reduce  lower  to  higher  denominations  t 

222*     Example. — Reduce  211  in.  to  higher  denominations. 
Solution.—  1 2  )  2 1 1  in. 

8)17ft.  +  7in. 


5  yd.  +  2  ft.    Ans. 
Explanation. — There  are  12   inches  in   1   foot  ;  there 
fore,  211  divided  by  12  =  17  feet  and  7  inches  over.     There 
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are  3  feet  in  1  yard  ;  therefore,  17  feet  divided  by  3  =  5 
yards  and  2  feet  over.  The  last  quotient  and  the  two  re- 
mainders constitute  the  answer,  5  yards  2  feet  7  inches. 

223*     Example. — Reduce  15,735  grains  Troy  weight  to  higher 
denominations. 

Solution.—  24)1 5735  gr.  (655  pwt 

144 


183 
120 


185 
120 


15gr. 

20)655pwt  (82os. 
60 

55 
40 

15  pwt 

12)82  oz.  (2  lb. 
24 

8  oz. 

Explanation. — There  are  24  grains  in  1  pennyweight,  and 
in  15,735  grains  there  are  as  many  pennyweights  as  24  is 
contained  in  15,735,  or  655  pennyweights  and  15  grains  re- 
maining. There  are  20  pennyweights  in  1  ounce,  and  in 
655  pennyweights  there  are  32  ounces  and  15  pennyweights 
remaining.  There  are  12  ounces  in  1  pound,  and  in  32 
ounces  there  are  2  pounds  and  8  ounces  remaining.  The 
last  quotient  and  the  three  remainders  constitute  the  an- 
swer, 2  pounds  8  ounces  15  pennyweights  15  grains. 

The  above  problem  is  worked  out  by  long  division,  be- 
cause the  numbers  are  too  large  to  solve  easily  by  short 
division.     The  student  may  use  either  method. 

224*  Rule. — Divide  the  number  representing  the  de- 
nomination given  by  the  number  of  units  of  this  denomination 
required  to  make  one  unit  of  the  next  higher  denomination. 
The  remainder  will  be  of  the  same  denomination,  but  the 
quotient  will  be  of  the  next  higher.     Divide  this  quotient  by 
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the  number  of  units  of  its  denomination  required  to  make  one 
unit  of  the  next  higher.  Continue  until  the  highest  denomi- 
nation is  reached^  or  until  there  is  not  enough  of  a  denomina- 
tion left  to  make  one  of  the  next  higher.  The  last  quotient 
and  the  remainders  constitute  the  required  result. 


EXAMPLES  FOR  PRACTICE. 

225*     Reduce  to  units  of  higher  denominations  : 

(a)  7,400  sq.  in. ;  (b)  7,580  sq.  yd. ;  (c)  148;  760  cu.  in. ;  (d)  7,896  cu.  ft. 
to  c<L ;  (<?)  17,661";  (/)  1,120  cu.  ft.  to  cd. ;  (g)  8,000  gi. ;  (h)  86^450  lb. 

(a)  5  sq.  yd.  6  sq.  ft.  116  sq.  in. 
(d)  1  A.  90  sq.  rd.  17  sq.  yd.  4  sq.  ft  72  sq.  ii> 

(c)  8  cu.  yd.  5  cu.  ft  152  cu.  in. 

(d)  61  cd.  88  cu.  ft 
(<?)   4°  64' 11". 
If)  8  cd.  96  cu.  ft 
(g)  8  hhd.  61  gaL 

(h)  18  T.  4  cwt  60  lb. 


Ans. 


ADDITION  OP  DENOMINATE  NUMBERS. 

226.     Example.— Find  the  sum  of  8  cwt  46  lb.  12  oz. ;  8  cwt  12  lb 
18  oz. ;  12  cwt  60  lb.  13  oz. ;  27  lb.  4  oz. 


Solution.— 

T. 

cwt 

lb. 

oz. 

0 

8 

46 

12 

- 

0 

8 

12 

18 

0 

12 

60 

13 

0 

0 

27 

4 

1  4         87  10    Ans. 

Explanation. — Begin  to  add  at  the  right-hand  column  : 
4  +  13  +  13  +  12  =  42  ounces  ;  as  16  ounces  make  1  pound, 
42  ounces  -j- 16  =  2  and  a  remainder  of  10  ounces,  or 
2  pounds  and  10  ounces.  Place  10  ounces  under  ounce 
column,  and  add  2  pounds  to  the  next  or  pound  column. 
Then,  2  +  27  +  50  +  12  +  46  =  137  pounds  ;  as  100  pounds 
make  a  hundredweight,  137  -4- 100  =  1  hundredweight  and 
a  remainder  of  37  pounds.  Place  the  37  under  the  pounds 
column,  and  add  1  hundredweight  to  the  next  or  hundred- 
weight column.    Next,  1  +  12 +  8  +  3  =  24  hundredweight 
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20  hundredweight  make  a  ton  ;  therefore  24  -J-  20  =  1  ton 
and  4  hundredweight  remaining.  Hence,  the  sum  is  1  ton 
4  hundredweight  37  pounds  10  ounces.     Ans. 

227.     Example.— What  is  the  sum  of  2  rd.  8  yd.  2  ft  5  in. ;  6  rd. 
1  ft  10  in.;  17  rd.  11  in. ;  4  yd.  1  ft? 


Solution.— 

rd. 

yd. 

ft 

in. 

2 

8 

2 

5 

6 

0 

1 

10 

17 

0 

0 

11 

0 

4 

1 

0 

26 

H 

0 

2 

or    26 

3 

1 

8    Ans. 

Explanation. — The  sum  of  the  numbers  in  the  first  col- 
umn =  26  inches,  or  2  feet  and  2  inches  remaining.  The 
sum  of  the  numbers  in  the  next  column  plus  2  feet  =  6  feet, 
or  2  yards  and  0  feet  remaining.  ■  The  sum  of  the  next  col- 
umn plus  2  yards  =  9  yards,  or  9  -r-  5 £  =  1  rod  and  3$  yards 
remaining.  The  sum  of  the  next  column  plus  1  rod  =  26 
rods.  To  avoid  fractions  in  the  sum,  the  £  yard  Is  reduced 
to  1  foot  and  6  inches,  which  added  to  26  rods  3  yards  0  feet 
and  2  inches  =  26  rods  3  yards  1  foot  8  inches.     Ans. 

228.  Example.— What  is  the  sum  of  47  ft  and  8  rd.  2  yd.  2  ft 
lOin.? 

Solution.— When  47  ft  is  reduced  it  equals  2  rd.  4  yd.  2  ft,  which 
can  be  added  to  8  rd.  2  yd.  2  ft  10  in.    Thus, 

rd.         yd.  ft         in. 

8  2  2  10 

2  4  2  0 


~6  1*  1    4    10 

or    6  2  0  4    Ans. 

229.  Rule. — Place  the  numbers  so  that  like  denomina* 
tions  are  under  each  other.  Begin  at  the  right-hand  column  % 
and  add.  Divide  the  sum  by  the  number  of  units  of  this 
denomination  required  to  make  one  unit  of  the  next  higher. 
Place  the  remainder  under  the  column  added,  and  carry  the 
quotient  to  the  next  column.  Continue  in  this  manner  until 
the  highest  denomination  given  is  reached. 
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EXAMPLES  FOR  PRACTICE. 

230*     What  is  the  sum  of 

(a)  25  lb.  7  oz.  15  pwt.  28  gr. ;  17  lb.  16  pwt. ;  15  lb.  4  oz.  12  pwt; 
18  lb.  16  gr.;  10  lb.  2  oz.  11  pwt  16  gr.? 

(d)  9  mi.  18  rd.  4  yd.  2  f t ;  16  rd.  5  yd.  1  ft  5  in. ;  16  mi.  2  rd.  8  in. ; 
14  rd.  1yd.  9  in.? 

(c)  8  cwt  46  lb.  12  oz. ;  12  cwt  9*  lb. ;  2*  cwt  21f  lb.? 

(d)  10  yr.  8  mo.  5  wk.  3  da. ;  42  yr.  6  mo.  7  da. ;  7  yr.  5  mo.  18  wk. 
4 da.;  17  yr.  17  da.? 

(<?)    17  tons  11  cwt  49  lb.  14  oz. ;  16  tons  47  lb.  18  oz. ;  20  tons  18  cwt 

14  lb.  6  oz. ;  11  tons  4  cwt  16  lb.  12  oz.  ? 

(/)    14  sq.  yd.  8  sq.  ft  19  sq.  in. ;  105  sq.  yd.  16  sq.  ft  240  sq.  in. ; 

42  sq.  yd.  28 sq.  ft  165  sq.  In.? 

~  (a)  86  lb.  8  oz.  16  pwt  7  gr. 

if)   25  mi.  47  rd.  1  ft  5  in. 

(c)  18  cwt  2  lb.  14  oz. 

(d)  78  yr.  1  mo.  8  wk.  8  da. 
(*)   65  tons  9  cwt  28  lb.  18  oz. 

.  (/•)  167  sq.  yd.  186  sq.  in. 


Ans. 


SUBTRACTION  OF  DENOMINATE  NUMBERS. 

231.  Example.— Prom  21  rd.  2  yd.  2  ft  6*  in,,  take  9  rd.  4  yd. 
10*  in. 

Solution.—  rd.        yd.        ft         in. 

21  2  2  6* 

9  4  0         10j 

11  8*         1  8J       Ans. 

Explanation. — Since  10J  inches  cannot  be  taken  from 

6  J  inches,  we  must  borrow  1  foot,  or  12  inches,  from  the  2  feet 

in  the  next  column  and  add  it  to  the   6$.     6^  -+- 12  =  18J. 

18$  inches  —  10£  inches  =  8J-  inches.     Then,  0  foot  from  the 

1  remaining  foot  =  1  foot.     4  yards  cannot  be  taken  from 

2  yards;  therefore,  we  borrow  1  rod,  or  5 J  yards,  from  21  rods 
and  add  it  to  2.  2  +  5J  =  7J ;  7£  -  4  =  Z\  yards.  9  rods 
from  20  rods  =11  rods.  Hence,  the  remainder  is  11  rods 
3f  yards  1  foot  8£  inches.     Ans. 

To  avoid  fractions  as  much  as  possible,  we  reduce  the 
|  yard  to  inches,  obtaining  18  inches;  this  added  to  8£  inches, 
gives  26J  inches,  which  equals  2  feet  2J  inches.  Then, 
2  feet  -f  1  foot  =  3  feet  =  1  yard,  and  3  yards  -f-  1  yard  =  4 
yards.  Hence,  the  above  answer  becomes  11  rods  4  yards 
0  feet  %i  inches. 
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232*     Example. — What  is  the  difference  between  8  rd.  2  yd.  2  ft 

10  in.  and  47  ft.  ? 

Solution.— 47  ft  =  2  rd.  4  yd.  2  ft 


rd. 

yd. 

ft. 

in. 

8 

2 

2 

10 

2 

4 

2 

0 

0 

H 

0 

10 

8 

2 

4 

or  8  2  4    Ans. 

To  find  (approximately)  the  interval  of  time  be- 
tween two  dates : 

233*  Example. — How  many  years,  months,  days,  and  hours 
between  4 o'clock  p.m.  of  June  15, 1868,  and  10 o'clock  a.m.,  September  28, 
1801? 

Solution. —  yr.       ma       da.       hr. 

1891    8    28    10 
1868    5     15    16 


28    8    12    18  Ans. 

Explanation. — Counting  24  hours  in  1  day,  4  o'clock 
p.m.  is  the  16th  hour  from  the  beginning  of  the  day,  or 
midnight.  On  September  28,  8  months  and  28  days  have 
elapsed,  and  on  June  15,  5  months  and  15  days.  After  plac- 
ing the  earlier  date  under  the  later  date,  subtract  as  in  the 
previous  problems.     Count  30  days  as  1  month. 

234«  Rule. — Place  the  smaller  quantity  under  the  larger 
quantity,  with  like  denominations  under  each  other.  Begin- 
ning  at  the  right,  subtract  successively  the  number  in  the  sub- 
trahend in  each  denomination  from  the  one  above,  and  place 
the  differences  underneath.  If  the  number  in  the  minuend  of 
any  denomination  is  less  than  the  number  under  it  in  the  sub- 
trahend, one  must  be  borrowed  from  the  minuend  of  the  next 
higher  denomination,  reduced  and  added  to  it. 


EXAMPLES  FOR  PRACTICE. 

235*     From 

(a)  125  lb.  8  oz.  14  pwt.  18  gr.  take  96  lb.  9  oz.  10  pwt.  4  gr. 

(b)  126  hhd  27  gal.  take  104  hhd.  14  gaL  1  qt.  1  pt 

(c)  65  T.  14  cwt.  64  lb.  10  oz.  take  16  T.  11  cwt  14  oz. 

(d)  148  sq.  yd.  16  sq.  ft  142  sq.  in.  take  132  sq.  yd.  186  sq.  in. 
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(*)    100  bu.  take  28  bu.  2  pk.  5  qt.  1  pt. 
(/)  14  mi.  84  r<L  16  yd.  13  ft.  11  in.  take  3  mi.  27  rd.  11  yd.  4  ft.  10  in. 

(a)  28  lb.  11  oz.  4  pwt.  14  gr. 

(b)  22  hhd.  12  gal.  2  qt  1  pt 
*^   i    (c)    49  T.  3  cwt.  63  lb.  12  oz. 

(d)    16  sq.  yd.  16  sq.  ft.  6  sq.  in. 
(<f)     71  bu.  1  pk.  2  qt.  1  pt. 
(/)   11  ml  7  rd.  5  yd.  0  ft  1  in. 


MULTIPLICATION  OP  DENOMINATE  NUMBERS. 

236*     Example.— Multiply  7  lb.  5  oz.  13  pwt  15  gr.  by  12. 

Solution.—  lb.       oz.       pwt       gr. 

7  5  13  15 

12 


89  8  8  12    Ans. 


Explanation. — 15  grains  X  12  =  180  grains.  180  -J-  24  =  7 
pennyweights  and  12  grains  remaining.  Place  the  12  in  the 
grain  column  and  carry  the  7  pennyweights  to  the  next. 
Now,  13  X  12  +  7  =  163  pennyweights  ;  163  -r-  20  =  8  ounces 
and  3  pennyweights  remaining.  tThen,  5  X  12  +  8  =  68 
ounces;  68  -r- 12  =  5  pounds  and  8  ounces  remaining.    Then, 

7  X  12  -f-  5  =  89  pounds.     The  entire  product  is  89  pounds 

8  ounces  3  pennyweights  12  grains.     Ans. 

237*  Rule. — Multiply  the  number  representing  each  de- 
nomination by  the  multiplier \  and  reduce  each  product  to  the 
next  higher  denomination,  writing  the  remainders  under  each 
denomination,  and  carrying  the  quotient  to  the  next,  as  in 

Addition  of  Denominate  Numbers. 

* 

238*  Note.  —  In  multiplication  and  division  of  denominate 
numbers,  it  is  sometimes  easier  to  reduce  the  number  to  the  lowest 
denomination  given  before  multiplying  or  dividing,  especially  if  the 
multiplier  or  divisor  is  a  decimal.  Thus,  in  the  above  example,  had 
the  multiplier  been  1.2,  the  easiest  way  to  multiply  would  have  been  to 
reduce  the  number  to  grains;  then,  multiply  by  1.2,  and  reduce  the 
product  to  higher  denominations.  For  example,  7  lb.  5  oz.  13  pwt.  15  gr. 
=  48,047 gr.  48,047  X  1.2  =  51,656.4  gr.  =  8  lb.  11  oz.  12  pwt.  8.4  gr. 
Also,  43,047  X  12  =  516,564  gr.  =  89  lb.  8  oz.  3  pwt  12  gr.,  as  above. 
The  student  may  use  either  method. 
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EXAMPLES  FOR  PRACTICE. 
239.     Multiply 

(a)  15  cwt  90  lb.  by  5;  (S)  13  yr.  10  mo.  4  wk.  8  da.  by  14:  (c)  11  mi 
145  rd.  by  20;  (d)  12  gal.  4  pt  by  9;  (e)  8  cd.  76  cu.  ft.  by  15;  (/)  4  hhd. 
8  gal.  1  qt  1  pt  by  12. 

(a)    79  cwt  50  lb. 

(d)    180  yr.  11  mo.  2  wk. 

(c)  229  mi.  20  rd. 

(d)  112  gaL  2  qt 
(<?)     128  cd.  116  cu.  ft. 

(/)    48  hhd.  40  gal.  2  qt 


Ans. 


DIVISION   OP   DENOMINATE   NUMBERS. 

240.     Example.— Divide  48  lb.  11  oz.  6  pwt  by  8. 

Solution.—  lb.         oz.         pwt        gr. 

8)48  11  6  0 

6  lb.        1  oz.       8  pwt.     6  gr.    Ans. 

Explanation. — After  placing  the  quantities  as  above, 
proceed  as  follows  :  8  is  contained  in  48  six  times  without  a 
remainder.  8  is  contained  in  11  ounces  once  with  3  ounces 
remaining.  3  X  20  =  60 ;  60  +  6  =  66  pennyweights ;  66  pen- 
ny weights  -T-  8  =  8  pennyweights  and  2  remaining;  2x24 
grains  =  48  grains ;  48  grains  -4-8  =  6  grains.  Therefore, 
the  entire  quotient  is  6  pounds  1  ounce  8  pennyweights  6 
grains.     Ans. 

Example. — A  silversmith  melted  up  2  lb.  8  oz.  10  pwt  of  silver, 
which  he  made  into  6  spoons;  what  was  the  weight  of  each  spoon  ? 

Solution. —  lb.  oz.  pwt 

6)2  8  10 

5  oz.  8  pwt.    8  gr.    Ans. 

Explanation. — Since  we  cannot  divide  2  pounds  by  6,  we 
reduce  it  to  ounces.  2  pounds  =  24  ounces,  and  24  ounces 
+  8  ounces  =  32  ounces ;  32  ounces  +6  =  5  ounces  and 
2  ounces  over.  2  ounces  =  40  pennyweights.  40  penny- 
weights -f-  10  pennyweights  =  50  pennyweights,  and  50  pen- 
nyweights -7-  6  =  8  pennyweights  and  2  pennyweights  over. 
2  pennyweights  =  48  grains,  and  48  grains  -4-6  =  8  grains. 
Hence,  each  spoon  contains  5  ounces  8  pennyweights  8 
grains.     Ans. 
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241 .     Example.— Divide  820  rd.  4  yd.  2  ft  by  112. 

rd.     yd.  ft.   rd.  yd.  ft     in. 
Solution.—  112)820     4    2(7     12   5.148    Ant. 

784 

8  6  rd.  rem. 
5.5 


180 
180 


198.0  yd. 
4 


112)202yd.(lyd. 
112 


9  0  yd.  rem. 
8 


2T;0ft 
2  ft 


112)272ft  (2ft 
224 

4  8  ft  rem. 
12 

96 

48 

112)  576  in.  (5.1 428  + in.,  or  5.148  in. 
560 

160 
112 

480 
448 

820 
224 


960 
896 

~64 

Explanation. — The  first  quotient  is  7  rods  with  36  rods 
remaining.  5.5x36  =  198  yards;  198  yards  +  4  yards  = 
202  yards;  202  yards  -*-  112  =  1  yard  and  90  yards  remain- 
ing. 90  X  3  =  270  feet ;  270  feet  +  2  feet  =  272  feet ;  272 
feet  -*- 112  =  2  feet  and  48  feet  remaining;  48X12  =  576 
inches;  576  inches  •*- 112  =  5.143  inches,  nearly.     Ans. 


T.    I. 


TO  ARITHMETIC. 

The  preceding  example  is  solved  by  long  division,  because 
the  numbers  are  too  large  to  deal  with  mentally.  Instead 
of  expressing  the  last  result  as  a  decimal,  it  might  have 
been  expressed  as  a  common  fraction.  Thus,  576  -r- 112  = 
5^fo  =  54-  inches.  The  chief  advantage  of  using  a  common 
fraction  is  that  if  the  quotient  be  multiplied  by  the  divisor, 
the  result  will  always  be  the  same  as  the  original  dividend. 

242*  Rule. — Find  how  many  times  the  divisor  is  con- 
tained in  the  first  or  highest  denomination  of  the  dividend. 
Reduce  the  remainder  {if  any)  to  the  next  lower  denomination^ 
and  add  to  it  the  number  in  the  given  dividend  expressing  that 
denomination.  Divide  this  new  dividend  by  the  divisor.  The 
quotient  will  be  the  next  denomination  in  the  quotient  required. 
Continue  in  this  manner  until  the  lowest  denomination  is 
reached.  The  successive  quotients  will  constitute  the  entire 
quotient. 


EXAMPLES  FOR  PRACTICE. 

243.     Divide 

(a)  876  mi.  276  rd.  by  22;  (<*)  1,137  bu.  3  pk.  4  qt.  1  pt.  by  10;  (c)  84 
cwt.  48  lb.  49  oz.  by  16;  (d)  78  sq.  yd.  18  sq.  ft.  41  sq.  in.  by  18;  (<?)  148 
mi.  64  rd.  24  yd.  by  12;  (/)  100  tons  16  cwt  18  lb.  11  oz.  by  15;  (g)  86 
lb.  18  oz.  18  pwt  14  gr.  by  8;  (A)  112  mi.  48  rd.  by  100. 

(a)  17  mi.  41-fr  rd. 

(6)  113  bu.  3  pk.  1  qt  \  pt 

(c)  5  cwt  28  lb.  8^  oz. 

11         1   (d)  4  sq.yd.  4  sq.ft.  2&  sq.in. 

(<r)  12  mi.  112  rd.  2  yd. 

(/)  6  tons  14  cwt  41  lb.  8||  oz. 

(g)  4  lb.  8  oz.  7  pwt.  7J  gr. 

.  (h)  1  mi.  88Jf  rd. 


ARITHMETIC. 

(SECTION  5.) 


INVOLUTION. 

244.  If  a  product  consists  of  equal  factors,  it  is  called 
a  power  of  one  of  those  equal  factors,  and  one  of  the  equal 
factors  is  called  a  root  of  the  product.  The  power  and  the 
root  are  named  according  to  the  number  of  equal  factors  in 
the  product.  Thus,  3x3,  or  9,  is  the  second  power,  or 
square,  of  3 ;  3  X  3  X  3,  or  27,  is  the  third  power,  or  cube, 
of  3;  3  X  3  X  3  X  3,  or  81,  is  the  fourth  power  of  3.  Also, 
3  is  the  second  root,  or  square  root,  of  9 ;  3  is  the  third 
root,  or  cube  root,  of  27 ;  3  is  the  fourth  root  of  81. 

245*     For  the  sake  of  brevity, 

3  X  3  is  written  3',  and  read  three  square, 

or  three  exponent  two; 

3  X  3  X  3  is  written  3s,  and  read  three  cube, 

or  three  exponent  three; 

3X3X3X3  is  written  3\  and  read  three  fourth, 

or  three  exponent  four; 
and  so  on. 

A  number  written  above  and  to  the  right  of  another  num- 
ber, to  show  how  often  the  latter  number  is  used  as  a 
factor,  is  called  an  exponent.  Thus,  in  3",  the  number  " 
is  the  exponent,  and  shows  that  3  is  to  be  used  as  a  factor 
twelve  times  ;  so  that  319  is  a  contraction  for 

3X3X3X3X3X3X3X3X3X3X3X3. 

For  notice  of  copyright,  see  page  immediately  following  the  title  page. 
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In  an  expression  like  3',  the  exponent  *  shows  how  often 
3  is  used  as  a  factor.  Hence,  if  the  exponent  of  a  number 
is  unity,  the  number  is  used  once  as  a  factor  ;  thus,  31  =  3, 
41  =  4,  51  =  5. 

246.  If  the  side  of  a  square  contains  5  inches,  the  area 
of  the  square  contains  5  X  5,  or  5a,  square  inches.  If  the 
edge  of  a  cube  contains  5  inches,  the  volume  of  the  cube 
contains  5  X  5  X  5,  or  5$,  cubic  inches.  It  is  for  this  reason 
that  5a  and  5*  are  called  the  square  and  cube  of  5,  respectively. 

247.  To  find  any  power  of  a  number: 

Example  1. — What  is  the  third  power,  or  cube,  of  85  ? 
Solution.—  85  x  35  x  35 

or  8  5 

35 


175 
105 

1225 
35 

6125 
8675 

cube  =  42875    Ans. 

Example  2. — What  is  the  fourth  power  of  15? 
Solution.—  15  X  15  X  15  X  15 

or     15 
15 

75 
15 

225 
15 

1125  v 
225 

3375 
15 

16875 
3375 

fourth  power  =  50625    Ans. 
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Example  8.— 

1.3»  =  what  ? 

Solution.— 

1.2  X  1.2  X  1.3 

or           1:2 

1.2 

1.4  4 

1.2 

288 

144 

cube  =  1.7  2  8    Ans. 

Example  4 — What  is  the  third  power,  or  cube,  of  f  ? 

/3\*      3*      8      3      3      3x8x3       27       A 
Somjtion.-    (gj  =  g-,  =  g  X  g  X  g  =  8x8x8  =  m     Ans. 

248*  Rule. — I.  To  raise  a  whole  number  or  a  decimal 
to  any  power \  use  it  as  a  factor  as  many  times  as  there  are 
units  in  the  exponent. 

II.  To  raise  a  fraction  to  any  power,  raise  both  the  numer- 
ator and  denominator  to  the  power  indicated  by  the  exponent. 


EXAMPLES  FOR   PRACTICE. 

Raise  the  following  to  the  powers  indicated: 


(«) 

85'. 

(*) 

my- 

(?) 

6.5». 

(<t) 

14«. 

w 

(if- 

GO 

(If- 

(IT) 

ay- 

(*) 

1.4». 

Ans. 


(«) 

7,335. 

(*) 

Hi- 

w 

42.26. 

(<t) 

38,418. 

(<) 

H 

(/) 

m 

(jr) 

*i* 

(*) 

6.87824. 

EVOLUTION. 

249.  Evolution  is  the  reverse  of  involution.  It  is  the 
process  of  finding  the  root  of  a  number  that  is  considered  as 
a  power. 

250«     The  square  root  of  a  number  is  that  number 
which  when  used  twice  as  a  factor  produces  the  number. 
Thus,  2  is  the  square  root  of  4,  since  2  X  2,  or  2*  =  4. 
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251  •     The  cube  root  of  a  number  is  that  number  which 
when  used  three  times  as  a  factor  produces  the  number. 
Thus,  3  is  the  cube  root  of  27,  since  3  X  3  x  3,  or  3*  =  27. 

252«  The  radical  sign  tf  when  placed  before  a  num- 
ber indicates  that  some  root  of  that  number  is  to  be  found. 
The  vinculum  is  almost  always  used  in  connection  with  the 
radical  sign,  as  shown  in  Art.  253. 

253«  The  index  of  the  root  is  a  small  figure  placed  over 
and  to  the  left  of  the  radical  signy  to  show  what  root  is  to 
be  found. 

Thus,  ^100  denotes  the  square  root  of  100. 
^125  denotes  the  cube  root  of  125. 
^256  denotes  the  fourth  root  of  256,  and  so  on. 

254.  When  the  square  root  is  to  be  extracted,  the  index 
is  generally  omitted.  Thus,  4/I0O  indicates  the  square  root 
of  100.     Also,  ^225  indicates  the  square  root  of  225. 

255.  In  any  number,  the  figures  beginning  with  the 
first  digit*  at  the  left  and  ending  with  the  last  digit  at  the 
right,  are  called  the  significant  figures  of  the  number. 
Thus,  the  number  405,800  has  the  four  significant  figures  4, 0, 
5,  8  ;  and  the  number  .000090067  has  the  five  significant 
figures  9,  0,  0,  6,  and  7. 

The  part  of  a  number  consisting  of  its  significant  figures 
is  called  the  significant  part  of  the  number.  Thus,  in 
the  number  28,070,  the  significant  part  is  2807;  in  the 
number  .00812,  the  significant  part  is  812;  and  in  the  num- 
ber 170.3,  the  significant  part  is  1703. 

In  speaking  of  the  significant  figures  or  of  the  significant 
part  of  a  number,  we  consider  the  figures,  in  their  proper 
order,  from  the  first  digit  at  the  left  to  the  last  digit  at  the 
right,  but  we  pay  no  attention  to  the  position  of  the  decimal 
point.  Hence,  all  numbers  that  differ  only  in  the  position  of 
the  decimal  point  have  the  same  significant  part.  For  example, 
.002103,  21.03,  21,030,  and  210,300  have  the  same  significant 
figures  2,  1,  0,  and  3  and  the  same  significant  part  2103. 

♦A  cipher  is  not  a  digit 
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SQUARE    ROOT. 

256.  The  largest  number  that  can  be  written  with  one 
figure  is  9,  and  9a  =  81 ;  the  largest  number  that  can  be 
written  with  two  figures  is  99,  and  99a  =  9,801;  with  three 
figures  999,  and  999*  =  998,001;  with /oar  figures  9,999,  and 
9,999s  =  99,980,001,  etc. 

In  each  of  the  above  it  will  be  noticed  that  the  square  of 
the  number  contains  just  twice  as  many  figures  as  the 
number. 

In  order  to  find  the  square  root  of  a  number,  the  first  step 
is  to  find  how  many  figures  there  will  be  in  the  root.  This 
is  done  by  pointing  off  the  number  into  periods  of  two  figures 
each,  beginning  at  the  right.  The  number  of  periods  will 
indicate  the  number  of  figures  in  the  root. 

Thus,  the  square  root  of  83,740,801  must  contain  4  figures, 
since,  pointing  off  the  periods,  we  get  83'74'08'01,  or  4  periods; 
consequently,  there  must  be  4  figures  in  the  root.  In  like 
manner,  the  square  root  of  50,625  must  contain  3  figures, 
since  there  are  (5'06'25)  3  periods.  The  extreme  left-hand 
period  may  contain  either  one  or  two  figures,  according  to 
the  size  of  the  number  squared. 

257*  The  square  of  any  number  wholly  decimal  always 
contains  twice  as  many  figures  as  the  number  squared.  For 
example,  .la  =  .01,  .139  =  .0169,  .751*  =  .564001,  etc. 

258.  It  will  also  be  noticed  that  the  square  of  a  decimal 
is  always  less  than  the  decimal.  Hence,  the  square  root  of  a 
number  wholly  decimal  is  greater  than  the  number  itself. 
If  it  be  required  to  find  the  square  root  of  a  decimal,  and 
the  decimal  has  not  an  even  number  of  figures  in  it,  annex 
a  cipher.  The  best  way  to  point  off  a  decimal  is  to  begin  at 
the  decimal  point,  and,  going  towards  the  righty  point  off  the 
decimal  into  periods  of  two  figures  each.  Then,  if  the  last 
period  contains  but  one  figure,  annex  a  cipher  to  complete 
the  period. 

259.  There  are  comparatively  few  numbers  that  can  be 
separated  into  exactly  equal  factors ;  these  numbers  are  called 
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perfect  po  wera,  and  the  factors  are  called  rational  factors. 
Numbers  that  cannot  be  separated  into  exactly  equal  factors 
are  called  imperfect  powers,  and  the  factors  are  called 
surds  or  irrational  factors.  In  the  numbers  from  1  to  1,000, 
inclusive,  there  are  only  42  perfect  powers,  not  counting  1 ; 
and  of  these  only  30  are  perfect  squares  and  9  perfect  cubes. 
The  root  of  any  number  that  cannot  be  divided  into  as 
many  equal  factors  as  there  are  units  in  the  index  of  the 
root  contains  an  interminable  decimal.  For  example,  the 
number  20  lies  between  16  (  =  4*)  and  25  ( =  5*) ;  hence, 
the  square  root  of  20,  or  4/20,  is  greater  than  4  and  less 
than  5,  and  is  therefore  equal  to  4  plus  an  interminable 
decimal.  In  other  words,  no  matter  to  how  many  figures 
the  square  root  of  20  may  be  calculated,  the  root  will  never 
be  found  exactly. 

260.  Although  the  foot  of  an  imperfect  power  cannot 
be  found  exactly,  as  close  an  approximation  may  be  obtained 
as  is  desired.  In  practice,  five  significant  figures  are  all  that 
are  likely  to  be  required,  and  four  are  generally  sufficient. 
In  the  following  examples,  all  roots  will  be  calculated  to 
five  figures,  unless  the  given  number  is  a  perfect  power 
whose  root  contains  less  than  five  figures. 

261.  The  student  will  find  the  following  principles  of 
value,  both  in  connection  with  the  extraction  of  roots  and  in 
other  arithmetical  calculations: 

a.  In  general,  if  any  two  numbers  are  multiplied  together 
— no  matter  how  many  significant  figures  they  contain — the 
first  five  significant  figures  of  the  product  will  be  the  same 
as  the  first  five  significant  figures  of  the  product  obtained 
by  multiplying  the  same  two  numbers  when  limited  to  five 
significant  figures. 

For  example,  the  product  of  4,562,357  and  6,421,849 
is  29,298,767,738,093;  limiting  the  numbers  to  five  sig- 
nificant figures,  the  product  of  45,624  and  64,218  is 
2,929,882,032;  and  the  value  of  both  these  products  to  five 
significant  figures  is  29,299.  In  other  words,  if  only  five 
significant  figures  are  required  in  the  product,  it  is  not 
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necessary  to  use  more  than  five  significant  figures  in  the 
multiplier  and  multiplicand,  the  remaining  figures,  if  any, 
being  replaced  by  ciphers,  and  the  fifth  figures  being 
increased  by  1  if  the  sixth  figure  is  5  or  a  larger  digit. 
In  some  cases,  however,  the  fifth  figure  may  be  one  unit  too 
large  or  one  unit  too  small ;  hence,  if  it  is  necessary  that  the 
fifth  figure  be  absolutely  exact,  it  is  better  to  limit  the 
multiplier  and  multiplicand  to  six  figures  instead  of  five. 

For  example,  4,562,347  X  6,421,849  =  29,298,703,519,603,  or 
29,299,000,000,000  to  five  significant  figures;  4,562,300 
X  6,421,800  =  29,298,178,140,000=  29,298,000,000,000  to  five 
significant  figures,  the  fifth  figure  being  1  less  than  it 
should  be;  but  4,562,350  X  6,421,850  =  29,298,727,347,500 
=  29,299,000,000,000  to  five  significant  figures. 

b.  If  the  divisor  and  dividend  are  limited  to  six  significant 
figures,  the  quotient  will  always  be  correct  to  five  (usually 

**8  six)  significant  figures,  regardless  of  how  many  significant 
figures  there  may  have  been  in  the  dividend  and  divisor. 

For  example,  6,421,849  -^-  4,562,357  =  1.407572+  =  1.4076 
to  five  significant  figures;  also,  642,185-^  456,236  =  1.407571+ 
=  1.4076  to  five  significant  figures. 

c.  If  the  number  whose  root  is  to  be  extracted  be  limited 
to  six  significant  figures,  the  root  will  be  correct  to  five 
(usually  to  six)  significant  figures. 

262*  These  principles  may  all  be  summed  up  in  the  follow- 
ing general  statement :  In  any  series  of  arithmetical  operations 
— addition,  subtraction,  multiplication,  division,  involution, 
and  evolution — if  it  be  desired  to  have  the  filial  result  limited 
to  a  certain  number  of  significant  figures,  it  is  unnecessary  to 
use  more  significant  figures  in  any  of  the  numbers  operated  on 
than  the  desired  number  in  the  result  plus  1.  For  example,  if 
only  four  significant  figures  are  desired  in  the  final  result,  all 
the  numbers  used  in  the  various  operations  may  be  limited  to 
4  +  1  =  5  significant  figures,  the  fifth  figure  being  increased 
by  1  in  all  cases  if  the  sixth  figure  is  5  or  a  greater  digit. 

From  the  foregoing,  it  follows  that  any  method  that  will 
give  five  significant  figures  of  the  root  correctly  will  be 
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sufficiently  exact  for  all  practical  purposes.     Such  a  method 
will  now  be  explained  for  extracting  square  root. 

263.  Suppose  it  is  desired  to  find  the  square  root  of  20 ; 
that  is,  4/20  =  ?  The  problem  is  to  divide  20  into  two  equal 
factors,  or  into  two  factors,  the  first  five  significant  figures  of 
which  shall  be  equal.  Since  20  is  not  a  perfect  square, 
inspection  shows  that  one  of  the  equal  factors  is  4  plus  an 
interminable  decimal,  since  20  lies  between  4*  =  16  and  5* 
=  25.  Dividing  20  by  4,  the  result  is  5;  i.  e.,  4  X  5  =  20. 
Now,  by  taking  the  average  of  these  unequal  factors,  a  new 
factor  will  be  obtained,  which  will  be  nearer  the  correct  value 

4+5 
of  the  root  than  either  of  the  two  unequal  factors,  viz. ,  — 5 — 

=  4.5,  the  square  of  which  is  4.59  =  20.25. 

Assuming  4.5  for  a  new  factor  and  dividing  20  by  it,  the 
result  is  20  ^  4.5  =  4.444+ ;  that  is,  4.444  X  4.5  =20,  nearly, 
the  product  not  being  exactly  equal  to  20  because  4.444  was 
used  as  one  factor,  instead  of  4$,  the  exact  value.     Again, 

4. 444  +45 

taking  the  average  of  the  two  factors,  — — - — —  =  4.472, 

2 

which  is  the  root  correct  to  at  least  three  figures. 

Assuming  4.47  to  be  one  of  the  factors  and  dividing  20  by 
it  to  obtain  the  other,  the  result  is  20  -4-  4.47  =  4.474272+ ; 
that  is,  4.47  X  4.474273  =  20,  very  nearly.     The  average  of 

4  47  _i_  4  474272 
these  two  factors  is  r0  =  4.472136+  =  4.4721 

to  five  significant  figures.     The  exact  root  to  13  figures  is 
4.472135954999+. 

That  4.4721  is  the  square  root  of  20  correct  to  five 
figures  may  easily  be  proved  by  squaring  it;  thus,  4.4721* 
=  19.99967841,  or  20.000  to  five  figures.  Since  the  square 
agrees  with  the  given  number  to  five  figures,  the  root  is 
correct  to  five  figures. 

264*  A  close  examination  of  the  foregoing  results  reveals 
some  remarkable  facts.  (1)  The  value  of  the  first  average 
4.5  is  correct  to  two  figures  of  the  root.  (2)  The  value  of 
the  second  average  4.472+  is  correct  to  four  figures  of  the 
root.     (3)  The  value  of  the  third  average  4.472136  is  correct 
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to  seven  figures  of  the  root.  (4)  All  these  averages  are 
somewhat  greater  than  the  correct  value  of  the  root.  (5)  Of 
the  two  factors  used  in  finding  the  average,  one  is  a  little 
greater  and  the  other  a  little  less  than  the  correct  value  of  the 
root.  (6)  Each  step  of  the  process  gives  a  result  approach- 
ing more  and  more  nearly  to  the  correct  value  of  the  root. 

265*  Calling  the  first  average  value  the  first  approxi- 
mation, the  second  average  value  the  second  approxi- 
mation, and  the  third  average  value  the  third  approxima- 
tion, the  following  general  method  of  procedure  may  be 
adopted:  Calculate  the  first  approximation  to  two  significant 
,  figures;  the  second  approximation  to  three  significant  figures; 
and  the  third  approximation  to  five  significant  figures.  It  is 
not  safe  to  calculate  the  second  approximation  to  more  than  three 
significant  figures ;  because  the  fourth  figure  cannot \  as  a  rule, 
be  depended  on.  If  the  second  significant  figure  of  the  first 
approximation  be  determined  correctly,  the  third  approxima- 
tion will  always  be  correct  to  at  least  five  significant  figures. 

266«  The  method  will  now  be  applied  to  numbers  in 
general,  and  the  best  manner  of  explaining  it  is  by  means  of 
examples. 

Example.—     4/714,627  =  ? 

Solution. — The  first  step  is  to  point  off  the  number  into  periods  of 

two  figures  each,  obtaining  71'46'27.     To  find  the  first  approximation, 

only  the  first  two  significant  figures  are  necessary ;  in  this  case,  the  first 

period,  71.     The  first  figure  of  the  root  is  evidently  8,  since  8*  =  64 

and  9*  =  81.     The  two  factors  then  are  8  and  71  -*-  8  =  8.87+.     The 

8  -+-  8  87 
first  approximation  is ^ —  =  8.43+  =  8.4  to  two  figures. 

To  find  the  second  approximation,  use  the  first  two  periods,  or  7146, 
and  drop  the  decimal  point  in  the  first  approximation.  One  factor  is 
then  84  and  the  other  7146  ■*-  84  =  85.07+.     The  second  approximation 

is  therefore  5— : —  =  84.53+,  or  84.5  to  three  figures. 

To  find  the  third  approximation,  use  the  first  three  periods,  or  714627, 
and  drop  the  decimal  point  in  the  second  approximation.  One  factor 
is  then  845  and    the   other  is  714627  +  845  =  845.712+.     The    third 

approximation  is  therefore  — - 5 — '■ =  845.356,   or    845.36    to  five 

significant  figures.    Ans. 
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Remark. — It  will  be  noticed  in  the  last  example,  and  also  in  those 

that  follow,  that  when  finding  the  unknown  factor  to  be  used  in 

determining  the  value  of  the  first,  second,  or  third  approximation,  the 

division  is  carried  one  place  farther  than  the  number  of  figures  desired 

in  the  approximation  and  that  no  attention  is  paid  to  the  succeeding 

figures.     Thus,  in  the  last  example,  71  -*-  8  =  8.875,  or  8.88,  correct  to 

three  figures,  while  the  number  used  was  8.87.    The  reason  for  this 

is  that  the  value  obtained  for  the  approximation  would  be  the  same  in 

either  case,  and  it  saves  time  to  calculate  as  here  shown.     For  instance, 

8  +  8  88 
using  8.88  for  the  second  factor,  the  first  approximation  is ^ — 

=  8.44,  or  8.4  to  two  figures. 

267.  The  decimal  point  is  located  by  employing  the 
following  principle:  There  must  be  as  many  figures  in  the 
integral  *  part  of  the  root  as  there  are  periods  in  the  integral 
part  of  the  given  number  whose  root  is  to  be  found.  If  the 
given  number  is  wholly  decimal  and  there  are  two  or  more 
ciphers  between  the  decimal  point  and  the  first  significant 
figure ;,  there  will  be  as  many  ciphers  between  the  decimal  point 
and  the  first  significant  figure  of  the  root  as  there  are  entirely 
cipher  periods  between  the  decimal  point  and  the  first  signifi- 
cant figure  of  the  given  number.  Had  the  number  in  the 
last  example  been  71.4627,  the  root  would  have  been  8.4536; 
had  it  been  .714627,  the  root  would  have  been  .84536;  had  it 
been  .0000714627,  the  root  would  have  been  .0084536.  In 
the  latter  case,  the  number  would  have  been  pointed  off 
thus,  .00'00'71'46'27. 

268«  In  all  cases,  numbers  having  the  same  significant 
parts  and  the  same  number  of  significant  figures  in  the  first 
(or  left-hand)  period  of  the  significant  part  of  the  number, 
have  the  same  significant  figures  in  the  root,  the  roots  differ- 
ing only  in  the  position  of  the  decimal  point. 

Example.—     4/714.627  =  ? 

Solution. — Pointing  off  into  periods,  we  have  7'  14.6270,  adding  a 
cipher  to  complete  the  last  period.  In  all  cases  when  pointing  off  the 
decimal  part  of  numbers,  begin  at  the  decimal  point  and  point  off  to 
the  right,  and  add  ciphers  to  the  last  period  when  it  does  not  contain 
enough  figures  to  make  up  a  period.  Since  the  first  period  contains 
but  one  figure  and  it  is  necessary  to  have  two  figures  at  least  in  order 
that  the  first  approximation  may  be  correct  to  two  figures,  regard  the 


*The  integral  part  of  a  number  is  the  part  to  the 
►int.     Thus,  the  integral  part  of  1,726.943  is  1,726. 


_                                                        ^  the  left  of  the  decimal 

point.     -     ~        *  -  
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decimal  point  as  situated  between  7  and  1  instead  of  between  4  and  6, 
thus  obtaining  7.1  for  the  first  two  figures  of  the  given  number.  The 
first  two  figures  of  the  square  root  of  7.1  will  be  the  same  as  the  first 
two  figures  of  the  square  root  of  714. 

It  is  evident  that  the  first  figure  of  the  root  is  2,  since  2*  =  4  and 
3*  =  9.     Using  2  as  one  factor,  the  other  is  7.1  -i-  2  =  3.55,  and  the  first 

approximation  is ~ —  =  2.77+,  or  2.8  to  two  figures.     Had  3  been 

Z  « 

used  as  one  factor,  the  other  would  have  been  7.1  -+■  3  =  2.36+,  and 

o  i  o  3fl 
the  first  approximation  would  have  been ^ —  =  2.68,  or  2.7  to  two 

figures.     In  the  first  case,  the  difference  between  the  two  factors  is 

3.55  —  2  =  1.55;   in  the  second  case,  the  difference  is  8  —  2.36  =  .64. 

As  the  factors  are  more  nearly  equal  in  the  second  case  than  in  the 

first,  it  is  evident  that  2.7  is  more  nearly  equal  to  the  correct  value  of 

the  root  than  2.8  is;  hence,  2.7  will  be  used  for  the  first  approximation. 

For  the  second  approximation,  use  the  first  two  periods  and  27  for 

one  factor,  the  other  factor  being  715  h-  27  =  26.48+ ;  hence,  the  second 

27  +  26  48 
approximation  = -^ —  =  26.74,  or  26.7  to  three  figures.     We  used 

715  for  the  first  three  figures  of  the  given  number,  instead  of  714, 
because  the  fourth  figure  was  6  and  the  number  correct  to  three  figures 
was  715.  In  finding  the  third  approximation,  the  first  three  periods 
may  be  used  or  all  the  figures;  the  result  will  be  the  same  in  either 
case.  Since  it  is  better  to  use  six  figures  than  f^w^y  move  the  decimal 
point  two  places  to  the  right,  obtaining  71462.7;  one  factor  is  267  and 
the  other    71462.7  -+■  267  =  267.650+.      The    third  approximation   is 

9fl7  -X-  2ft7  ftf>0 

5 — '■ =  267.825,  or  267.33  to  five  figures.     Since  there  are  two 

periods  in  the  integral  part  of  the  given  number,  there  are  two  figures 
in  the  integral  part  of  the  root,  and  |/714.627  =  26.733.     Ans. 

269.  When  determining  the  first  approximation,  that 
number  should  always  be  used  for  the  first  factor  which  will 
make  the  less  difference  between  it  and  the  second  factor,  as 
was  done  in  the  last  example.  Thus,  for  2.5,  the  factors 
would  be  2  and  1.25,  the  difference  between  them  being  .75. 
If  1  were  selected  for  the  first  factor,  the  other  would  be 
2.5  -s-  1  =  2.5,  and  the  difference  between  them  1.5.     In  one 

case,  the  first  approximation  would  be  ' —  =  1.6+,  and 

in  the  other  case,     ~\.        =1.8—.      Since  1.6*  =  2.56  and 

At 
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1.8*  =3.24,  it  is  evident  1.6  is  very  much  nearer  the  cor- 
rect value  of  the  root  than  1.8. 

270.  If  the  given  number  is  a  perfect  square  and  con- 
tains not  more  than  ten  significant  figures,  the  exact  root 
will  be  obtained  in  all  cases.  That  the  number  is  a  perfect 
square  may  be  suspected  by  the  fact  that  there  are  one  or 
more  9's  or  O's  following  the  fifth  figure  of  the  number  express- 
ing the  third  approximation,  and  that  when  the  third 
approximation  is  expressed  correct  to  five  figures,  the  square 
of  its  last  digit  (or  the  second  figure  of  this  square  when  the 
square  contains  more  than  one  figure)  will  be  the  same  as 
the  last  digit  of  the  given  number.  This  will  be  illustrated 
by  two  examples. 


Example.—     -f/3,749,602,756  =  ? 

Solution.— Pointing  off,  we  obtain  37'49'60'27'56.  The  first  two 
factors  are  evidently  6  and  37  ■+■  6  =  6. 16+,  and  the  first  approximation 

jr-^ —  =  6.08,  or  6.1  to  two  figures. 

3749  -*-  61  =  61.45+ ;  61  +g61  M  _.  61.23-,  or  61.2  to  three  figures. 
374960  -*-  612  =  612.67978+  ;  612  +  612.67973  _  61233986+f 

or  612.34  to  five  figures.  But  4*  =  16,  and  as  the  last  figure  of  the 
given  number  is  also  6,  and  as  the  sixth  and  seventh  figures  are  9  and 
8,  respectively,  we  suspect  that  the  given  number  is  a  perfect  power. 
It  may  not  be,  however,  for  the  reason  that  the  figures  5,  7,  and  2, 
preceding  6,  may  be  different  from  the  ones  given  without  changing 
the  value  of  the  root  to  five  figures.  Hence,  the  only  way  to  ascer- 
tain the  fact  beyond  possibility  of  doubt  is  to  square  the  root;  doing 
so,  it  is  found  that  61,234*  =  3,749,602,756,  which  is  therefore  a  per- 
fect square. 

Had  all  the  figures  of  the  given  number  been  used  in  finding 
the    third  approximation,    the   result   would   have  been    as    follows: 

3,749,602,756  h-  612  =  612.6801  +  ,   and  — 2  +  6126801  =  612.34005+ ,  or 

612.34  to  five  figures,  as  before,  or  61,234  after  locating  the  decimal 
point.     Ans. 

271.  If  the  given  number  contains  not  more  than  three 
periods  of  significant  figures — that  is,  if  it  contains  not  more 
than  five  or  six  significant  figures — and  is  a  perfect  power, 
the  fact  will  be  revealed  when  finding  the  second  factor  in 
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the  third  approximation,  for  the  two  factors  will  then  be 
exactly  equal. 

Example.—     |/. 00095481  =  ? 

Solution.—  .00095481  =  .00'09'54'81  when  pointed  off  into  periods 
of  two  figures  each.  The  first  two  significant  figures  are  9.5.  The 
first  factor  is  evidently  8  and  the  second  factor  9.5  -*-  3  =  8. 16+.     The 

first  approximation  is ^ —  =  8.08,  or  3.1  to  two  figures. 

O-l       i      OA  OA 

955  h-  81  =  30.80+  ;  the  second  approximation  is ~— '• —  =  80.90 

=  80.9  to  three  figures. 

95481  -+-  809  =  809;  hence,  .00095481  is  a  perfect  power  and  the  sig- 
nificant figures  of  the  root  are  309.  There  being  one  full  cipher 
period  following  the  decimal  point,  the  root  is  .0309.     Ans. 

272.  One  more  example  will  be  given  to  show  the 
student  how  to  arrange  his  work  when  solving  examples  in 
square  root  by  this  method. 


Example.—    4/3,265.47  =  ? 

Solution.—  8,265.47  =  3265.47. 

83 +  5  =  6.6;  88  -1-6  =  5.5;  6.6-5=  1.6;  6 -5.5  =  .5;  hence,  use  6 

for  first  factor. 

6  -+-  5.5      _,  we        _  Q 
— - —  =  5.75,  or  5.8. 
z 

3,265  -h  58  =  56.29;  58"f^6'29  =  57.14,  or  57.1. 
826,547+571  =  571.886;  5ZL±_|Zi^?5  =  571.443,   or  571.44  to  five 


figures.     Therefore,  ^3,265.47  =  57.144.     Ans. 


EXAMPLES  FOR  PRACTICE. 


Find  the 

square  root  of: 

<«) 

186,624. 

<*) 

2,050,624. 

to 

29,855,296. 

(d) 

.0116964. 

to 

198.1369. 

00 

994,009. 

W 

2.375. 

<*) 

1.625. 

0) 

.8025. 

.571428. 

(*) 

.78125. 

Ans. 


["(<*) 

433. 

(*) 

1,432. 

to 

5,464 

(d) 

.10815-. 

to 

14.076+. 

00 

997. 

(*) 

1.5411+. 

(*) 

1.2748-. 

to 

.55. 

O) 

.75593-. 

L(i) 

.88388+. 
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CUBE   ROOT. 


273.  Cube  root  may  be  extracted  in  a  manner  similar  to 
that  just  described  for  square  root,  the  only  essential  differ- 
ences being  that  the  given  number  must  be  pointed  off  into 
periods  of  three  figures  each ;  the  first  period,  if  integral,  may 
contain  one,  two,  or  three  figures ;  and  the  number  must  be 
divided  into  three  equal  factors. 

274.  As  might  be  expected,  cube  root  is  a  longer  opera- 
tion than  square  root,  but  the  method  is  similar  and  is  no 

more  difficult  to  remember  or  apply.  As  in 
the  case  of  square  root,  it  is  unnecessary  to 
use  more  than  six  significant  figures  in  order 
to  obtain  five  significant  figures  of  the  root. 
The  method  is  best  illustrated  by  an  example. 
The  student  is  advised  to  make  a  little  table, 
containing  the  cubes  of  numbers  from  1  to  9, 
similar  to  that  here  given. 


r  =    i 

2*  =      8 

3'=  27 
4*=  64 
5*  =  125 
6$  =  216 
7*  =  343 
8*  =  512 
9*  =  729 


Example.—    -^389,247  =  ? 

Solution.—    889,247  =  389247  when  pointed  off 

into  periods  of  three  figures  each.     As  in  the  case 

of  square  root,  consider  the  first  period  only  when 

finding  the  first    approximation.     In  other  words. 

divide  389  into  three  factors  as  nearly  equal  as  possible.     It  is  readily 

seen  that  389  lies  between  78  =  343  and  8*  =  512;  hence,  the  first  figure 

of  the  root  is  7.     Now,  assume  that  two  of  the  equal   factors  are 

each  equal  to  7  and  divide  389  by  their  product  to  obtain  the  third 

factor;  that  is,  divide  389  by  7*  =  49.     The  result  is  389  h-  49  =  7.98+. 

Hence,   7  X  7  X  7.93+  =  389,   nearly.     The  average  of   these  factors 

.    7  +  7  +  7.93      2x7  +  7.93      _  0<  n  o  .     .        c  *u     *    «. 

is  ^ = 5 =  7.31,  or  7.3  to  two  figures,  the  first 

o  o 

approximation. 

Assuming  73  to  be  the  value  of  two  of  the  three  equal  factors,  divide 

the  first  two  periods  of  the  given  number  by  their  product  78  X  73: 

that  is,  by  73*,  or  5,329.     The  result  is  389.247  -*-  5,329  =  73.04+  ;  that 

is,    7.3  X  7.3  X  73.04  =  389,247,    nearly.     The    average    of    the    three 

2  v  73  +  73  04 
factors  is  ^ '■ —  =  73.01,  or  73.0  to  three  figures,  the  second 

approximation. 

Assuming  730  to  be  two  of  the  three  equal  factors,  divide  389,247  by 
730*,  or  by  73s,  since  the  cipher  at  the  right  is  not  a  significant  figure 
and  will  not  affect  the  result,  obtaining  for  the  third  factor  73.0431. 
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The  average  of  these  three  factors  is a — '■ =  73.0148,  or 

73.014  to  five  figures.     Ans. 

Note. — The  decimal  point  is  located  by  applying  the  principle  of 
Art.  267;  viz.,  there  must  be  as  many  figures  in  the  integral  part  of  the 
root  as  there  are  periods  in  the  integral  part  of  the  given  number. 

275.  An  inspection  of  the  foregoing  example  shows 
that  about  the  only  respect  in  which  the  work  of  extracting 
cube  root  exceeds  the  work  of  extracting  square  root  consists 
in  squaring  one  number  of  two  figures  and  one  number  of 
three  figures.  The  work  of  division  in  finding  the  third  factor 
is  a  little  harder  on  account  of  the  divisors  being  a  little 
larger  than  when  finding  the  second  factor  in  square  root. 

276»  If  the  given  number  contains  an  integral  part,  it 
is  better  to  locate  the  decimal  point  as  soon  as  possible,  in 
order  to  prevent  confusion,  instead  of  waiting  until  the  third 
approximation  has  been  found. 


Example.—    ^3. 274  =  ? 

Solution. — The  first  period  contains  but  one  figure;  therefore,  we 
operate  on  three  figures  in  order  to  have  the  first  approximation  cor- 
rect to  two  figures  (see  c,  Art.  261).  If  1  be  chosen  for  one  of  the  two 
equal  factors,  the  third  factor  will  be  3.27  -+■ 1*  =  3.27,  and  the  differ- 
ence between  one  of  the  equal  factors  and  the  third  factor  will  be 
8.27  —  1  =  2.27.  If  2  be  chosen  for  one  of  the  equal  factors,  the  third 
one  will  be  8.27  -+■  2*  =  .817+,  and  the  difference  between  this  and  one 
of  the  equal  factors  is  2  —  .817  =  1.183.  Since  1.18  is  less  than  2.27, 
use  2  for  one  of  the  two  equal  factors.    The  first  approximation  is 

2^2-4-  817 

— — — — — =  1.60 +,  or  1.6  to  two  figures.    Since  there  is  but  one 

o 

period  in  the  integral  part  of  the  given  number,  the  root  is  equal  to  1 
plus  an  interminable  decimal,  as  the  given  number  is  not  a  perfect 
cube.  Therefore,  retain  the  decimal  point  in  its  present  position 
through  all  the  subsequent  operations. 

Assuming  1.6  to  be  one  of  the  two  equal  factors,  the  third  factor  is 
3.274  -*-1.6*  =  3.274-*- 2.56  =  1.278+,  and    the  second    approximation 

is  2  X  1,604" 1278  =  1.492+ ,  or  1.49  to  three  figures. 
o 

Assuming  1.49  to  be  one  of  the  two  equal  factors,  the  other  factor 
is  8.274  -i- 1.49»  =  8.274  h-  2.2201  =  1.474708+ ;  hence,  the  third  approx- 
imation is  2  X  149  1"  *  474™*  =  1.484902+,  or  1.4849  to  five  figures. 

Ans. 
The  exact  root  to  seven  figures  is  1.484886—. 

r.    /.— 7 
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277.  The  only  case  in  cube  root  that  will  give  any 
trouble  in  determining  the  fifth  significant  figure  correctly 
is  when  the  difference  between  the  numbers  representing  the 
first  and  second  approximations,  expressed  to  two  figures,  is 
greater  than  one  unit  in  the  second  figure.  In  the  last  exam- 
ple, the  first  approximation  was  1.6  and  the  second  1.49,  or  1.5 
to  two  figures;  the  difference  is  .1,  or  one  unit  in  the  second 
figure.  For  numbers  the  significant  part  of  whose  first 
period  is  2,  the  difference  between  the  first  and  second 
approximations  may  differ  by  more  than  one  unit  in  the 
second  figure ;  in  such  cases,  recalculate  the  second  approxi- 
mation, using  for  one  of  the  equal  factors  the  value  of  the 
second  approximation  to  two  figures  as  first  determined.  An 
example  will  illustrate  this. 

Example.—    ^70027  =  ? 

Solution. —  .0027  =  .002700  when  pointed  off  into  periods.  But, 
the  significant  figures  in  the  cube  root  of  2.7  will  be  the  same  as  in  the 
cube  root  of  .002700;  therefore,  find  the  cube  root  of  2.7  and  locate  tbi 
decimal  point  after  the  operation  is  finished. 

If  1  be  chosen  as  one  of  the  equal  factors,  the  third  factor  will  be 

2x1-1-27 

2.7  -*-  V  =  2.7,  and  the  first  approximation  is Q  — —  =  1.56 +,  or  1.6 

o 

to  two  figures.     If  2  be  chosen  for  one  of  the  equal  factors,  the  third 

factor  is  2.7  -*-  2*  =  .675,  and  the  first  approximation  is  — — — ^ 

=  1.55+,  or  1.6  to  two  figures. 

Using  1.6  for  one  of  the  equal  factors,  the -third  factor  is  2.7  -*-  1.6* 

=  2.7  -f-  2.56  =  1.054+ ,  and  the  second  approximation  is  — ^ — — 5 

=  1.418,  or  1.42  to  three  figures,  or  1.4  to  two  figures.  The  difference 
between  the  first  and  second  approximations  is  1.6  —  1.4  =  .2,  or  two 
units  in  the  second  figure.  Therefore,  recalculate  the  second  approx- 
imation, using  1.4  for  one  of  the  equal  factors.  The  third  factor  is 
then  equal  to  2.7  -*-  1.4*  =  2.7  •+- 1.96  =  1.377,  and  the  second  approxi- 

..       .   2  X  1.4  +  1.377  ___ 

mation  is 5 =  1.392+. 

o 

Using  1.39  for  one  of  the  equal   factors,  the  third  factor  is  2.7 

-*■  1.39*  =  2.7  -*-  1.9321  =  1.39744+,   and  the   third    approximation    is 

2  X  1  39  +  1  39744 

— s — : =  1-39248,  or  1.3925  to  five  figures.    The  root  correct 

o 

to  nine  figures  is  1.39247665.    Since  the  given  number  is  wholly  decimal 
and  has  no  period  composed  entirely  of  ciphers,  ^)027  =  .13925.     Ans. 
Had  1.42  been  used  for  one  of  the  equal  factors,  the  third  approxi- 
mation would  have  been  1.3930. 
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278.  The  remarks  made  in  Art.  270  regarding  the 
square  root  of  perfect  squares  apply,  with  slight  modifica- 
tions, to  the  cube  root  of  perfect  cubes.  If  the  given  num- 
ber is  a  perfect  cube  and  contains  not  more  than  five 
periods,  i.  e. ,  not  more  than  5  X  3  =  15  significant  figures, 
the  exact  root  can  always  be  found.  That  the  given  num- 
ber is  a  perfect  cube  will  be  suspected  from  the  fact  that  the 
root  ends  in  a  string  of  9's  or  O's;  that  in  one  of  the  approxi- 
mations the  three  factors  become  exactly  equal ;  and  that 
the  last  digit  in  the  cube  of  the  last  figure  of  the  root  is 
the  same  as  the  last  digit  of  the  given  number.  An  exam- 
ple will  illustrate  this. 


Example.—    -^106,294,343.553  =  ? 

Solution. — The  number  when  pointed  off  becomes  106'294'843.553; 
hence,  there  are  three  figures  in  the  integral  part  of  the  root.  The 
first  period  106  lies  between  48  =  64  and  53  =  125.  Trying  4  for  one  of 
the  equal  factors,  the  third  factor  is  106  •+•  4'  =  6.62+.  Trying  5,  the 
third  factor  is  106  •+-  5*  =  4.24;  hence,  use  5,  and  obtain  for  the  first 

2  y  5  +  4  24 
approximation  » — '■ —  =  4.74+.     Using  two  periods  and  47  for 

one  of  the  equal  factors,  the  third  factor  is  106,294  -*-  47*  =  106,294 

2  V  47  +  48  11 
-i- 2,209  =  48.11+,   and    the    second    approximation    is ^ - — 

=  47.37. 

To  find  the  third  approximation,  two,  or  three,  or  all  four  periods 
may  be  used,  since  the  first  two  periods  contain  six  significant  figures, 
and  hence  will  give  the  root  correct  to  five  figures  (see  c,  Art.  261). 
Using  the  first  three  periods,  to  avoid  the  decimal  point,  and  474  for 
one  of  the  equal  factors,  the  third  factor  is  106,294,343  -+-  474* 
=  106,294,343  -*-  224,676  =  473.1005+,  and   the  third  approximation  is 

?2<4'M  +  mj005  =473  7001+   or  473  70  to  five  figures>     It  wiU  ^ 

o 
noticed  that  the  results  obtained  for  the  second  and  third  approxima- 
tions are  alike  and  the  last  digit  in  73  =  343  is  the  same  as  the  last 
significant  figure  of  the  given  number ;  hence,  it  is  at  once  suspected 
that  the  given  number  is  a  perfect  power,  and  this  is  proved  by  cubing 
the  root.     Therefore,  -^106,294,343.553  =  473.7.     Ans. 

279*  Square  and  cube  root  are  two  of  the  most  impor- 
tant operations  described  in  Arithmetic,  and  the  student  is 
earnestly  advised  to  thoroughly  familiarize  himself  with 
the  process.  Few  practical  problems  involving  mensura- 
tion arise  that  do  not  require  the  extraction  of  the  square 
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or  cube  root.  For  instance,  to  find  the  diameter  of  a  circle 
that  will  contain  a  given  area  requires  the  extraction  of 
square  root;  to  find  the  diameter  of  a  sphere  that  will  con- 
tain a  given  volume  requires  the  extraction  of  cube  root. 


EXAMPLES  FOR  PRACTICE. 

Find  the  cube  root  of: 


(«) 

78,347.809639. 

(*) 

2. 

to 

4, 180,769,192.463. 

V) 

.696. 

('} 

.375. 

Ans. 


(/)    513,229.783802144. 


f(«) 

42.79. 

<*) 

1.2599+. 

to 

1,611.0-. 

(d) 

.88621-. 

to 

.72112+. 

W) 

80.064. 

TABLE    METHOD    OP    EXTRACTING     SQUARE    AND    CUBE 

ROOT. 

280.  By  means  of  the  table  of  Squares,  Cubes,  Fourth, 
and  Fifth  Powers,  which  contains  the  squares  and  cubes  of 
numbers  from  1  to  10,  varying  by  tenths,  and  the  first  five 
figures  of  the  fourth  and  fifth  powers  of  the  same  numbers, 
the  first  three,  and  frequently  the  first  four,  significant 
figures  of  the  square  root  or  cube  root  of  any  number  can 
be  readily  determined.  The  remaining  figures  can  then  be 
easily  determined  in  the  same  manner  as  the  third  approxi- 
mation in  the  preceding  pages. 

The  student  is  advised  to  use  the  table  in  all 
cases,  as  it  will  greatly  shorten  his  work. 

281*  By  the  aid  of  this  table  the  first  two  significant 
figures  of  the  root  can  be  obtained  directly  and  one  more 
by  a  slight  calculation.  For  example,  suppose  it  is  desired 
to  find  the  first  three  significant  figures  of  |/5,2G9.73.  Point- 
ing off  into  periods  and  moving  the  decimal  point  so  that  it 
falls  between  the  first  and  second  periods,  the  number 
becomes  52.69'73;  in  other  words,  the  significant  figures  of 
4/5,269.73  are  the  same  as  for  Vo2.G973.  Since  four  figures 
only  are  given  in  the  table,  reduce  the  given  number  to  four 
figures.  The  problem  then  becomes:  find  the  first  three 
figures  of  |/52. 70.     Referring  to  the  table,  52.70  lies  between 


ARITHMETIC. 


91 


SQUARES,  CUBES,  FOURTH,  AND  FIFTH 

POWERS. 


No. 

Square. 

Cube. 

4th 
Power. 

5th 
Power. 

No. 
5.5 

Square. 

Cube. 

4th 
Power. 

5th 
Power. 

1.0 

1.00 

1.000 

1.0000 

1.0000 

80.25 

166.375 

915.06 

5082.8 

1.1 

1.21 

1.331 

1.4641 

1.6105 

5.6 

81.36 

175.616 

983.45 

5  507.8 

1.8 

1.44 

1.788 

2.0736 

2.4883 

5.7 

82.49 

185.193 

1,055.6 

6,016.0 

1.8 

1.09 

8.197 

2.8561 

8.7129 

5.8 

88.64 

195.112 

1,131.6 

6,568.6 

1.4 

1.98 

8.744 

8.8416 

6.8782 

5.9 

84.81 

206.379 

1,211.7 

7,149.2 

1.5 

8.85 

8.875 

5.0625 

7.5988 

6.0 

86.00 

216.000 

1,396.0 

7,776.0 

1.6 

8.56 

4.098 

6.5586 

10.486 

6.1 

87.21 

236.981 

1,384.6 

8,446.0 

1.7 

8.89 

4.918 

8.3521 

14.199 

6  2 

38.44 

288.328 

1,477.6 

9,161.8 

1.8 

8.84 

5.832 

10  408 

18.896 

6.3 

89.69 

250.047 

1.575.8 

9,934.4 

1.0 

8.61 

6.859 

13.032 

24.761 

6.4 

40.96 

26-3.144 

1,677.7 

10.787 

8.0 

4.00 

8.000 

16.000 

32.000 

6.5 

42  25 

274.625 

1,785.1 

11,608 

8.1 

4.41 

9.261 

19.448 

40.841 

6.6 

43.56 

387.496 

1,897.5 

12,588 

8.2 

4.84 

10.643 

23.426 

51.536 

6  7 

44.89 

800.763 

2,015.1 

18,601 

8.3 

5.89 

12.167 

27.084 

64.363 

6.8 

46.24 

314. 4S2 

2,138.1 

14,589 

8.4 

5.76 

13.821 

38.178 

79.626 

6.9 

47.61 

828  509 

2,266.7 

15,640 

8.5 

6.85 

15  625 

39.008 

97.656 

7.0 

49.00. 

343.000 

2,401.0 

16,807 

8.6 

6.76 

17.576 

45.696 

118.81 

7.1 

50.41 

357.911 

3,541.2 

18,042 

8.7 

7.89 

19.083 

53.144 

143.49 

7.2 

51.84 

373.248 

8,687.4 

19,349 

8.8 

7.84 

31.952 

61.466 

172.10 

7.3 

58.29 

889.017 

2,839.8 

20,781 

8.0 

8.41 

24.389 

70.728 

205.11 

7.4 

54.76 

405.224 

2,998.7 

82,190 

3.0 

9.00 

27.000 

81.000 

243.00 

7.5 

56.25 

421.875 

8,164.1 

23.780 

8.1 

9  61 

89.791 

92.352 

286.29 

7.6 

57.76 

488.976 

3,336.2 

35,865 

8.8 

10.24 

32.708 

104  86 

385.54 

i  .  i 

59.29 

456.583 

8,515.8 

87,068 

8.8 

10.89 

85.987 

118.59 

391.85 

7.8 

60.84 

474.552 

8,701.5 

28,873 

8.4 

11.56 

89.804 

188.63 

454.35 

7.9 

62.41 

493.039 

3,895.0 

80,771 

8.5 

18.85 

42.875 

150.06 

525.22 

8.0 

64.00 

512.000 

4,096.0 

32.768 

8.6 

18.96 

46  656 

167.96 

604.66 

8.1 

65.61 

531.441 

4,304.7 

34.868 

8.7 

1809 

50.653 

187.42 

693.44 

8.2 

67.24 

551.368 

4,521.2 

87,074 

3.8 

14.44 

54.878 

80651 

792.35 

8.3 

68.89 

571  787 

4.745.8 

89,890 

8.0 

15.81 

59.819 

231.34 

902.24 

8.4 

70.56 

592  701 

4,978.7 

41,821 

4.0 

16.00 

64.000 

856.00 

1,024.0 

8.5 

72.25 

014.135 

5,220.1 

44,871 

4.1 

16.81 

68.931 

282.58 

1,158.6 

8.6 

73.96 

636.056 

5,470.1 

47,048 

4.8 

17.64 

74.088 

811.17 

1.306.9 

8.7 

75.69 

658.503 

6,729.0 

49,842 

4.3 

18.49 

79.507 

841.88 

1,470.1 

8.8 

77  44 

681.472 

5,997.0 

52,773 

4.4 

19.86 

85.184 

374  81 

1,649.2 

8.9 

79.21 

704.  ti69 

6,274.2 

55,841 

4.5 

80.85 

91.125 

410.06 

1,K45.8 

6.0 

81.00 

729.000 

6.561.0 

59,049 

4.6 

81.16 

97.836 

447.75 

2.059  6 

9.1 

82.81 

753.571 

6,857.5 

62.408 

4.7 

83.09 

103  823 

487  97 

2,293.5 

9.2 

84.64 

778. CHS 

7,163.9 

65,908 

4.8 

23.04 

110.592 

530.84 

2548.0 

9.3 

86.49 

804.357 

7,480.5 

69,569 

4.0 

84.01 

117.649 

576.48 

2,824.8 

9  4 

88  30 

8J0.5H4 

7,807.5 

73.890 

5.0 

85.00 

125.000 

625.00 

3,125.0 

95 

90.85 

857.375 

8,145.1 

77,878 

5.1 

86.01 

133.651 

676.52 

3,450.3 

9.6 

92.16 

881.726 

8,498.5 

81,587 

5.3 

27.04 

140.608 

731.16 

8.802.0 

9.7 

94.09 

912.673 

8,852.9 

85,878 

5.3 

88.09 

148.877 

789.05 

4,182.0 

9.8 

96.04 

941.192 

9,228.7 

90,898 

5.4 

89.16 

157.464 

av).si 

4,591.7 

9.9 

98.01 

970.299 

9,606.0 

95.099 
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51.84  =  1.V  and  53.29  =  7.3*;  hence,  the  first  two  figures  of 
the  root  are  7.2.  Find  the  difference  between  the  two  num- 
bers in  the  table  between  which  the  given  number  falls  and 
call  it  the  first  difference ;  thus,  53.29  —  51.84  =  1.45  = 
the  first  difference.  Find  the  difference  between  the  lower 
number  in  the  table  and  the  given  number  and  call  it  the 
second  difference ;  thus,  52.70  —  51.84  =.86  =  the  second 
difference.  Divide  the  second  difference  by  the  first  differ- 
ence, and  the  first  figure  of  the  quotient,  if  the  quotient  is  .05 
or  greater,  will  be  the  third  figure  of  the  root,  when  reduced 
to  one  figure.  If  the  quotient  is  less  than  .05,  the  third 
figure  of  the  root  is  a  cipher.  Thus,  .86  -f- 1.45  =  .59+,  or  .6 
when  reduced  to  one  figure.  Therefore,  the  first  three  figures 
of  j/52.70  are  7.26.  Since  the  integral  part  of  the  given 
number  contains  two  periods,  there  are  two  figures  in  the 
integral  part  of  the  root;  therefore,  4/5,269.73  =  72.6  to 
three  figures.     Ans. 

282*     The  cube  root  is  found  to  three  significant  figures 
in  exactly  the  same  way,  as  shown  in  the  following  example: 


Example. — Find  the  first  three  figures  of  ^.0625. 

Solution. — Pointing  off  and  placing  the  decimal  point  between  the 
first  and  second  significant  periods,  the  result  is  62.500.  Referring  to 
the  table,  the  first  two  figures  of  the  root  are  3.9;  the  first  difference  is 
64.000  —  59.319  =  4.681 ;  the  second  difference  \z  62.500  —  59.319_=  3.181 ; 
3.181  •+•  4.681  =  .67+,  or  .7  to  one  figure.  Therefore,  -^62.5  =  3.97, 
and  ^.0625  =  .397  to  three  significant  figures.     Ans. 

283*  Having  found  the  first  three  significant  figures  by 
means  of  the  table,  find  the  fourth  and  fifth  figures  in  the 
usual  manner  by  using  the  first  three  figures  in  finding  the 
third  approximation. 

For  example,  find  the  cube  root  of  126.57  to  five  figures. 
Referring  to  the  table,  the  first  two  figures  are  5.0.  The 
first  difference  is  132.651  -  125.000  =  7.651;  the  second  dif- 
ference is  126.57-125.000=1.57;  1.57  -±  7.651  =  .20+. 
Hence,  the  first  three  figures  are  5.02.  Using  5.02  for  one 
of   the    equal    factors,    the  third    factor  is   126.57 -r  5.02* 
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.  AOOM  .  A..  ...  ,  .  ..  .  2x5.02+5.02253 
=  5.02253+,  and  the  third  approximation  is ^ 

=  5.02084+,  or  fl26.57  =  5.0208  to  five  figures.     Ans. 

284.  If  more  than  five  significant  figures  of  the  square 
or  cube  root  are  desired,  use  the  five  figures  of  the  third 
approximation  for  one  of  the  equal  factors  and  calculate  the 
unknown  factor  to  as  many  figures  as  are  desired  plus  one ; 
the  next  approximation  will  be  correct  to  at  least  nine 
figures,  if  the  unknown  factor  has  been  calculated  to  ten 
figures. 


ROOTS   OF    FRACTIONS. 

285*  If  the  given  number  is  in  the  form  of  a  fraction, 
and  it  is  required  to  find  some  root  of  it,  the  simplest  and 
most  exact  method  is  to  reduce  the  fraction  to  a  decimal  and 
extract  the  required  root  of  the  decimal.  If,  however,  the 
numerator  and  denominator  of  the  fraction  are  perfect 
powers,  extract  the  required  root  of  each  separately,  and 
write  the  root  of  the  numerator  for  a  new  numerator  and 
the  root  of  the  denominator  for  a  new  denominator. 

Example  1. — What  is  the  square  root  of  ^-? 


r  a  — 


Solution.-  \f  _=_=.._     Ans. 

Example  2. — What  is  the  square  root  of  \  ? 

Solution.—     |/f  =  |/."625  =  .79057—,  since  f  =  .625.    Ans. 

Example  3.— What  is  the  cube  root  of  fj  ? 

Solution. —  i/^r  =  -—^=—  t    Ans* 

r   64      ^04      4 

Example  4. — What  is  the  cube  rpot  of  \  ? 
Solution.— Since  \  =  .25,  #\  —  jC25  =  .62996+.    Ans. 

286*  Rule. — Extract  the  required  root  of  the  numerator 
and  denominator  separately;  ory  reduce  the  fraction  to  a 
decimal  and  extract  the  root  of  the  decimal. 
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EXAMPLES  FOR  PRACTICE. 


<<0   ^M*  =  ? 


Ans. 


(*)    h 

U)     .41602-. 
{d)    1.6855+. 


FOURTH  ROOT. 

287.  The  fourth  root  may  be  found  by  a  method  similar 
to  that  just  described  for  extracting  square  and  cube  roots, 
dividing  the  given  number  into  periods  of  four  figures  each 
and  resolving  the  given  number  into  four  equal  factors.  It 
is  generally  easier  and  shorter,  however,  to  extract  the 
square  root  and  then  extract  the  square  root  of  the  result. 
For  example,  to  extract  the  fourth  root  of  5,735,796,283.8016, 
which  is  a  perfect  fourth  power  (and  consequently  a  perfect 
square,  also),  the  square  root  would  be  extracted  in  the 
usual  manner,  obtaining  75,735.04.  The  square  root  of 
this   result  would  then  be  extracted,  obtaining  275.2.     In 

other   words  ^5,735,796,283.8016  =  J  ^5,735,796,283.8016 
=  i/75,735.04=  275.2. 

The  fourth  root  is  very  seldom  required  and  can  always 
be  found  as  just  described. 


FIFTH    ROOT. 

288.     The  fifth  root  is  required  oftener  than  the  fourth 

root,  but  nevertheless  it  is  seldom  neces- 
sary to  extract  it.  The  method  is  the 
same  in  principle  as  that  explained  for 
cube  root.  The  given  number  is  divided 
into  periods  of  five  figures  each  and 
resolved  into  five  equal  factors;  the  first 
period  may  contain  one,  two,  three,  four, 
or  five  figures.  As  in  the  case  of  cube 
root,  it  is  advisable  to  construct  a  little 
table  giving  the  fifth  powers  of  the  nine 
digits,  similar  to  that  here  given.  An 
example  will  illustrate  the  process. 


1* 

=     1 

%" 

=    32 

3' 

=   243 

4' 

=  1,024 

5' 

=  3,125 

6' 

=  7,776 

V 

=  16,807 

8' 

=  32,768 

9' 

=  59,049 
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Example.—    {^5, 186.42  =  ? 

Solution.  — The  first  period  5186  lies  between  5*  =  8125  and  6* 
=  7776 ;  hence,  the  root  is  5  plus  an  interminable  decimal.  Trying  5  as 
one  of  the  four  equal  factors  and  dividing  the  first  period  by  their 

R*f  Oft 

product  to  find  the  fifth  factor,  we  have  = — ^ — - — -  =  5186  •+■  54 

0X5X5X5 

=  5186  -h  625  =  8.29+.  Trying  6  as  one  of  the  four  equal  factors,  the 
fifth  factor  is  5186  •+■  64  =  5186  •+■  1296  =  4.00+.  Since  the  difference 
between  6  and  4  is  less  than  the  difference  between  5  and  8.29,  use  6 
as  one  of  the  equal  factors.  Then,  5186  =  6x6x6x6x4.  The 
average  of  these  factors  is  «  +  «+«  +  «  +  4  =  4X6  +  4  =  28  =  ^ 

the  first  approximation. 

Using  5.6  as  one  of  the  equal  factors,  the  fifth  factor  is  5186.42 
-*-  5.64  =  5186  -+■  988.4496  =  5186  -*-  983.4000  (using  but  four  significant 
figures,  since  only  three  figures  of  the  second  approximation  are 
required— see  b,  Art.  261)  =  5.273,  and  the  second  approximation  is 

4  X  5.6  +  5.273      K  Md  _  ro  A      . 

r =  5.534+,  or  5.53  to  three  figures. 

Using  5.53  as  one  of  the  equal  factors,  the  fifth  factor  is  5186.42 
-*-  5.58*  =  5186.42  •+■  935.191  =  5.54584+,  and  the  third  approximation  is 
6.53316+,  or  5.5332  to  five  figures.    Ans. 

The  exact  root  to  seven  figures  is  5.533164. 

289.  In  order  that  the  fifth  significant  figure  of  the  fifth 
root  of  a  number  may  be  correct,  it  is  absolutely  essential 
that  the  third  significant  figure  of  the  second  approximation 
be  correct.  In  the  last  example,  it  will  be  noticed  that  the 
difference  between  the  first  and  second  approximations  is 
5.60  —  5.53  =  .07,  which  is  less  than  one  unit  in  the  second 
figure,  but  very  near  to  it.  Had  this  difference  been  as 
much  as  1,  or  had  it  exceeded  one  unit  in  the  second  figure, 
it  would  have  been  advisable  to  recalculate  the  second 
approximation. 

290.  The  labor  involved  in  extracting  the  fifth  root  is 
very  much  greater  than  that  necessary  to  extract  the  cube 
root,  chiefly  on  account  of  raising  numbers  to  the  fourth 
power.  This  labor  may  be  shortened  considerably  in  the 
following  manner: 

Consider  any  number,  as  4.  Now,  44  =  4x4x4x4 
=  (4  X  4)  X  (4  X  4)  =  16  X  16  =  256.      In  other  words,    to 
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raise  a  number  to  the  fourth  power,  square  the  number  and 
then  square  the  square.  Now,  the  square  of  any  number 
contains  twice  as  many  significant  figures  as  the  number  or 
twice  as  many  less  1 ;  the  cube  of  any  number  contains  three 
times  as  many  significant  figures  as  the  number  or  three 
times  as  many  less  one  or  two ;  the  fourth  power  will  contain 
four  times  as  many  or  four  times  as  many  less  one,  two,  or 
three;  and  so  on.  Hence,  the  fourth  power  of  a  number 
containing  two  figures  will  contain  five,  six,  seven,  or  eight 
figures;  and  of  one  containing  three  figures,  nine,  ten,  eleven, 
or  twelve  figures.  In  determining  the  fifth  factor  for  the 
second  approximation,  only  four  figures  of  the  fourth  power 
are  required,  and  in  determining  the  fifth  factor  for  the 
third  approximation,  only  six  figures  of  the  fourth  power 
are  required.  Therefore,  any  method  that  will  enable  us  to 
dispense  with  unnecessary  figures  will  lessen  the  work.  The 
following  method,  which  will  also  apply  to  any  case  of  mul- 
tiplication when  only  a  certain  definite  number  of  figures 
are  desired  in  the  product,  is  the  best  we  know  of ;  it  is  best 
illustrated  by  an  example. 

Example.— Multiply  467,295  by  684,137  and  obtain  six  figures  of  the 
product  correct. 

Solution. — 

4  6  7  2  9  5  4'6'7'2'9'5 

634137  634137 


2803770 

140188 

18691 

467 

140 

32 


2963290 


2803770 
5  140188 

80  18691 

295  467 

1885  140 

71065  32 


49415  2963288,  or  296329  to  six  figures. 


Explanation. — Instead  of  beginning  with  the  last,  or 
right-hand,  digit,  as  in  ordinary  multiplication,  begin  with 
the  first,  or  left-hand,  digit  of  the  multiplier  and  multiply 
in  the  ordinary  manner,  the  product  being  2,803,770.  Mul- 
tiply by  the  second  digit  and  write  the  first  figure  obtained 


ARITHMETIC.  ML/ 

in  the  second  partial  product  one  place  to  the  right  of  the 
last  figure  of  the  first  partial  product.  So  proceed  until  all 
the  partial  products  have  been  found,  adding  them  to  find 
the  entire  product.  The  result  is  shown  at  (a).  Now,  in 
order  to  have  six  figures  of  the  product  correct,  seven  figures 
should  be  obtained  (see  a,  Art.  261 ).  It  is  therefore  evident 
that  all  figures  to  the  right  of  the  vertical  line  in  (a)  are 
unnecessary.  Hence,  proceed  as  shown  in  (b).  The  first 
partial  product  contains  seven  figures — all  that  are  required ; 
therefore,  cut  off  the  figure  5  in  the  multiplicand  when  find- 
ing the  second  partial  product,  but  multiply  it  by  3  in  order 
to  determine  how  much  to  carry.  Thus,  say  mentally 
"  three  times  five  is  fifteen,"  and  carry  1.  Then  say  "  three 
times  nine  is  twenty-seven  and  one  is  twenty-eight,"  etc. 
When  multiplying  by  the  next  digit  4,  cut  off  the  second 
figure  from  right  of  the  multiplicand,  but  carry  the  3  that 
is  obtained  by  multiplying  9  by  4,  and  say  "  four  times  two 
is  eight  and  three  is  eleven. "  Proceeding  in  this  manner,  no 
figure  of  any  of  the  partial  products  will  extend  beyond  the 
place  occupied  by  the  seventh  figure  of  the  entire  product. 

291.  The  operation  of  division  may  be  shortened  in  a 
similar  manner  to  that  just  described  for  multiplication. 
Perform  the  division  in  the  usual  manner  until  the  number 
of  significant  figures  in  the  quotient  equals  the  number 
obtained  by  subtracting  the  number  of  significant  figures  in 
the  divisor  from  the  number  desired  in  the  quotient  plus 
three ;  then  cut  off  one  figure  from  the  right  of  the  divisor 
before  finding  the  next  figure  of  the  quotient ;  cut  off  the 
second  figure  from  the  right  of  the  divisor  before  finding  the 
succeeding  figure  of  the  quotient ;  and  so  on  until  the  quo- 
tient contains  one  more  than  the  required  number  of 
figures.  It  is  here  assumed  that  the  dividend  and  divisor 
do  not  contain  more  than  one  significant  figure  in  excess 
of  the  number  required  in  the  quotient.  (See  a  and  b, 
Art.  261.) 

Example.— Divide  71,346.247  by  27,846.392  and  obtain  five  significant 
figures  of  the  quotient  correct. 
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Solution. — 

7  1  3  4  6.2  0  I  2  7'8'4'6'.4 


5  5  6  9  2  8        2.5  6  2  1  3,  or  2.5621  to  five  figures.     An& 

1565340 
1392320 


173020 
167078 


5942 
5569 

373 

278 


95 

83 

1~2 

Explanation. — Since  five  significant  figures  are  required 
in  the  quotient,  the  dividend  and  divisor  are  limited  to  six 
significant  figures.  The  number  of  significant  figures 
required  in  the  quotient  before  beginning  to  cut  off  figures 
from  the  divisor  is  5  +  3  —  6  =  8  —  6  =  2;  hence,  before  find- 
ing the  third  figure  of  the  quotient,  cut  off  the  figure  4 
from  the  right  of  the  divisor,  but  multiply  4  by  6  in  order  to 
see  how  much  to  carry.  Thus,  say  "six  times  four  is 
twenty-four, "  and  carry  2;  then,  say  "  six  times  six  is  thirty- 
six  and  two  is  thirty-eight,"  and  write  8  and  carry  3;  and 
so  on.  Before  finding  the  fourth  figure  of  the  quotient,  cut 
off  the  next  figure  6  of  the  divisor.  The  student  will  find  it 
convenient  to  place  the  divisor  at  the  right  of  the  dividend 
with  the  quotient  underneath,  as  shown.  This  arrangement 
saves  space  and  brings  each  figure  of  the  quotient  directly 
under  the  divisor,  making  the  multiplication  easier. 

292*  To  locate  the  decimal  point  in  the  quotient,  the 
easiest  way  is  to  proceed  as  follows :  Move  the  decimal  point 
in  the  divisor  to  the  right  until  it  follows  the  right-hand 
figure;  that  is,  make  the  divisor  a  whole  number;  move  the 
decimal  point  in  the  dividend  as  many  decimal  places  to  the 
right  as  it  was  moved  in  the  divisor,  annexing  ciphers  if 
necessary.     If  the  dividend  will  contain  the  divisor  one  or 
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more  times,  there  will  be  as  many  figures  in  the  integral  part 
of  the  quotient  as  there  are  figures  left  in  the  dividend  after 
finding  the  first  remainder  plus  one.  If  the  dividend  will 
not  contain  the  divisor,  annex  ciphers  to  follow  the  decimal 
point  until  the  dividend  contains  the  divisor,  and  the  first 
significant  figure  of  the  quotient  will  then  be  located  as  many 
decimal  places  to  the  right  of  the  decimal  point  as  there  were 
ciphers  annexed.  For  instance,  .046  -f-  21.76  =  4.6  -4-  2176. 
=  4.600  -T-  2,176.  =  .002+ ;  4. 6 -f- 21. 76 =460.  -f-  2,176.  =  460.0 
-f-  2,176  =  . 2+ ;  460-4-21.76  =  46,000. -f-2,176  =  21. +.  In 
the  last  example,  71,346.2 -h  27,846.4  =  713,462. -4- 278,464. 
=  2+. 

293.  Having  shown  how  the  work  of  calculation  may  be 
greatly  reduced,  an  example  is  given  on  the  following  page, 
showing  all  the  figures  used  in  extracting  the  fifth  root, 
each  operation  being  numbered  in  the  order  in  which  it  is 
performed. 

294.  When  the  sixth  significant  figure  of  the  third 
approximation  is  5,  it  is  not  always  advisable  to  increase  the 
fifth  figure  by  one.  To  ascertain  whether  or  not  the  fifth 
figure  should  be  increased,  recalculate  the  third  approxima- 
tion, using  for  one  of  the  equal  factors  the  third  approx- 
imation first  found,  correct  to  four  figures;  if  the  sixth 
significant  figure  is  then  5+,  increase  the  fifth  figure  by  1. 

ExXmplb  1.—    tyzsm  =  ? 

Solution. — Using  the  first  two  significant  figures  and  trying  1  for 
the  equal  factors,  the  fifth  factor  is  3.1  -h  l4  =  3.1,  and  the  first  approx- 
imation is  4  X  1/h  81  =  1.42.      Since  3.1-1  =  2.1    is  less  than  2.5 

5 

(see  Remark  in  example  referred  to  in  Art.  293),  it  is  not  necessary  to 
try  2  for  one  of  the  equal  factors. 

3.056  +  1.4*  =  .795+.    4  X  1A  +  -795  =  1.279+. 

5 

Since  the  difference  between  1.42,  the  first  approximation,  and  1.279. 
the  second  approximation,  is  greater  than  one  unit  in  the  second  figure, 
try  1.3  for  one  of  the  equal  factors  and  recalculate  the  second  approx- 
imation. 

8.056  +  1.8*  =  1.069+.     *  X  'V  *  069  =  1.2C8+. 
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Example.—     ^8,269  =  ? 
Solution. — 

(1)  (2)  (3) 

6  8  2  6  9  |  1296  4  X  6  +  6.38  _     ft7 

6  77  7  6       6.38+  5  -*•<"+ 

36  493 

3  6  3  8  8  (6) 


10  8        10  5         4  X  6.1  -4-  5.974  =  30.374  =  6  ^^ 
216      103  5  5 


1  296 


(*>  (?) 

8  2  6  9.0  |  1  384         6.  0  7 

6  9  2  0     5.9  7  4        6. 0  7 


(4) 
6.1 
6.1 

366 
61 

3  7.2  I 

3  7.2  1  968  3  6.'8'4'5 

6  6  3  6.  8  4  5 


13490  36  42 

12456  4249 


1034  3  6. 8449 


11163 


55 


2604  ^  110  535 

74  1  1  22  1070 

3  2  9476 

1473 


1  3  8  4.4 


184 


(8)  13  5  7.5  5  3 

8  2  6  9.0  0  |  1  3  5'7.'5'5 
8  145  30   6.09  11  2 


123700 


(9) 


122  179  4X6.07  +  6.09112 


1521  5 

1357  30.37112 


=  6.07422 


164  ^ 

13  5  =  6.0742  to  five  figures.    Ans. 

27 


Remark. — It  was  unnecessary  to  try  7  for  one  of  the  equal  factors, 
because  there  was  but  a  very  little  difference  between  the  fifth  factor 
6.38  and  one  of  the  equal  factors  6;  in  fact,  when  this  difference  is  not 
greater  than  2.5  units,  it  is  unnecessary  to  try  the  next  higher  number 
for  one  of  the  equal  factors.  In  this  case  the  difference  is  6.38  —  6 
=  .38,  or  less  than  1  unit. 
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Since  the  difference,  1.3  —  1.253  =  .047,  is  less  than  one  unit  in  the 
second  figure,  use  1.25  for  one  of  the  equal  factors  in  finding  the  third 
approximation. 

3.056  +  1.25«  =  1.25178+.     4  X  125  +  125173  =  1.25034+ , 

5 

or  1.2503  to  five  figures.     Ans. 

The  exact  root  to  seven  figures  is  1.250347. 

Example  2.—     \/d  —  7 

Solution. — Trying  1.3   for    one    of    the   equal    factors   (see   last 

t  x  o      *  »±      *  ARA         4  X  13  4-  1.050      .  QK 
example),  3  •+•  1.34  =  1.050+.     = =  1.25. 

Using   1.25    for   one    of   the    equal   factors,   the  fifth  factor   is  8 

-*-  1.25*  =  1.22879+,  and  the  third  approximation  is  -  -  -~^--2-1- 

=  1. 24575+.  Since  the  sixth  figure  is  5,  it  will  be  well  to  recalculate 
the  third  approximation,  using  1.246  for  one  of  the  equal  factors. 
Hence,  8  ■+■  1.2464  =  1.244656-k  and  the  third  approximation  is 

4  X  1.246  +  1.244656 

- =  1. 245731 -h,  or  1.2457  to  five  figures.     Ans. 

o 

The  exact  root  to  seven  figures  is  1.245731. 

295.  The  fifth  root  is  very  seldom  required;  the  most 
prominent  case  in  practice  arises  in  connection  with  finding 
the  diameter  of  a  pipe  that  will  discharge  a  required  amount 
of  water,  the  head  and  length  of  pipe  being  known.  It  is 
also  required  in  connection  with  certain  problems  in  mine 
ventilation.  The  fourth  root  is  used  even  less  frequently 
than  the  fifth  root.  Roots  higher  than  the  fifth  are  never 
required. 
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296.  In  exactly  the  same  way  as  in  the  case  of  square 
and  cube  roots,  the  first  three  significant  figures  of  the  fifth 
root  may  be  found  by  means  of  the  table  of  the  powers  of 
numbers. 

Example.—    J/23&75  =  ? 

Solution. — Referring  to  the  table,  the  first  two  figures  are  2.9;  the 
first  difference  is  243.00  -  205.11  =  37.89 ;  the  second  difference  is  238.75 
-  205^1  =  33.64;  33.64  -*-  37.89  =  .88+,  or  .9  to  one  figure.  Therefore, 
-^238.75  =  2.99  to  three  figures. 
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297*  When  finding  the  fifth  root  of  numbers  whose  first 
period  contains  but  one  significant  figure,  carry  the  quotient 
obtained  by  dividing  the  second  difference  by  the  first  differ- 
ence to  three  decimal  places,  and  if  the  third  figure  is  5  or  a 
greater  digit,  increase  the  second  figure  by  1  and  add  these 
two  figures  of  the  quotient  to  those  previously  found  for  the 
third  and  fourth  figures  of  the  root.  Then  use  all  four 
figures  when  finding  the  third  approximation. 

Example. —    \/S  =  ? 

Solution.— Referring  to  the  table,  the  first  two  figures  are  1.2;  the 
first  difference  is  3.7129—2.4883  =  1.2246;  the  second  differerce  is 
8  -  2.4883  =  .5117;  .5117  -*-  1.2246  =  .417-+-,  or  .42  to  two  figures. 
Hence,  assume  that  one  of  the  equal  factors  is  1.242;  the  fifth  factor  is 

3  -+■  1.242*  =  1.26076,  and  the  third  approximation  is  4  *  1.242-4-  1.26076 

o 

=  1.245752.  Since  the  sixth  figure  is  5,  recalculate  the  third  approxi- 
mation, using  the  result  just  found  correct  to  four  figures  for  one  of 
the  equal  factors  (see  Example  2,  Art.  294).    The  result  is  1.2457.    Ans. 
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(SECTION  6.) 


INTRODUCTION. 

The  subject  of  ratio  and  proportion  is  one  of  the  most  use- 
ful of  all  the  subjects  that  are  taught  in  Arithmetic.  The 
student  will  find  frequent  use  for  the  principles  treated  of 
in  the  following  pages,  and  is  requested  to  study  them  with 
great  care. 

The  student  should  carefully  study  the  definitions,  con- 
stantly referring  to  them  from  time  to  time  as  he  progresses 
with  the  subject ;  he  should  note  particularly  those  articles 
relating  to  inverse  ratio  and  inverse  proportion.  The  idea 
of  inverse  proportion  is  usually  a  difficult  one  for  the  student 
to  grasp;  but  a  careful  study  of  Art.  330  and  of  the 
examples  in  Arts,  331  and  332  will  make  the  matter 
clear  to  him. 

Although  some  of  the  examples  included  between  Arts. 
31 1  and  334,  inclusive,  may  be  solved  by  other  methods 
than  the  use  of  proportion,  all  the  examples  included 
between  the  above  articles,  and  those  of  similar  nature 
included  in  the  Question  Paper,  must  be  solved  by  applying 
the  principles  of  proportion;  no  other  method  of  solution 
will  be  accepted.  The  student  should  study  very  carefully 
Arts.  309,  3 1 0,  324,  and  325  ;  they  are  very  important, 
and  they  should  be  thoroughly  understood. 

The  subject  of  compound  proportion  as  treated  in  ordi- 
nary textbooks  on  Arithmetic  usually  proves  of  considerable 
difficulty  to  the  student.  The  method  here  given,  while  not 
entirely  new,  presents  the  matter  in  a  clearer  light,  we 
believe,  than  any  other  we  have  ever  seen. 

Por  notice  of  copyright,  see  page  immediately  following  the  title  page. 

r.  I.—* 
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RATIO, 

298*  Suppose  that  it  is  desired  to  compare  two  num- 
bers, say  20  and  4.  If  we  wish  to  know  how  many  times 
larger  20  is  than  4,  we  divide  20  by  4  and  obtain  5  for  the 
quotient ;  thus,  20  -r-  4  =  5.  Hence,  we  say  that  20  is  5 
times  as  large  as  4,  i.  e.,  20  contains  5  times  as  many  units 
as  4.  Again,  suppose  we  desire  to  know  what  part  of  20  is 
4.  We  then  divide  4  by  20  and  obtain  |;  thus,  4  -h  20  =  |, 
or  .2.  Hence,  4  is  \  or  .2  of  20.  This  operation  of  compar- 
ing two  numbers  is  termed  finding  the  ratio  of  the  two  num- 
bers. Ratio,  then,  is  a  comparison.  It  is  evident  that  the 
two  numbers  to  be  compared  must  be  expressed  in  the 
same  unit;  in  other  words,  the  two  numbers  must  both 
be  abstract  numbers  or  concrete  numbers  of  the  same  kind. 
For  example,  it  would  be  absurd  to  compare  20  horses  with 
4  birds,  or  20  horses  with  4.  Hence,  ratio  may  be  de- 
fined as  a  comparison  between  two  numbers  of  the  same 
kind. 

299*  A  ratio  may  be  expressed  in  three  ways ;  thus,  if 
it  is  desired  to  compare  20  and  4,  and  express  this  compari- 
son as  a  ratio,  it  may  be  done  as  follows:  20  -r-  4;  20  :  4,  or 

20 

—.     All  three  are  read  the  ratio  of  20  to  JL     The  ratio  of 

4  to  20  would  be  expressed  thus:    4-5-20;    4:20,  or^r. 

The  first  method  of  expressing  a  ratio,  although  correct,  is 
seldom  or  never  used ;  the  second  form  is  the  one  of tenest 
met  with,  while  the  third  is  rapidly  growing  in  favor,  and  is 
likely  to  supersede  the  second.  The  third  form,  called  the 
fractional  form,  is  preferred  by  modern  mathematicians, 
and  possesses  great  advantages  to  students  of  Algebra  and 
of  higher  mathematical  subjects.  The  second  form  seems 
to  be  better  adapted  to  arithmetical  subjects,  and  is  one  we 
shall  ordinarily  adopt.  There  is  still  another  way  of  express- 
ing a  ratio,  though  seldom  or  never  used  in  the  case  of  a 
simple  ratio  like  that  given  above.  Instead  of  the  colon,  a 
straight  vertical  line  is  used ;  thus,  20  |  4. 
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300.  The  terms  of  a  ratio  are  the  two  numbers  to  be 
compared ;  thus,  in  the  above  ratio,  20  and  4  are  the  terms. 
When  both  terms  are  considered  together,  they  are  called  a 
couplet;  when  considered  separately,  the  first  term  is 
called  the  antecedent,  and  the  second  term  the  conse- 
quent. Thus,  in  the  ratio  20  :  4,  20  and  4  form  a  couplet, 
and  20  is  the  antecedent,  and  4  the  consequent. 

301.  A  ratio  may  be  direct  or  inverse.  The  direct 
ratio  of  20  to  4  is  20  :  4,  while  the  inverse  ratio  of  20  to  4  is 
4  :  20.  The  direct  ratio  of  4  to  20  is  4  :  20,  and  the  inverse 
ratio  is  20  :  4.  An  inverse  ratio  is  sometimes  called  a 
reciprocal  ratio.      The  reciprocal  of    a  number  is    1 

divided  by  the  number.     Thus,  the  reciprocal  of  17  isr-=; 

of  f  is  1-r-f  =  |;  i.e.,  the  reciprocal  of  a  fraction  is  the 
fraction  inverted.     Hence,  the  inverse  ratio  of  20  to  4  may 

be  expressed  as  4  :  20,  or  as  — •  :  j.  Both  have  equal  values; 
f or,  4  -*-  20  =  |,  and  —  +  -  =  —  X  j  =  f 

302.  The  term  vary  implies  a  ratio.  When  we  say 
that  two  numbers  vary  as  some  other  two  numbers,  we 
mean  that  the  ratio  between  the  first  two  numbers  is  the 
same  as  the  ratio  between  the  other  two  numbers. 

303.  The  value  of  a  ratio  is  the  result  obtained  by 
performing  the  division  indicated.  Thus,  the  value  of  the 
ratio  20 : 4  is  5,  it  is  the  quotient  obtained  by  dividing  the 
antecedent  by  the  consequent. 

304.  By  expressing  the  ratio  in  the  fractional  form,  for 

20 
example,  the  ratio  of  20  to  4  as  — ,  it  is  easy  to  see,  from 

the  laws  of  fractions,  that  if  both  terms  be  multiplied,  or 
both  divided  by  the  same  number,  it  will  not  alter  the  value 
of  the  ratio.     Thus, 

20  __  20  X  5  _  100         ,  20  _  20  +  4 .  _  5 
4~4X5   -    20;4"4-s-4   "  1" 
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305.  It  is  also  evident,  from  the  laws  of  fractions,  that 
multiplying  the  antecedent  or  dividing  the  consequent  mul- 
tiplies the  ratio;  and  dividing  the  antecedent  or  multiplying 
the  consequent  divides  the  ratio. 

306.  When  a  ratio  is  expressed  in  words,  as  the  ratio  of 
20  to  4,  the  first  number  named  is  always  regarded  as  the 
antecedent  and  the  second  as  the  consequent,  without 
regard  to  whether  the  ratio  itself  is  direct  or  inverse.  When 
not  otherwise  specified,  all  ratios  are  understood  to  be  direct. 
To  express  an  inverse  ratio,  the  simplest  way  of  doing  it  is 
to  express  it  as  if  it  were  a  direct  ratio,  with  the  first  num- 
ber named  as  the  antecedent,  and  then  transpose  the  ante- 
cedent to  the  place  occupied  by  the  consequent  and  the 
consequent  to  the  place  occupied  by  the  antecedent;  or  if 
expressed  in  the  fractional  form,  invert  the  fraction.  Thus, 
to  express  the  inverse  ratio  of  20  to  4,  first  write  it  20: 4,  and 

20 
then,  transposing  the  terms,  as  4  :  20;  or  as  — ,  and  then  in- 

4 
verting  as  r^.     Or,  the  reciprocals  of  the  numbers  may  be 

taken,  as  explained  above.     To  invert  a  ratio  is  to  trans- 
pose its  terms.  

EXAMPLES  FOR  PRACTICE. 

30T.     What  is  the  value  of  the  ratio  of 

(a)  98  to  49  ? 

(b)  |45  to  $9? 

(c)  6±tof? 

(d)  8.5  to  4.5? 

(e)  The  inverse  ratio  of  76  to  19  ? 
(/)  The  inverse  ratio  of  49  to  98  ?  Ans 
(g)  The  inverse  ratio  of  18  to  24  ? 

(h)  The  inverse  ratio  of  9  to  15  ? 

(/)  The  ratio  of  10  to  3,  multiplied  by  8  ? 

(j)  The  ratio  of  35  to  49,  multiplied  by  7  ? 

(k)  The  ratio  of  18  to  64,  divided  by  9  ? 

(/)  The  ratio  of  14  to  28,  divided  by  5  ? 

308.  Instead  of  expressing  the  value  of  a  ratio  by  a 
single  number,  as  above,  it  is  customary  to  express  it  by 
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means  of  another  ratio  in  which  the  consequent  is  1.    Thus, 

suppose  that  it  is  desired  to  find  the  ratio  of  the  weights  of 

two  pieces  of  iron,  one  weighing  45  pounds  and  the  other 

weighing  30  pounds.    The  ratio  of  the  heavier  to  the  lighter 

is  then  45  :  30,  an  inconvenient  expression.    Using  the  frac- 

45 
tional  form,  we  have  — .     Dividing  both  terms  by  30,  the 

consequent,  we  obtain  -p  or  1£  :  1.     This  is  the  same  result 

« 

as  obtained  above,  for  1|-^1  =  1£,  and  45  -*-  30  =  1£. 

309.  A  ratio  may  be  squared,  cubed,  or  raised  to  any 
power,  or  any  root  of  it  may  be  taken.  Thus,  if  the  ratio  of 
two  numbers  is  105  :  63,  and  it  is  desired  to  cube  this  ratio, 
the  cube  may  be  expressed  as  105*  :  63\  That  this  is  correct 
is  readily  seen ;  for,  expressing  the  ratio  in  the  fractional 

t         :u  105        ,,,        ,     .  /105V     105'     ^AK,     ao9 

form,  it  becomes  -— -,  and  the  cube  is  I  — —  I  =  —3-  =  105   :  63". 

DO  \  DO  /  OO 

Also,  if  it  is  desired  to  extract  the  cube  root  of  the  ratio 
105*  :  638,  it  may  be  done  by  simply  dividing  the  exponents 
by  3,  obtaining  105  :*63.  This  may  be  proved  in  the  same 
way  as  in  the  case  of  cubing  the  ratio.     Thus,  105*  :  63*  = 

/105  V        A  a/ 1 105  V      105       1AK     fiQ 
("er)  ,and  f  (— j  =  —  =105:63. 

31 0.  Since  (^Y=  (|Y,  it  follows  that  105*  :  63*  = 

h%  :  3*  (this  expression  is  read:  the  ratio  of  105  cubed  to  63 
cubed  equals  the  ratio  of  5  cubed  to  3  cubed),  it  follows 
that  the  antecedent  and  consequent  may  always  be  multi- 
plied or  divided  by  the  same  number,  irrespective  of  any 
indicated  powers  or  roots,  without  altering  the  value  of  the 
ratio.  Thus,  24*  :  18*  =  49  :  3*.  For,  performing  the  opera- 
tions indicated  by  the  exponents,  24*  =  570  and  18*  =  324. 
Hence,  576  :  324  =  1J  or  1}  :  1.  Also,  4'  =  16  and  39  =  9; 
hence,  16  :  9  =  1}  or  1^  :  1,  the  same  result  as  before.     Also, 
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The  statement  may  be  proved  for  roots  in  the  same  man- 
ner. Thus,  fl%&  :  flu?  =  fl&  :  fly.  For  the  ^24*  =  24 
and  fltf?  =  18;  and,  24  :  18  =  1*  or  1*  :  1.     Also,  #4F=  4 

and  fl?  =  3;  4  :  3  =  1  i  or  H  :  1. 

Note. — If  the  numbers  composing  the  antecedent  and  consequent 
have  different  exponents,  or  if  different  roots  of  those  numbers  are 
indicated,  the  operations  described  in  Art.  31 0  cannot  be  performed. 
This  is  evident ;  for,  consider  the  ratio  4*  :  88.     When  expressed  in  the 

fractional  form,  it  becomes  jp,  which  cannot  be  expressed  either  as  ( g-  J 
or  as  ( £-  J  ,  and,  hence,  cannot  be  reduced  as  described  above. 

PROPORTION, 

311*  Proportion  is  an  equality  of  ratios,  the  equality 
being  indicated  by  the  double  colon  ( : : )  or  by  the  sign  of 
equality  (=).  Thus,  to  write  in  the  form  of  a  proportion 
the  two  equal  ratios,  8 :  4  and  6 :  3,  which  both  have  the  same 
value  2,  we  may  employ  one  of  the  three  following  forms: 

8  :  4  ::  6  :  3  (1) 

8:4=6:3         (2) 

8      6 


4~3 


(3) 


312*  The  first  form  is  the  one  most  extensively  used, 
by  reason  of  its  having  been  exclusively  employed  in  all  the 
older  works  on  mathematics.  The  second  and  third  forms 
are  being  adopted  by  all  modern  writers  on  mathematical 
subjects,  and,  in  time,  will  probably  entirely  supersede  the 
first  form.  In  this  paper  we  shall  adopt  the  second  form, 
unless  some  statement  can  be  made  clearer  by  using  the 
third  form. 

313*  A  proportion  may  be  read  in  two  ways.  The  old 
way  to  read  the  above  proportion  was — 8  is  to  Jf  as  6  is  to  S ; 
the  new  way  is — the  ratio  of  8  to  ]+  equals  the  ratio  of  6  to  3. 
The  student  may  read  it  either  way,  but  we  recommend  the 
latter. 

314*  Each  ratio  of  a  proportion  is  termed  a  couplet. 
In  the  above  proportion,  8 :  4  is  a  couplet,  and  so  it  6 :  3. 
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315*  The  numbers  forming  the  proportion  are  called 
terms ;  and  they  are  numbered  consecutively  from  left  to 
right,  thus: 

first  second  third  fourth 

8:4  =  6:3 

Hence,  in  any  proportion,  the  ratio  of  the  first  term  to 
the  second  term  equals  the  ratio  of  the  third  term  to  the 
fourth  term. 

316*  The  first  and  fourth  terms  of  a  proportion  are 
called  the  extremes,  and  the  second  and  third  terms,  the 
means.  Thus,  in  the  foregoing  proportion,  8  and  3  are  the 
extremes  and  4  and  6  are  the  means. 

317*  A  direct  proportion  is  one  in  which  both 
couplets  are  direct  ratios. 

318*  An  inverse  proportion  is  one  which  requires 
one  of  the  couplets  to  be  expressed  as  an  inverse  ratio. 
Thus,  8  is  to  4  inversely  as  3  is  to  6  must  be  written  8:4= 
6:3;  L  e.,  the  second  ratio  (couplet)  must  be  inverted. 

319*  Proportion  forms  one  of  the  most  useful  sections 
of  Arithmetic.  In  our  grandfathers*  Arithmetics,  it  was 
called  "  The  rule  of  three." 

320.    Rule  I. — In  any  proportion^   the  product  of  the 
extremes  equals  the  product  of  the  means. 
Thus,  in  the  proportion, 

17  :  51  =  14  :  42. 
17  X  42  =  51  X  14,  since  both  products  equal  714. 

321*  Rule  II. — The  product  of  the  extremes  divided  by 
either  mean  gives  the  other  mean. 

Example. — What  is  the  third  term  of  the  proportion  17  :  51  =     :  42  ? 
Solution.— Applying  rule  II,  17  x  42  =  714,  and  714  h-  51  =  14  Ans. 

322*  Rule  III. — The  product  of  the  means  divided  by 
either  extreme  gives  the  other  extreme. 

Example.— What  is  the  first  term  of  the  proportion    :  51  =  14 :  42  ? 
Solution.— Applying   rule   III,  51x14  =  714,  and   714  +  42  =  17. 
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323*  When  stating  a  proportion  in  which  one  of  the 
terms  is  unknown,  represent  the  missing  term  by  a  letter, 
as  x.     Thus,  the  last  example  would  be  written, 

x  :  51  =  14  :  42 

and  for  the  value  of  x  we  have  x  =  — — —  =  17. 

42 

324*  If  the  same  (addition  and  subtraction  excepted) 
operations  be  performed  upon  all  of  the  terms  of  a  propor- 
tion, the  proportion  is  not  thereby  destroyed.  In  other 
words,  if  all  of  the  terms  of  a  proportion  be  (1)  multiplied 
or  (2)  divided  by  the  same  number;  (3)  if  all  the  terms  be 
raised  to  the  same  power ;  if  (4)  the  same  root  of  all  the 
terms  be  taken,  or  (5)  if  both  couplets  be  inverted,  the  pro- 
portion still  holds.  We  will  prove  these  statements  by  a 
numerical  example,  and  the  student  can  satisfy  himself  by 
other  similar  ones.  The  fractional  form  will  be  used,  as  it 
is  better  suited  to  the  purpose.  Consider  the  proportion 
8:4  =  6:3.     Expressing  it  in  the  third  form,  it  becomes 

—  =— .     What  we  are  to  prove  is  that,   if  any  of  the  five 
4      3 

operations  enumerated  above  be  performed  upon  all  of  the 

terms  of  this  proportion,  the  first  fraction  will  still  equal 

the  second  fraction. 

8x7 

1.  Multiplying  all  the  terms  by  any  number,  say  7,  j = 

6X7  56       42      XT        56       . A     ..  ,    42      . 

~  3~X~7 ;    °r  28  =  21'  28  evidently  ecluals  %i'  SmCe 

the  value  of  either  ratio  is  2,  and  the  same  is  true  of  the 

original  proportion. 

8  ~  7 

2.  Dividing  all  the  terms  by  any  number,  say  7,  y  = 

3~3T7  ;  orl  =  l     But  7  "*~7  =  2>  and  7  "*"  7  =  2  also'  the 
same  as  in  the  original  proportion. 

3.  Raising  all  the  terms  to  the  same  power,  say  the  cube, 

ji  =  «■»•     This  is  evidently  true,  since  -,  =  1 -j  =  2*  =  8, 
and  £  =  (^  =  2'  =  8  also. 
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4.     Extracting  the  same  root  of  all  the  terms,  say  the  cube 

root,  ^=  =  J7=.     It  is  evident  that  this  is  likewise  true, 
yi      yd 


smc*F%=  VI =  ^  and  Fl =  "Vs  =  ^*  also- 


5.     Inverting  both  couplets,  5-=-^,  which   is  true,  since 

o        0 

both  equal  \. 

325*  If  both  terms  of  either  couplet  be  multiplied  or 
both  divided  by  the  same  number,  the  proportion  is  not  de- 
stroyed. This  should  be  evident  from  the  preceding  article, 
and  also  from  Art.  304.  Hence,  in  any  proportion,  equal 
factors  may  be  canceled  from  the  terms  of  a  couplet,  before 
applying  rules  II  or  III.  Thus,  the  proportion  45:  9  =  x\ 
7.1,  we  may  divide  both  terms  of  the  first  couplet  by  9  (that 
is,  cancel  9  from  both  terms),  obtaining  5: 1  =  x:  7.1,  whence 
x  =  7.1  X  5  -T-  i  =  35.5.     (See  note  in  Art.  310.) 

326*  The  principle  of  all  calculations  in  proportion  is 
this:  Three  of  the  terms  are  always  given,  and  the  remain- 
ing one  is  to  be  found. 

327*  Example. — If  4  men  can  earn  $25  in  one  week,  how  much 
can  12  men  earn  in  the  same  time  ? 

Solution. — The  required  term  must  bear  the  same  relation  to  the 
given  term  of  the  same  kind  as  one  of  the  remaining  terms  bears  to 
the  other  remaining  term.  We  can  then  form  a  proportion  by  which 
the  required  term  may  be  found. 

The  first  question  the  student  must  ask  himself  in  every  calculation 
by  proportion  is : 

"  What  is  it  I  want  to  find  ?  " 

In  this  case  it  is  dollars.  We  have  two  sets  of  men,  one  set  earning 
$25,  and  we  want  to  know  how  many  dollars  the  other  set  earns.  It  is 
evident  that  the  amount  12  men  earn  bears  the  same  relation  to  the 
amount  that  4  men  earn  as  12  men  bears  to  4  men.  Hence,  we  have  the 
proportion,  the  amount  12  men  earn  is  to  $25  as  12  men  is  to  4  men; 
or,  since  either  extreme  equals  the  product  of  the  means  divided  by  the 
other  extreme,  we  have 

The  amount  12  men  earn  :  $25  -=  12  men  :  4  men, 

*v               i1fl                      $25X12     mmt      A 
or  the  amount  12  men  earn  = -A =  $75.    Ans. 
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Since  it  matters  not  which  place  x  or  the  required  term  occupies,  the 
problem  could  be  stated  as  any  of  the  following  forms,  the  value  of  x 
being  the  same  in  each  : 

(a)    $25  :  the  amount    12  men   earn  =  4  men  :  12  men  ;    or  the 

$25  X  12 
amount  12  men  earn  =  j — ,  or  $75,  since  either  mean  equals 

the  product  of  the  extremes  divided  by  the  other  mean. 

(6)    4  men  :  12  men  =  $25  :  the    amount  12  men  earn  ;    or    the 

$25  X  12 

amount  that  12  men  earn  = -. ,  or   $75,    since  either  extreme 

4 

equals  the  product  of  the  means  divided  by  the  other  extreme. 

(c)     12    men  :  4   men  =  the    amount    12  men    earn  :  $25 ;    or  the 

amount  that  12  men  earn  = — ,  or  $75,  since  either  mean  equals 

the-  product  of  the  extremes  divided  by  the  other  mean. 

328*  If  the  proportion  is  an  inverse  one,  first  form  it 
as  though  it  were  a  direct  proportion,  and  then  invert  one 
of  the  couplets. 


EXAMPLES  FOR  PRACTICE. 


320. 

Find  the  value  of  x  in 

each  of  the  following: 

(«) 

$16  :  $64  ::  x :  $4 

(a)    x  =  $L 

<*) 

x :  85  ::  10  :  17. 

\t)    jr  =  50. 

(') 

24  :  x  ::  15  :  40. 

(c)    jt=64. 

<<0 

18  :  94  ::  2  :  jr. 

Ans.  « 

(d)    *=10f 

(') 

$75  :  $100  =  x :  100. 

(e)     x  =  75. 

(/) 

15  pwt.  :  x  =  21  :  10. 

(J)    *  =  7*pwt 

l/r) 

x  :  75  yd.  =  $15  :  $5. 

(g)    a:  =225  yd. 

1.  If  75  pounds  of  lead  cost  $2.10,  what  would  125  pounds  cost  at 
the  same  rate  ?  Ans.  $3.50. 

2.  If  A  does  a  piece  of  work  in  4  days  and  B  does  it  in  7  days,  how 
long  will  it  take  A  to  do  what  B  does  in  63  days  ?  Ans.  36  days. 

8.  The  circumferences  of  any  two  circles  are  to  each  other  as  their 
diameters.  If  the  circumference  of  a  circle  7  inches  in  diameteY  is 
22  inches,  what  will  be  the  circumference  of  a  circle  31  inches  in 
diameter  ?  Ans.  97f  inches. 


INVERSE   PROPORTION. 

330*  In  Art.  318,  an  inverse  proportion  was  defined 
as  one  which  required  one  of  the  couplets  to  be  expressed  as 
an  inverse  ratio.     Sometimes  the  word  inverse  occurs  in  the 
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statement  of  the  example  ;  in  such  cases  the  proportion 
can  be  written  directly,  merely  inverting  one  of  the  coup- 
lets. But  it  frequently  happens  that  only  by  carefully 
studying  the  conditions  of  the  example  can  it  be  ascertained 
whether  the  proportion  is  direct  or  inverse.  When  in  doubt, 
the  student  can  always  satisfy  himself  as  to  whether  the 
proportion  is  direct  or  inverse  by  first  ascertaining  what  is 
required,  and  stating  the  proportion  as  a  direct  proportion. 
Then,  in  order  that  the  proportion  may  be  true,  if  the  first 
term  is  smaller  than  the  second  term,  the  third  term  must 
be  smaller  than  the  fourth  ;  or  if  the  first  term  is  larger 
than  the  second  term,  the  third  term  must  be  larger  than 
the  fourth  term.  Keeping  this  in  mind,  the  student  can 
always  tell  whether  the  required  term  will  be  larger  or 
smaller  than  the  other  term  of  the  couplet  to  which  the  re- 
quired term  belongs.  Having  determined  this,  the  student 
then  refers  to  the  example,  and  ascertains  from  its  condi- 
tions whether  the  required  term  is  to  be  larger  or  smaller 
than  the  other  term  of  the  same  kind.  If  the  two  determi- 
nations agree,  the  proportion  is  direct;  otherwise,  it  is 
inverse,  and  one  of  the  couplets  must  be  inverted. 

331*     Example. — If  A's  rate  of  doing  work  is  to  B's  as  5  :  7,  and 
A  does  a  piece  of  work  in  42  days,  in  what  time  will  B  do  it  ? 

Solution. — The  required  term  is  the  number  of  days  it  will  take 
B  to  do  the  work.     Hence,  stating  as  a  direct  proportion, 

5  :  7  =  42  :  jr. 

Now,  since  7  is  greater  than  5,  x  will  be  greater  than  42.  But,  referring 
to  the  statement  of  the  example,  it  is  easy  to  see  that  B  works  faster 
than  A ;  hence  it  will  take  B  a  less  number  of  days  to  do  the  work  than 
A.     Therefore,  the  proportion  is  an  inverse  one,  and  should  be  stated 

5  :  7  =  x :  42, 

5  X  42 
from  which  x  =  — = —  =  30  days.  Ans. 

Had  the  example  been  stated  thus:  The  time  that  A  requires  to  do  a 

piece  of  work  is  to  the  time  that  B  requires,  as  5  :  7 ;  A  can  do  it  in  42 

days,  in  what  time  can  B  do  it  ?  it  is  evident  that  it  would  take  B  a 

longer  time  to  do  the  work  than  it  would  A;  hence,  x  would  be  greater 

7  X  42 
than  42,  and  the  proportion  would  be  direct,  the  value  of  x  being  — •= — 

=  58.8  days. 
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EXAMPLES  FOR  PRACTICE. 

332*     Solve  the  following: 

1.  If  a  pump  which  discharges  4  gal.  of  water  per  min.  can  fill  a  tank 
in  20  hr.,  how  long  will  it  take  a  pump  discharging  12  gal.  per  min.  to 
fill  it  ?  Ans.  6fr  hr. 

2.  If  a  pump  discharges  90  gaL  of  water  in  20  hr.,  in  what  time  will 
it  discharge  144  gal.?  Ans.  32  hr. 

8.  The  weight  of  any  gas  (the  volume  and  pressure  remaining  the 
same)  varies  inversely  as  the  absolute  temperature.  If  a  certain  quan- 
tity of  some  gas  weighs  2.927  lb.  when  the  absolute  temperature  is  525°, 
what  will  the  same  volume  of  gas  weigh  when  the  absolute  temperature 
is  600°,  the  pressure  remaining  the  same  ?  Ans.  2.561+  lb. 

4.  If  50  cu.  ft.  of  air  weigh  4.2  pounds  when  the  absolute  temperature 
is  562°,  what  will  be  the  absolute  temperature  when  the  same  volume 
weighs  5.8  pounds,  the  pressure  being  the  same  in  both  cases? 

Ans.  407°,  very  nearly. 

POWERS   AND   ROOTS   IN   PROPORTION. 

333*  It  was  stated  in  Art.  309  that  a  ratio  could  be 
raised  to  any  power  or  any  root  of  it  might  be  taken.  A 
proportion  is  frequently  stated  in  such  a  manner  that  one 
of  the  couplets  must  be  raised  to  some  power  or  some  root 
of  it  must  be  taken.  In  all  such  cases,  both  terms  of  the 
couplet  so  affected  must  be  raised  to  the  same  power  or  the 
same  root  of  both  terms  must  be  taken. 

334*  Example. — Knowing  that  the  weight  of  a  sphere  varies  as 
the  cube  of  its  diameter,  what  is  the  weight  of  a  sphere  6  inches  in 
diameter  if  a  sphere  8  inches  in  diameter  of  the  same  material  weighs 
180  pounds  ? 

Solution. — This  is  evidently  a  direct  proportion.    Hence,  we  write 

6s  :  8s  =  x  :  180. 
Dividing  both  terms  of  the  first  couplet  by  2*  (see  Art.  310), 

3*  :  48  =  x  :  180,  or  27  :  64  =  x  :  180  ; 

.  27x180      _ri_  ,        A 

whence,  x  =  — ^ —  =  75^$  pounds.     Ans. 

Example. — A  sphere  8  inches  in  diameter  weighs  180  pounds*  what 
is  the  diameter  of  another  sphere  of  the  same  material  which  weighs 
75 {$  pounds  ? 

Solution. — Since  the  weights  of  any  two  spheres  are  to  each  other 
as  the  cubes  of  their  diameters,  we  have  the  proportion 

180:75i|  =  8»  i  x*\ 
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xt  the  required  term,  must  be  cubed,  because  the  other  term  of  the 
couplet  is  cubed  (see  Art  333).     But,  8l  =  512;  hence, 

180  :  75{f  =  512  :  x\  or  x»  =  ^M^li  =  216 ; 

whence,  x  =   1^216  =  6  inches.    Ans. 

335*  Since  taking  the  same  root  of  all  of  the  terms  of  a 
proportion  does  not  change  its  value  (Art.  324),  the  above 
example  might  have  been  solved  by  extracting  the  cube  root 
of  all  of  the  numbers,  thus  obtaining  ^180  :  ^75|f  = 
8  :  x\  whence, 

82<£75H  _  o  v    »/W  _  ft    s/1^15  _       M  _ 
^80      -8XV^80--8Vp80-8-V64- 

8x}=6  inches.     The  process,  however,  is  longer  and  is 
not  so  direct,  and  the  first  method  is  to  be  preferred. 

336*  If  two  cylinders  have  equal  volumes,  but  different 
diameters,  the  diameters  are  to  each  other  inversely  as  the 
square  roots  of  their  lengths.  Hence,  if  it  is  desired  to  find 
the  diameter  of  a  cylinder  that  is  to  be  15  inches  long,  and 
which  shall  have  the  same  volume  as  one  that  is  9  inches  in 
diameter  and  12  inches  long,  we  write  the  proportion 

9  :  ^  =  |/15  :  |/12. 

Since  neither  12  nor  15  are  perfect  squares,  we  square  all 
of  the  terms  (Arts.  335  and  324)  and  obtain 

Q1    y   12 

81  :  x*  =  15  :  12;  whence  x*  =       ? '       =  64.8, 

15 

and  x  =  ^64.8  =  8.05  inches  =  diameter  of  15-inch  cylinder. 


EXAMPLES  FOR  PRACTICE. 

337*     Solve  the  following  examples: 

1.  The  intensity  of  light  varies  inversely  as  the  square  of  the  dis- 
tance from  the  source  of  light.  If  a  gas  jet  illuminates  an  object  80 
feet  away  with  a  certain  distinctness,  how  much  brighter  will  the 
object  be  at  a  distance  of  20  feet  ?  Ans.  2±  times  as  bright. 

2.  In  the  last  example,  suppose  that  the  object  had  been  40  feet 
from  the  gas  jet ;  how  bright  would  it  have  been  compared  with  its 
brightness  at  30  feet  from  the  gas  jet  ?  Ans.  -ft  as  bright. 

3.  When  comparing  one  light  with  another,  the  intensities  of  their 
illuminating  powers  vary  as  the  squares  of  their  distances  from  the 
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source.  If  a  man  can  just  distinguish  the  time  indicated  by  his  watch, 
50  feet  from  a  certain  light,  at  what  distance  could  he  distinguish  the 
time  from  a  light  8  times  as  powerful  ?  Ans.  86.6+  feet. 

4.  The  quantity  of  air  flowing  through  a  mine  varies  directly  as 
the  square  root  of  the  pressure.  If  60,000  cubic  feet  of  air  flow  per 
minute  when  the  pressure  is  2.8  pounds  per  square  foot,  how  much  will 
flow  when  the  pressure  is  3.6  pounds  per  square  foot  ? 

Ans.  68,034  cu.  ft.  per  min.t  nearly. 

5.  In  the  last  example,  suppose  that  70,000  cubic  feet  per  minute 
had  been  required;  what  would  be  the  pressure  necessary  for  this 
quantity  ?  Ans.  3.81+  lb.  per  sq.  ft. 


CAUSES   AND    EFFECTS. 

338*  Many  examples  in  proportion  may  be  more  easily 
solved  by  using  the  principle  of  cause  and  effect.  That 
which  may  be  regarded  as  producing  a  change  or  alteration 
in  something,  or  as  accomplishing  something,  may  be  called 
a  cause,  and  the  change  or  alteration,  or  thing  accom- 
plished, is  the  effect. 

339*  Like  causes  produce  like  effects.  Hence,  when  two 
causes  of  the  same  kind  produce  two  effects  of  the  same 
kind,  the  ratio  of  the  causes  equals  the  ratio  of  the  effects ; 
in  other  words,  the  first  cause  is  to  the  second  cause  as  the 
first  effect  is  to  the  second  effect.  Thus,  in  the  question,  if 
3  men  can  lift  1,400  pounds,  how  many  pounds  can  7  men 
lift  ?  we  call  3  men  and  7  men  the  causes  (since  they  ac- 
complish something,  viz.,  the  lifting  of  the  weight),  the 
number  of  pounds  lifted,  viz.,  1,400  pounds  and  x  pounds, 
are  the  effects.  If  we  call  3  men  the  first  cause,  1,400 
pounds  is  the  first  effect ;  7  men  is  the  second  cause,  and  x 
pounds  is  the  second  effect.  Hence,  we  may  write 
_  1st  cause      2d  cause         1st  effect      2d  effect 

3:7      =      1,400     :     x, 
whence  x  = ^ =  3,266£  pounds. 

340.  The  principle  of  cause  and  effect  is  extremely  use- 
ful in  the  solution  of  examples  in  compound  proportion,  as 
we  shall  now  show. 
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COMPOUND   PROPORTION. 

341*  All  the  cases  of  proportion  so  far  considered  have 
beerl  cases  of  simple  proportion ;  i.  e. ,  each  term  has 
been  composed  of  but  one  number.  There  are  many  cases, 
however,  in  which  two  or  all  of  the  terms  have  more  than 
one  number  in  them ;  all  such  cases  belong  to  compound 
proportion.  In  all  examples  in  compound  proportion, 
both  causes  or  both  effects  or  all  four  consist  of  more  than 
two  numbers.     We  will  illustrate  this  by  an 

Example. — If  40  men  earn  91,280  in  16  days,  how  much  will  86  men 
earn  in  31  days  ? 

Solution. — Since  40  men  earn  something,  40  men  is  a  cause,  and 
since  they  take  16  days  in  which'  to  earn  something,  16  days  is  also  a 
cause.  For  the  same  reason,  36  men  and  31  days  are  also  causes.  The 
effects,  that  which  is  earned,  are  1,280  dollars  and  x  dollars.  Then,  40 
men  and  16  days  make  up  the  first  cause,  and  36  men  and  31  days  make 
up  the  second  cause.  $1,280  is  the  first  effect  and  %x  is  the  second 
effect.    Hence,  we  write 

1st  cause    id  cause       1st  effect    id  effect 

f9      ,       |«       .       1,280   :     x 

Now,  instead  of  using  the  colon  to  express  the  ratio,  we  shall  use  the 
vertical  line  (see  Art.  299),  and  the  above  becomes 

8  |  8  -  "»  |  - 

In  the  last  expression,  the  product  of  all  of  the  numbers  included 
be  i  ween  the  vertical  lines  must  equal  the  product  of  all  the  numbers 
without  them ;  i.  e.f  86  X  31  Xl,280  =  40  X  16  X  x. 

2 


342*     The  above  might  have  been  solved  by  canceling 

factors  of  the  numbers  in  the  original  proportion.     For  if 

any  number  within  the  lines  has  a  factor  common  to  any 

number  without  the  lines,  that  factor  may  be  canceled  from 

both  numbers.     Thus,  16  is  contained  in 

2 
40     36        _      00 

#  31    -  jm 

1,280,  80  times.     Cancel  16  and  1,280,  and  write  80  above 
1,280.     40  is  contained  in  80,  2  times.     Cancel  40  and  80f 


*» 
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and  write  2  above  80.  Now,  since  there  are  no  more  num< 
bers  that  can  be  canceled,  x  =  36  X  31  X  2  =  $2,232,  the 
same  result  as  was  obtained  in  the  last  article. 

343.  Rule. — Write  all  the  numbers  forming  the  first 
cause  in  a  vertical  column,  And  draw  a  vertical  line ;  on  the 
other  side  of  this  line  write  in  a  vertical  column  all  of  the 
numbers  forming  the  second  cause.  Write  the  sign  of 
equality  to  the  right  of  the  second  column,  and  on  the  right, 
of  this  form  a  third  column  of  the  numbers  composing  the 
first  effect,  drawing  a  vertical  line  to  the  right;  on  the  other 
side  of  this  line,  write,  for  a  fourth  column,  the  numbers 
composing  the  second  effect.  There  must  be  as  many  numbers 
in  the  second  cause  as  in  the  first  cause,  and  in  the  second  ef 
feet  as  in  the  first  effect ;  hence,  if  any  term  is  wanting,  write 
x  in  its  place.  Multiply  together  all  of  the  numbers  within 
the  vertical  lines,  and  also  all  those  without  the  lines  {cancel- 
ing previously,  if  possible),  and  divide  the  product  of  those 
numbers  which  do  not  contain  x  by  the  product  of  the  others 
in  which  x  occurs,  and  the  result  will  be  the  value  of  x. 

344.  Example.— If  40  men  can  dig  a  ditch  720  feet  long,  5  feet 
wide  arid  4  feet  deep  in  a  certain  time,  how  long  a  ditch  6  feet  deep  and 
8  feet  wide  could  24  men  dig  in  the  same  time  ? 

Solution. — Here  40  men  and  24  men  are  the  causes  and  the  two 
ditches  are  the  effects.    Hence, 


0 


24     = 


m 

6 
4 


?  whence,  .r  =  24  X  6  X  4  =  480  feet    Ans. 
9 

345*  Example. — The  volume  of  a  cylinder  varies  directly  as  its 
length  and  directly  as  the  square  of  its  diameter.  If  the  volume  of  a 
cylinder  10  inches  in  diameter  and  20  inches  long  is  1,570.8  cubic  inches, 
what  is  the  volume  of  another  cylinder  16  inches  in  diameter  and 
24  inches  long  ? 

Solution. — In  this  example,  either  the  dimensions  or  the  volumes 
may  be  considered  the  causes;  say  we  take  the  dimensions  for  the 
causes.     Then,  squaring  the  diameters, 


10* 
20 


™  =  1,670.8 


xt    or 


100 
5 


whence,  x 


256X6X1,570.8 
5X100 


256 
6 


1,670.8 


*\ 


=  4,825.4976  cubic  inches.    Ana. 
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340*  Example. — If  a  block  of  granite  8  ft  long,  5  ft  wide  and  3 
ft  thick  weighs  7,200  lb.,  what  will  be  the  weight  of  a  block  of  granite 
12  ft  long,  8  ft  wide  and  5  ft  thick  ? 

Solution. — Taking  the  weights  as  the  effects,  we  have 


x,  or  x  =  4  x  7,200  s  28,800  pounda    Ana. 


347*  Example. — If  12  compositors  in  80  days  of  10  hours  each 
set  up  25  sheets  of  16  pages  each,  82  lines  to  the  page,  in  how  many, 
days  8  hours  long  can  18  compositors  set  up,  in  the  same  type,  64  sheets 
of  12  pages  each,  40  lines  to  the  page  ? 

Solution. — Here  compositors,  days,  and  hours  compose  the  causes, 
and  sheets,  pages,  and  lines  the  effects.    Hence, 


f 

4 

n 

t 

Jf  =  7,200 

I 

? 

8 

t 


X     = 


? 


2 

H 

1%,  or  x  =  8x10x2  =  60  days.    Ana. 


348-  In  examples  stated  like  that  in  Art.  345,  should 
an  inverse  proportion  occur,  write  the  various  numbers  as 
in  the  preceding  examples,  and  then  transpose  those  num- 
bers which  are  said  to  vary  inversely  from  one  side  of  the 
vertical  line  to  the  other  side. 

Example. — The  centrifugal  force  of  a  revolving  body  varies  directly 
as  its  weight,  as  the  square  of  its  velocity  and  inversely  as  the  radius  of 
the  circle  described  by  the  center  of  the  body.  If  the  centrifugal  force 
of  a  body  weighing  15  pounds  is  187  pounds  when  the  body  revolves  in 
a  circle  having  a  radius  of  12  inches,  with  a  velocity  of  20  feet  per  sec- 
ond, what  will  be  the  centrifugal  force  of  the  same  body  when  the  radius 
is  increased  to  18  inches  and  the  speed  is  increased  to  24  feet  per  second  ? 

Solution. — Calling  the  centrifugal  force  the  effect,  we  have, 


15 

20» 

12 


15 

24*    = 
18 


187 


x. 


Transposing  12  and  18  (since  the  radi»  are  to  vary  inversely)  and  squar- 
ing 20  and  24, 

25 


9 


2 

??  =  187 

5 


xt  or  x  = 


12x2x187 


25 


=  179.52  pounds.     Ana. 
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EXAMPLES  FOR  PRACTICE. 

349*     Solve  the  following  by  compound  proportion: 

1.  If  12  men  dig  a  trench  40  rods  long  in  24  days  of  10  hours  each 
how  many  rods  can  16  men  dig  in  18  days  of  9  hours  each  ?    . 

Ans.  86  rods. 

2.  If  a  piece  of  iron  7  ft.  long,  4  in.  wide,  and  6  in.  thick  weighs  60( 
lb.,  how  much  will  a  piece  of  iron  weigh  that  is  16  ft.  long,  8  in.  wide 
and  4  in.  thick  ?  Ans.  1,828}  lb. 

8.  If  24  men  can  build  a  wall  72  rods  long,  6  feet  wide,  and  5  feet 
high  in  60  days  of  10  hours  each,  how  many  days  will  it  take  82  men  to 
build  a  wall  96  rods  long,  4  feet  wide  and  8  feet  high,  working  8  hours 
a  day  ?  Ans.  80  days. 

4.  The  horsepower  of  an  engine  varies  as  the  mean  effective  pressure, 
as  the  piston  speed  and  as  the  square  of  the  diameter  of  the  cylinder. 
If  an  engine  having  a  cylinder  14  inches  in  diameter  develops  112 
horsepower  when  the  mean  effective  pressure  is  48  pounds  per  square 
inch  and  the  piston  speed  is  500  feet  per  minute,  what  horsepower  will 
another  engine  develop  if  the  cylinder  is  16  inches  in  diameter,  piston 
speed  is  600  feet  per  minute,  and  mean  effective  pressure  is  56  pounds 
per  square  inch  ?  Ans.  204.8  horsepower. 

5.  Referring  to  the  example  in  Art.  345,  what  will  be  the  volume 
of  a  cylinder  20  inches  in  diameter  and  24  inches  long  ? 

Ans.  7,539.84  cubic  inches. 

6.  Knowing  that  the  product  of  3  X  5  X  7  X  9  is  945,  what  is  the 
product  of  6  X  15  X 14  X  86?  Ans.  45.360. 


ALGEBRA. 


350*  In  arithmetic,  numbers  are  represented  by  the 
figures  1,  2,  3,  4,  etc.  There  is  no  reason,  however,  why 
numbers  may  not  be  represented  by  other  symbols,  as 
letters,  if  rules  are  provided  for  their  use, 

351.  In  algebra,  numbers  are  represented  both  by 
figures  and  letters.  It  will  be  seen  later  that  the  use  of  let- 
ters often  simplifies  the  solution  of  examples,  and  shortens 
calculations. 

352.  The  principal  advantage  of  letters  is  that  they  are 
general  in  their  meaning.  Thus,  unlike  figures,  the  letter 
a  does  not  stand  for  the  number  one,  the  letter  b  for  two, 
c  for  three,  etc.,  but  any  letter  may  be  taken  to  represent 
any  number,  it  being  only  necessary  that  a  letter  shall 
always  stand  ,for  the  same  number  in  the  same  example. 

353*  To  illustrate  this  difference  between  letters  and 
figures,  consider  the  following  example:  If  a  person  ex- 
changes 10  books  worth  $3  per  volume  for  cloth  at  $2  per 
yard,  how  many  yards  will  he  obtain?  A  rule  for  solving, 
not  only  this  example,  but  all  others  of  the  same  kind,  would 
be  to  multiply  the  number  of  books  by  the  price  per  volume, 
and  to  divide  the  result  by  the  price  of  the  cloth.  This  rule 
is  general,  because  it  tells  what  to  do  with  the  number  of 
books,  and  the  prices  of  the  books  and  cloth,  whatever  they 
may  be. 

Another  and  more  concise  way  of  stating  the  rule  is  to 
use  letters.     Thus : 

Let  a  =  the  number  of  books, 
b  =  the  price  per  volume, 
c  :=  the  price  of  the  cloth, 
and  d  =  the  number  of  yards  of  cloth. 

For  notice  of  the  copyright,  see  page  immediately  following  the  title  page. 
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Then,  according  to  the  rule, 

number  of  books  X  price  per  volume  ,         £         -       - 

: ,.    .  ^. =  number  of  yards  of 

price  of  cloth  J 

cloth,  or  =  a. 

9  c 

In  the  example  in  question,  a  =  10,  £  =  3,  and  c  =  2. 
Hence,  writing  for  a,  b,  and  c  their  values,  10,  3,  and  2,  d, 

10  X  3 
the  number  of  yards,  =  — - —  =  15.     Here  the  expression 

— - —  corresponds  to ,  but  this  difference  is  to  be 

10x3 
noticed :  — - —  applies  only  to  this  example,  and  by  per- 

forming  the  operations  indicated  only  one  answer  can  be 

obtained,  while is  general  in  its  application,  in  the 

same  way  that  the  rule  previously  given  is  general.  That 
is,  while  a,  b,  and  c  stand  for  the  numbers  10,  3,  and  2  in 
this  example,  they  may  stand  for  other  numbers  in  another 
example;  hence,  by  writing  their  values  in  place  of  the 
letters,  and  performing  the  operations  indicated,  the  answer 
to  any  example  of  the  same  kind  may  be  obtained.  Con- 
sequently, while  figures  or  combinations  of  figures  always 
represent  the  same  numbers,  letters  are  more  general,  and 
may  represent  any  numbers,  according  to  the  conditions  of 
the  example. 

354.     An  equation  is  a  statement  of  equality  between 

two    expressions.      Thus,  x  +  y  =  8  is  an  equation,   and 

means  that  the  sum  of  the  numbers  represented  by  x  and  y 

equals  8.     Examples  are  solved  in  algebra  by  the  aid  of 

equations  in  which  numbers  are  represented  both  by  letters 

and  figures.     An  idea  of  the  method  of  solution  may  be  had 

from  the  following  simple  example :     If  an   iron  rail  30  feet 

long  is  cut  in  two  so  that  one  part  is  four  times  as  long  as 

the  other,  how  long  is  the  shorter  part? 

Solution. — Since  any  letter  may  represent  any  number, 

Let  x  =  the  length  of  the  shorter  part 

Then,  4  X  x  (written  Ax)  =  the  length  of  the  longer  part 
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But  the  sum  of  the  two  parts  must  equal  the  total  length,  80  feet. 
Hence,  jr+4r  =  80 

Adding  x  and  4r,  5jt  =  80 

Whence,  dividing  by  5,  x  =  6  f t    Ana. 

355*  Another  application  of  equations  is  made  in  the 
use  of  formulas.  A  formula  is  a  statement  of  a  general 
rule,  abridged  by  means  of  symbols.      In  Art.  353,  the 

expression =  d  is  a  formula.  All  formulas  are  equa- 
tions, and  the  same  rules  apply  to  both.  An  equation  is 
not  called  a  formula,  however,  unless  it  is  a  statement  of  a 
general  rule.  In  modern  technical  works,  the  rules  for 
solving  examples  are  generally  given  by  formulas,  and  it  is 
important  to  understand  how  to  apply  them. 

356-  Algebra  treats  of  the  equation  and  its  use.  Since 
the  use  of  equations  involves  the  use  of  letters,  it  will  be 
necessary  to  take  up  addition,  subtraction,  multiplication, 
involution,  evolution,  etc.,  where  letters  are  used,  before 
considering  equations. 

NOTATION. 

357*  The  term  quantity  is  used  to  designate  any 
number  that  is  to  be  subjected  to  mathematical  processes. 
A  quantity  is  strictly  a  concrete  number,  as  6  books,  5 
pounds,  10  yards.  Symbols  used  to  represent  numbers,  or 
expressions  containing  two  or  more  such  symbols,  as  a,  x, 
bd,  10,(^  +  12),  etc.,  are  often  called  quantities,  the  term 
being  a  convenient  one  to  use. 

358-  The  aign*+,  -,  X,-r  are  the  same  in  algebra  as 
in  arithmetic.  The  sign  of  multiplication  X  is  usually 
omitted,  however,  multiplication  being  indicated  by  simply 
writing  the  quantities  together.  Thus,  abc  means  a  x  b 
X  c\  2xy  means  2X  x  xy.  Evidently  the  sign  cannot  be 
omitted  between  two  figures,  as  addition  instead  of  multi- 
plication would  be  indicated.  Thus,  24  means  20  +  4,  in- 
stead of  2  X  4. 
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Another  sign  of  multiplication  that  is  sometimes  used  be- 
tween numbers  is  a  dot  placed  between  them.  Thus,  in- 
stead of  2  X  4  X  12,  we  may  indicate  the  multiplication  as 

2  •  4  •  12.     This  dot  always  occupies  a  higher  position  than 
the  decimal  point,  so  as  to  avoid  confusing  the  two. 

359.  A  coefficient  is  a  figure  or  letter  prefixed  to  a 
quantity ;  it  shows  how  many  times  the  latter  is  to  be  taken. 
Thus,  in  the  expression  4#,  4  is  the  coefficient  of  ay  and 
indicates  that  a  is  to  be  taken  four  times,  or  a  -\-  a  +  ei  +  a. 
When  several  quantities  are  multiplied  together,  any  of 
them  may  be  regarded  as  the  coefficient  of  the  others. 
Thus,  in  tiaxyy  6  is  the  coefficient  of  axyy  6a  of  xyy  6ax  of  y, 
etc.  In  general,  however,  when  a  coefficient  is  spoken  of, 
the  numerical  coefficient  only  is  meant,  as  the  6  above. 
When  no  numerical  coefficient  is  written  it  is  understood  to 
be  1.     Thus,  cd  is  the  same  as  led. 

360.  The  factors  of  a  quantity  are  the  quantities 
which,  when  multiplied  together,  will  produce  it.     Thus,  2, 

3  and  3  are  the  factors  of  18,  since  2  X  3  X  3  =  18  ;  2,  a  and 
b  are  the  factors  of  lab,  since  2  X  a  x  b  ~  lab.     (Art.  358.) 

361*  An  exponent  is  a  small  figure  placed  at  the 
right  and  a  little  above  a  quantity  ;  it  shows  how  many 
times  the  latter  is  to  be  taken  as  a  factor.  Thus,  4"  =  4 
X  4  X  4  =  04;  a"  =  aaaaa.  Any  quantity  written  without 
an  exponent  is  understood  to  have  an  exponent  of  1. 

The  difference  between  the  meaning  of  a  coefficient  and 
an  exponent  should  be  clearly  understood.  A  coefficient 
multiplies  the  quantity  which  it  precedes ;  it  shows  that  the 
quantity  is  to  be  added  to  itself.  Thus,  3a  —  3  X  a,  or  a  + 
a-\-  a.  An  exponent  indicates  that  a  quantity  is  to  be  mul- 
tiplied by  itself  Thus,  a*  =  a  x  a  X  a.  A  more  complete 
definition  of  an  exponent  will  be  given  later. 

362.  A  power  is  the  result  obtained  by  taking  a 
quantity  two  or  more  times  as  a  factor.  For  example,  16 
is  the  fourth   power  of  2,    because  2  multiplied  by  itself, 
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until  it  has  been  taken  four  times  as  a  factor,  produces  16; 
a%  is  the  third  power  of  # ,  because  a  X  a  X  a  =  a9. 

363.  A  root  of  a  quantity  is  one  of  its  equal  factors. 
Thus,  2  is  the  root  of  4,  8  and  16,  since  2x2  =  4,  2X2X 
2  =  8  and  2x2x2x2  =  16,  2  being  one  of  the  equal 
factors  in  each  case.  In  like  manner,  a  is  a  root  of  a*,  a*,  abt 
etc.  The  symbol  which  denotes  that  the  second  or  square  root 
is  to  be  extracted  is  4/,  called  the  radical  sign.  For  other 
roots  the  same  symbol  is  used,  but  with  a  figure  called  the  index 
of  the   root,  written  above  it  to  indicate   the  root.     Thus, 

4/tf,  Ya,  4/tf,  etc.,  signify  the  square  root,  cube  root,  fourth 
root,  etc.,  of  a. 

364.  The  parenthesis  (  ),  brackets  [  ],  and  braces 

{  (  have  the  same  meaning,  and  signify  that  the  quantities 
within  them  are  to  be  subjected  to  the  same  operations. 
Thus,  (a +  2)4,  |>  +  2]4  and  {a +2 [4  all  indicate  that 
a  +  2  is  to  be  multiplied  by  4,  the  sign  of  multiplication  being 
omitted.  When  two  or  more  expressions  are  enclosed  and 
written  together,  their  product  is  indicated.  Thus,  (a  +  b) 
(c  —  d%)  (x  -\-y )  indicates  that  a  +  bf  c  —d%  and  x  -\-y  are 
to  be  multiplied  together. 

365.  The  above  symbols  are  called  symbols  of  ag gre- 

gation,  meaning  that  the  quantities  enclosed  within  them 
are  aggregated,  or  collected  into  one  quantity.     A  fourth 

symbol  of  aggregation  is  the  vinculum ,  which  is 

simply  a  horizontal  line  drawn  above  the  quantities  affected. 

Thus,  #  +  2  X  4  shows  that  a  -f  2  is  to  be  multiplied  by  4. 
The  principal  use  of  the  vinculum  is  in  connection  with  the 
radical  sign  (Art.  363),  where  it  is  extended  over  the  whole 
expression  whose  root  is  to  be  extracted.     For  example,  in 

tfx*  -\-%xy-\-y%  the  vinculum  shows  that  the  square  root  of 
x*  +  %xy-\-y*  is  to  be  extracted.  Without  the  vinculum,  as 
in  tfx*  +  2xy  +y*,  the  square  root  of  x%  only  is  indicated. 

366.  The  terms  of  an  algebraic  expression  are  the 
parts  which  are  connected  by  the  signs  +  and  — .  Thus, 
*\  —  %*?  and^  are  terms  of  the  expression  x*  —  %xy  +y. 
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367*  Like  terms  are  those  which  differ  only  in  their 
numerical  coefficients ;  all  others  are  unlike  terms.  Thus, 
%ab%  and  6a b%  are  like  terms ;  ha b  and  5al?  are  unlike  terms, 
because  one  contains  b  and  the  other  b%.  Differing  signs 
before  two  terms  do  not  make  them  unlike. 

368.  A  monomial  is  an  expression  consisting  of  on'y 
one  term,  as  ±abcy  3x*9  2ax9f  etc. 

369-  A  binomial  is  an  expression  consisting  of  two 
terms,  as  a  +  b,  2a -\-  5b9  etc. 

370*  A  trinomial  is  an  expression  consisting  of  three 
terms,  as  a*  +  2ab  +  b\  (a  +  x)%  —  2{a  +  x)y  +y\  etc.  The 
expression  (a-\-x)  being  treated  as  one  quantity.  (Art. 
365.) 

371.  A  polynomial  is  any  expression  consisting  of 
more  than  two  terms.  The  term  is  usually  applied  only  to 
an  expression  consisting  of  four  or  more  terms. 

372.  The  polynomial  a  +  a%b  +  2a%  —  3a4b  —  a*  is  said 
to  be  arranged  according  to  the  increasing  powers  of  a, 
because  the  exponents  of  a  increase  in  each  term  from  left 
to  right,  the  exponent  of  the  first  a  being  1  understood. 
(Art.  361.)  The  polynomial  a*b9 +  ab* +  4a4b+l  is 
arranged  according  to  the  decreasing  powers  of  bf  the  expo- 
nents of  b  decreasing  in  order,  from  left  to  right. 

373.  The  arrangement  of  the  terms  of  a  polynomial  does 
not  affect  its  value.  Thus,  x* -\- 2xy -\- y*  has  the  same 
value  as  2xy  -\-y*  +  x*9  just  as  2  +  6  +  4  has  the  same  value 

as  6  +  4  +  2.  

READING  ALGEBRAIC  EXPRESSIONS. 

374.  Quantities  like  ay  ;r,  b*,  etc.,  are  read  "a"  "x," 
"b  square,"  etc.  In  reading  monomials  in  which  multipli- 
cation is  indicated,  the  word  "times"  is  not  used.  Thus, 
abc  is  read  "abc";  7ad*b*  is  read  "  Tad  square  b  cube." 

375.  The  polynomial  a  +  a*b  +  2a*  —  3a*b  —  a%  is  read 
a,  plus  a  square  b9  plus  2a  cube,  minus  Za  fourth  bp  minus 
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a  fifth."  Considerable  care  is  required  when  reading  expres- 
sions containing  polynomials.  Thus,  if  4  (a  —  b)  were 
read  "4a  minus  b,"  the  binomial  4a  — b  would  be  under- 
stood. It  should  be  read  "  4  into  a  minus  b"  or  "4  times  a 
minus  b,"  when  it  will  be  understood  that  4  multiplies  the 
whole  quantity  a  —  b,  since  the  word  "  times  "or  "  into  "  is 
not  used  with  monomials.  (Art.  374.)  Again  m(m%  -f- 
%tnn  -f-  n%)  and  m(m%  +  2mn)  +  n*  should  each  be  so  read 
that  there  can  be  no  doubt  as  to  whether  the  n*  is  to  be 
multiplied  by  m. 

Let  the  distinction  to  be  made  in  reading  the  following  be 
observed: 

In  the  first  case,  the  whole  quantity  m  +  n  is  divided  by 
x  —y*f  and  it  would  be  clear  to  say,  "the  square  root  of  the 
quotient  of  m  +  n  divided  by  x  —y*."  In  the  second  case, 
where  the  n  only  is  divided  by  x  —y*,  it  may  be  read,  "the 
square  root  of  the  quantity  m,  plus  n  divided  by  x—y*." 
The  word  "quantity"  shows  that  the  square  root  of  the 
whole  expression  is  taken,  and  the  pause  after  the  m  that 
only  the  n  is  divided  by  x  —y*. 

376-  When  a  polynomial  is  affected  by  an  exponent,  it 
should  be  indicated  clearly.     Thus, 

(3a  -  d*)  (3a  -  d)%  (3a  -  d')* 
may  be  read,  "the  product  of  3a  —  d square,  3a  —  d square/ 
(meaning  that  the  whole  quantity  is  squared),  and  the  square 
of  3a  —  d  square. "  Otherwise  it  may  be  read,  "3#  —  d 
square,  times  the  square  of  3a  —  d9  times  the  square  of 
3a  —  d  square." 

377.  Sometimes  expressions  like  A\  /?",  c\  d",  Cv  a%, 
etc.,  appear  in  formulas  or  elsewhere  in  algebraic  problems 
where  it  is  desirable  to  have  the  same  letter  represent 
different  quantities  that  are  similar,  or  correspond  to  one 
another.  The  marks',  ",  '",  „  „  etc.,  serve  to  distinguish 
the  letters.  The  expressions  are  also  used  to  designate  simi- 
lar or  corresponding  lines  in  geometrical  figures,  as  will 
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appear  in  mechanical  drawing.  A',  B'\  C"\  etc.,  are  read, 
"a  major  prime \  b  major  second,  c  major  third"  etc. ;  a',  b'\ 
c,n,  etc.,  are  read,  "a  minor  prime \  b  minor  second,  c  minor 
third"  etc.,  axi  Bv  C%,  dv  etc.,  are  read,  "a  minor  sub-onef 
b  major  sub-two,  c  major  sub-three,  d  minor  sub-four  "  etc. 


POSITIVE  AND  NEGATIVE  QUANTITIES. 

378*     In  algebra,  the  terms  positive  and  negative  are 

applied  to  quantities  which  are  opposed,  or  directly  opposite 
in  character.  When  a  quantity  is  positive  it  is  denoted  by 
writing  the  plus  sign  before  it,  and  when  it  is  negative,  by 
writing  the  minus  sign  before  it.  Thus,  -f-  %#  and  +  x%y  are 
positive,  and  —  2a  and  —  x*y  negative  quantities.  Besides 
indicating  addition  and  subtraction,  the  signs  +  and  — 
denote  the  character  of  the  quantities  which  they  precede. 

379.  To  illustrate  the  meaning  of  positive  and  negative 
quantities,  suppose  a  person  to  earn  $1,000  in  a  year,  and 
that  during  that  time  he  has  incurred  a  debt  of  $500.  If  he 
had  no  other  property,  he  would  be  worth  $500.  Supposing, 
however,  that  he  has  incurred  a  debt  of  $1,500  instead  of 
$500,  he  not  only  would  have  no  property,  but  he  would  be 
$500  in  debt.  Now,  since  money  earned  adds  to  one's  prop- 
erty, and  debts  incurred  subtract  from  it,  the  two  are  opposed 
in  character,  each  tending  to  destroy  the  other.  Hence,  if 
money  earned  is  taken  as  positive,  money  owed  may  be  called 
negative. 

In  the  preceding  illustration,  writing  the  signs  -\-  or  — 
before  each  sum  of  money,  according  as  it  is  positive  or 
negative,  we  have  the  following  statement  for  each  case: 

+  $1,000  —  $500  =  +  $500  and 
+  $1,000  -  $1,500  =  -  $500. 

In  the  first  instance,  the  person  had  $500  remaining.  In 
the  second,  speaking  arithmetically,  he  owed  $500;  expressed 
algebraically,  he  had  minus  $500. 

There  are  many  other  common  illustrations  of  positive  and 
negative  quantities.  The  pull  exerted  by  a  locomotive  may 
be  said  to  be  positive,  while  the  resistance  of  the  train,  which 
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is  opposed  to  it,  is  negative.  On  the  thermometer  we  speak 
of  a  temperature  above  0°  as  -f,  and  one  below  0°  as—. 
Suppose  a  man  to  row  a  boat  up  a  river.  If  he  is  able  to 
propel  the  boat  at  6  miles  an  hour  in  quiet  water,  and  the 
current  is  sufficient  to  carry  it  down  stream  at  the  rate  of  2 
miles  an  hour,  the  6  and  2  are  exactly  opposite,  relative  to 
the  movement  of  the  boat,  and  if  the  6  be  taken  as  positive, 
the  2  would  be  negative. 

Again,  suppose  that  two  men,  A  and  B,  start  to  travel 
from  the  same  point,  A  going  east  and  B  west.  Considering 
the  starting  point  as  zero,  if  A's  direction  be  taken  as  -f,  B's 
direction  will  be  — ;  if  B's  direction  be  taken  as  +,  A's  direc- 
tion will  be  — . 

380.  A  quantity  is  always  considered  to  increase  in  a 
positive  direction,  and  to  decrease  in  a  negative  direction ; 
hence,  any  positive  quantity \  however  small \  is  always  con- 
sidered to  be  greater  than  any  negative  quantity.  For 
example,  a  person  who  owns  $2  is  better  off  than  one  who 
owes  $10.  Also,  since  a  person  who  owes  only  $1  is  better 
off  than  one  who  owes  $10 ;  then  of  two  negative  quantities, 
the  one  with  the  smaller  numerical  value  is  to  be  regarded 
as  the  greater.  From  this  it  follows  that  zero%  which  is 
smaller  than  any  positive  quantity,  is  greater  than  any  nega- 
tive quantity.  For  example,  we  know  that  a  day  when  the 
thermometer  stands  at  0°  is  warmer  than  one  with  the 
thermometer  at  —  15°,  and  the  former  is  a  higher  tempera- 
ture than  the  latter ;  also  when  the  thermometer  stands  at 
—  15°,  it  is  warmer  than  when  it  stands  at  —  25°. 

381  •  Two  quantities  may  be  compared  arithmetically \ 
ox  geometrically.  To  the  question,  how  much  greater  is  a 
than  b  ?  the  answer  would  be  a  —  b>  and  the  result  would  be 
the  arithmetic  ratio.  Arithmetic  ratio,  then,  corres- 
ponds to  the  difference  between  two  quantities.  To  the  ques- 
tion, what  part  of  a  is  b?  the  answer  would  be  b  -f-  a,  b  :  a  or 

— ,  and  the  result  would  be  the  geometric  ratio.  Geometric 

ratio,  then,  corresponds  to  the  quotient  obtained  by  dividing 
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one  quantity  by  another.    When  the  word  ratio  is  used  alone, 
geometric  ratio  is  always  meant. 

Example.— What  is  (a)  the  ratio  of  16  to  4  ?  (b)  the  arithmetic  ratio 
of  16  to  4  ? 

Solution.— (a)  The  ratio  (geometric,  understood)  of  16  to  4  is  16  :  4. 
or  -7-  =  4  Ans.  (b)  The  arithmetic  ratio  of  16  to  4  is  16  —  4  =12.    Ans. 

382.  The  mere  fact  that  a  quantity  is  negative  does  not 
necessarily  imply  that  it  is  less  than  a  positive  quantity  of 
the  same  kind.  It  always  becomes  less,  however,  when  con- 
sidered in  relation  to  an  increase  in  the  positive  direction. 
Thus,  if  two  men,  A  and  B,  start  from  the  same  point  and 
travel  100  miles.  If  A  travels  east  100  miles  and  B  travels 
west  100  miles,  neither  can  be  said  to  have  traveled  any 
greater  distance  than  the  other.  But  if  A's  direction  be 
considered  +  and  B's  — ,  then  A  will  have  traveled  200  miles 
further  east  than  B. 


EXAMPLES  FOR  PRACTICE. 

383*  When  writing  algebraic  expressions,  if  a  positive  term 
stands  alone,  or  if  the  first  term  of  an  expression  is  positive,  the  plus 
sign  is  omitted,  it  being  understood  that  the  term  is  positive.  Thus, 
Za  means  the  same  as  +  %a%  and  a  —  b  the  same  as  4-  a  —  b.  The  minus 
sign  must  never  be  omitted.  Polynomials  are  usually  written  with  a 
positive  term  first,  and  monomials  with  the  letters  arranged  alpha- 
betically. 

Express  the  following  algebraically: 

1.  Three  x  square^  square,  minus  two  cd into  a  plus  b. 

Ans.  Kxty*  -  2cd(a  +  6). 

2.  The  product  of  m  square  plus  2mn  plus  n  square,  and  a  square  b 
cube  c  fourth.  Ans.  {m%  ■+•  2mn  +  n*)  a*b*c*. 

3.  A  plus  the  square  root  of  D  into  X  plus  V. 

Ans.  a  +  4/:^  (^r+  yy 

4     A  plus  the  square  root  of  the  quantity  D  into  A' plus  Y  . 

Ans.  A  +  tfD(X+  Y). 

5.  Ten  x  plus  y  minus  7  times  the  difference  between  x  and  y 

divided  by  4,  plus  the  quotient  of  x  square  minus y  square  divided  by 

twor<£  .         ._  „/         y\      x*  —  y* 

Ans.  10^+^-7^-^  +  -^. 

When  a  =  0,  b  =  5  and  c  =  4,  find  the  numerical  values  of 

6.  flt  +  teJ  +  J9.  Ans.  e*  +  2x6x5  +  5*  =  13L 
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7.    %fi  +  %bc - 5.  Ans.  73  +  60-6  =  127. 

a    &w* -*»(<*  + J).  Ans.  11,892. 

9.    abd* +  ab*c  —a*bc.  Ans.  860. 

When  jr=  8  and_y  =  6,  what  do  the  following  equal  ? 


Ans.  (8  +  6)(8-6)-|/i±^  = 


26. 


11.     ^(^r+^X^  +y)-{x-y)  (  f*+.r)  ?  Ans.  89.5. 

I*    Txl  +  **y{x+y%)  ?  Ans.  1,572.57. 

384.  -  Thus  far,  algebra  has  been  shown  to  differ  from 
arithmetic  in  the  following  points: 

1.  In  the  use  of  letters  as  well  as  figures  to  represent 
numbers,  and  in  the  fact  that  letters  are  general  in  their 
significance,  while  figures  are  not. 

2.  In  the  use  of  equations. 

3.  In  the  omission  of  the  multiplication  sign  when  letters 
are  used  and  multiplication  is  indicated. 

4.  In  the  recognition  of  certain  quantities  as  positive  and 
others  as  negative,  when  they  are  opposed  in  character. 
This  is  a  very  important  difference.  It  will  appear  later 
that  the  use  of  negative  quantities  greatly  modifies  the 
arithmetical  rules  of  addition,  subtraction,  multiplication, 
division,  etc. 

385*  Another  important  difference  will  now  be  evident, 
which  is,  namely,  that  when  letters  are  used,  the  various 
operations,  as  multiplication  and  involution,  for  example, 
cannot  always  be  performed  as  in  arithmetic,  and  must  be 
simply  indicated.  Thus,  in  4  x  2  =  8,  the  multiplication  is 
actually  performed.  If,  however,  the  letter  a  should  repre- 
sent 4,  and  b  represent  2,  their  multiplication  could  be  in- 
dicated only,  by  writing  a  and  b  together,  as  ab,  which  is 
equivalent  to  writing  4x2  without  performing  the  opera- 
tion. Again,  4*  =  16,  16  being  obtained  by  actually  squar- 
ing 4;  but  if  4  =  a,  the  square  of  a  can  only  be  indicated  by 
tf%  which  corresponds  to  4% 
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ADDITION. 

386*    Addition,  in  algebra,  is  the  process  of  finding  an 

expression,  called  the  sum,  whose  value  shall  equal  the  com- 
bined  value  of  the  quantities  to  be  added. 

387*  Either  positive  or  negative  quantities  may  be 
added,  or  positive  quantities  may  be  added  to  negative 
quantities.  For  example,  the  sum  of  $5  and  %3  is  $8.  Let- 
ting the  letter  a  =  $1,  this  would  be  stated  in  algebra  as  the 
sum  of  ha  and  3a,  which  is  $a.  In  like  manner,  a  -f  a  =2a, 
7a  +  ha  =  12a,  etc. 

Again,  if  a  person  has  two  debts,  one  of  $5  and  one  of  $3, 
he  is  in  debt  to  the  amount  of  $8.  Remembering  the  mean- 
ing of  negative  quantities,  this  would  be  stated  in  algebra 
as  the  sum  of  —  ha  and  —  3a,  or  —  &a,  the  letter  a  represent- 
ing $1,  as  before.     In  like  manner  the  sum  of  —  a  and  —  a  is 

—  2a;  of  —  ha  and  —  ha  is  —  10a,  etc. 

Should  a  person  have  $5,  however,  and  owe  $3,  his  prop- 
erty would  amount  to  but  $2 ;  or  if  he  owed  $7  he  would  be 
in  debt  to  the  amount  of  $2.  In  arithmetic,  the  amount 
of  his  property  or  debt  is  found  by  subtraction.  In  algebra, 
however,  where  negative  quantities  are  recognized,  we  should 
say  that  the  sum  of  $5  in  money  and  $3  in  debt,  that  is,  the 
sum  or  combined  value  (Art.  386)  of  %h  and  —  $3,  is  $2; 
while  the  sum  or  combined  value  of  $5  and  —  $7  is  —12.  In 
the  first  case  the  —  $3  neutralized  three  of  the  -\-  $5,  and  in 
the  second  case  the  +  $5  neutralized  five  of  the  —  $7.  By 
the  same  reasoning,  the  sum  of  ha  and  —  3a  is  2a ;  of  ha  and 

—  la  is  —  2a ;  of  3a  and  —  3a  is  0,  etc. 

388.  From  the  foregoing  we  see  that  addition  does  not 
always  imply  a  numerical  increase.  This  is  because  ad- 
dition, in  algebra,  is  finding  the  combined  value  of  two  or 
more  quantities.  If  two  of  the  quantities  are  opposite  in 
character,  one  being  positive  and  the  other  negative,  they 
tend  to  neutralize  or  destroy  each  other,  which  reduces  their 
combined  value.  The  sum  in  algebra  is  sometimes  called 
the  algebraic  sum,  to  distinguish  it  from  the  arithmetical 
sum. 
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389.  The  sum  of  two  or  more  quantities  may  be  indi- 
cated by  connecting  them  by  their  respective  signs.  For  ex- 
ample, the  sum  of  mn,  5xy9  and  —  2x  may  be  indicated  by  con- 
necting each  term  by  the  plus  sign,  thus:  mn  +  bxy*  -f- 
( —  2x).  (Art.  358.)  But  since  the  quantity  2x  is  negative, 
it  tends  to  neutralize  the  positive  quantities,  and  reduces  their 
value  by  the  amount  of  2x.  Hence,  the  sum,  or  combined 
value,  will  be  indicated  by  mn  -+-  5xy*  —  2x. 


ADDITION   OF   MONOMIALS. 

There  are  two  cases,  according  as  the  terms  to  be  added 
are  like  or  unlike.     (Art.  367.) 

390.  Like  Terms. — To  add  like  terms  having  the 
same  sign : 

Rule  I. — Add  the  coefficients,  prefix  the  common  sign  to 
their  sum,  and  annex  the  common  symbols. 

To  add  like  terms,  some  positive  and  some  negative : 

Rule  II. — Add  the  coefficients  of  the  positive  and  negative 
terms  separately,  and  subtract  the  less  sum  from  the  greater. 
Prefix  the  sign  of  the  greater  sum  to  the  result,  and  annex 
the  common  symbols. 

Example. — Find  the  sum  of  —  2abxyt  —  abxy%  —  Sabxy  and  —  Qabxy. 

Solution. — The  sum  of  the  coefficients  is  12  (remember  that  the 
coefficient  of  —  abxy  is  1),  and  the  common  sign  is—.  The  common 
symbols  abxy  annexed  to  these  give,  as  the  result,  —  \2abxy.     (Rule  I.) 

Example. — Combine  xy*,—  2xy\  tixy'2  and  —  4xy*. 

Solution. — The  sum  of  the  coefficients  of  the  positive  terms  is  9,  and 
of  the  negative  terms,  6.  Their  difference  is  3,  and  the  sign  of  the 
greater  sum  is  +.  The  common  symbols  xy*  annexed  to  these  give,  as 
the  result,  847*.     (Rule  II.) 

391.  Unlike  Terms. — In  arithmetic,  unlike  numbers, 
as  5  books  and  0  dollars,  cannot  be  added.  So,  in  algebra, 
unlike  terms,  as  Zab%,  'da^b,  —  \xy,  etc.,  cannot  be  combined 
into  one  term,  and  their  sum  can  only  be  indicated  by  con- 
necting the  terms  by  their  respective  signs.  (Art.  389.) 
This  is  another  illustration  of  the  fact  stated  in  Art.  385, 
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that  operations  with  letters  cannot  always  be  performed. 
Expressions  in  algebra  are  composed  of  quantities  between 
which  operations  of  addition,  multiplication,  etc.,  are  indi- 
cated. The  trinomial  ///*  —  %mn  +  nx,  for  example,  is  the 
indicated  sum  of  m%,  —  mn  and  n%,  but  it  is  to  be  consid- 
ered as  one  quantity  in  the  same  way  that  an  arithmetical 
sum,  obtained  by  actually  performing  the  addition,  is  con- 
sidered. 

Example. — What  does  led*  —  Sex  —  cd%  +  6adx  +  2cd%  equal  ? 

Solution. — In  this  case  part  of  the  terms  are  like  and  part  unlike. 
Combining  like  terms,  led*  +  2cd*  —  cdx  =  Scd%.  Connecting  the 
unlike  terms  with  this  result  by  their  respective  signs,  we  have,  a* 
the  final  result,  Scd1  —  Sex  +  badx. 


EXAMPLES  FOR  PRACTICE. 

392*     Find  the  sum  of  the  following: 

1.  -  6a*t  2a*  t  -  5a»,  4a*  t  -  3a*  and  a*.  Ana  -  7a«, 

2.  2a*bt  -  a*b%  Ua*b,  -  5a*b,  4a*b  and  -  9a*b.  Ans.  2a*b. 

3.  2x*,  3xyt  —  x*t  Sy*t  —  §xy  and  —  *ly*.  Ans.  x*  —  2xy  +y*. 
Notb. — Combine  like  terms  and  connect  with  respective  signs. 

4.  a* 6c,  —2ab*c%  3abc*%  —  4a* be  and  5ab*c.  Ans.  3ab*c  —  3a* be  +  3a be!*. 
What  do  the  following  equal  ? 

5.  mn*  +  2mn  —  mn*  —  Smn  +  m*n  ?  Ans.  m*n  —  6mn. 

6.  bed*  -  bed*  +  xy-  2cd*  +  3cd*  +  4ed*  -  6xy  ? 

Ans.  led*  -  2cd%  —  dxy. 


ADDITION   OF    POLYNOMIALS. 

393.  Rule. —  To  add  polynomials,  write  them  one  under- 
neath the  other,  with  like  terms  in  the  same  vertical  column. 
Add  each  column  separately  and  connect  the  results  by  their 
respective  signs. 

Example.— Find  the  sum  of  6a*  +  Qac  —  3b*  —  2xyt  lac  — 3a* +  48* 
4-  3xyt  and  4xy  —  6b*  ■+■  Sac  —  a*. 

Solution. — Writing  like  terms  in  the  same  vertical  column,  we  have 

ba*  +   Qac  —  3b*  —  2xy 

—  3a*  +   7ac  +  4b*  +  3xy 

—  a*  +   Sac  —  5b*  +  4xy 

sum  =       a*  +  2\ac  —  4b*  +  5xy.    Ans. 
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Example.— Find  the  sum  of  a*x  —  ax*—  x*9  ax—x*  —  a*%—2a*  —  ta*x 
2ax*>  and  Za*  —  8a*x+$ax*. 

Solution.—  a*x  —  ax*  —  x* 

—  x*  —   a*  ■+■  ax 

—  2a*x—2ax*  —2a* 

—  Zatx+Zax*  +Za* 

sum  =  —  4a*  x  +  0      —  2x*  +  0    +  ax  = 

ax  —  4a* lr — 2**.     Ans.     (Art.  383.) 


EXAMPLES  FOR  PRACTICE. 

394*     Find  the  sum  of  the  following: 

1.  ax  +  2b x  ■+■  4by  —  day,  2ax  +bx-\-  2ay  —  by,  and  4ax  •+■  Sby. 

Ans.  'tax  +  Star  +  Qby  —  ay. 

2.  a  —  x  +  4y  —  3*  -+■  «/,  jar  +  Za  —  2x—y  —  w,  and  x  -\-y  +  js*. 

Ans.  4a  —  2x  -^  Ay  —  *. 
8.     2a  — 8£  +  4</,  2£  — 8*/+4^t  2*/—  &r  +  4a,  and  2r  —  8<*  +  4£. 

Ans.  Sa  +  8£  +  Sc  +  8*/. 

4.  6jt—  8y  +  7**,  2«  —  x+y,  2y  —  4x—  6m,  and  m  +  n  —y. 

Ans.  .r  —  y  ■+•  3w  +  3«. 

5.  2x—  5y  — *  +  7,  8y  —  2  —  6,r  +  8if,  ir  +  8.*  —  4,  and  l  +  2y  —  5*. 

____  Ans.  8*  —  x  +  2. 

SUBTRACTION. 

395.  Subtraction  is  the  process  of  finding  the  differ- 
ence between  two  quantities ;  it  is  the  same  thing  as  finding 
the  arithmetic  ratio  between  two  quantities.  The  quantity 
to  be  subtracted  is  called  the  subtrahend,  and  that  from 
which  it  is  taken,  the  minuend. 

396.  The  difference  must  evidently  be  a  quantity 
which,  when  added  to  the  subtrahend,  will  produce  the  min- 
uend. Thus,  the  difference  between  10  and  6  is  4,  4  being 
the  number  that  must  be  added  to  the  subtrahend  6  to  pro- 
duce the  minuend  10.  In  algebra,  when  negative  quantities 
occur,  it  is  convenient  to  make  use  of  this  principle,  as  illus- 
trated in  the  following  six  cases,  which  cover  all  those  that 
are  met  with : 

1.  If  3a  be  subtracted  from  5a,  the  difference  must  be  a 
quantity  which,  when  added  to  3ay  will  produce  5a.  This  is 
evidently  2a. 

T.    J.—JO 
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2.  If  5a  be  subtracted  from  3a,  the  difference  must  be  a 
quantity  which,  when  added  to  5a,  will  produce  3a.  By 
Art.  390,  this  is  —  2a. 

In  like  manner, 

3.  Subtracting  —  Za  from  5a  gives  a  difference  of  $a, 
since  —  3a  +  8a  =  5a. 

4.  Subtracting  5a  from  —  3a  gives  a  difference  of  —  8a, 
since  5a  +  (  -  8a)  =  -  3a.     (Art.  390.) 

5.  Subtracting  —  3a  from  —  5a  gives  a  difference  of  —  2a, 
since  —  3a  +  (  —  2a)  =  —  5a. 

6.  Subtracting  —  5a  from  —  3a  gives  a  difference  of  2a, 
since  —  5a  +  2a  =  —  3a. 

397.  Now,  if  the  sign  of  the  subtrahend  had  been 
changed  in  each  case  and  the  resulting  expression  added 
(algebraically)  to  the  minuend,  the  results  would  have  been 
exactly  the  same.  Thus,  in  the  first  case,  3a  with  its  sign 
changed  becomes  —  3a,  which,  added  to  5a,  equals  5a  -+- 
(  —  3a),  or  2a;  in  the  second  case,  5a  with  its  sign  changed 
becomes  —  5a,  which  added  to  3a,  equals  —  5a  +  3a,  or 
—  2a ;  in  the  third  case,  —  3a  with  its  sign  changed  becomes 
3a,  which,  added  to  5a,  equals  5a  +  3a,  or  8a,  and  so  on. 
Hence  the  difference,  or  the  quantity  to  be  added  to  the  sub- 
trahend to  produce  the  minuend,  may  be  found  by  changing 
the  sign  of  the  subtrahend  and  adding  it  to  the  minuend. 

398.  From  the  foregoing  it  is  evident  that  subtraction 
does  not  always  imply  a  numerical  decrease,  for  note  the 
result  in  the  3d  case.  This  is  because  negative  quantities 
are  considered.  The  difference  in  the  value  of  a  man's  prop- 
erty, for  example,  when  he  has  $3  and  when  he  owes  %5,  is  18. 


SUBTRACTION   OF   MONOMIALS. 

399.     From  Art.  397,  we  have  the  following: 

Rule. — To  subtract  one  term  from  another,  change  the 
sign  of  the  subtrahend  and  proceed  as  in  addition. 

Example. — From  —  %ab*x  take  laPx. 

Solution. — Changing  the  sign  of  the  subtrahend,  lab*x,  and  add" 
ing,  we  have  —  %ab*x  —  lab9 x  =  —  10ab*x.    Ans. 
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Example. — From  &*  —  &?  take  4a  —  6a. 

Solution. — Combining  like  terms,  Be*  —  Zc*  =  5c*  and  4a  —  6a  =  —  2a. 
Changing  the  sign  of  2a  and  adding,  we  have  as  the  difference,  fc*  •)-  2a. 

(Art  391.)  

EXAMPLES  FOR  PRACTICE. 

400.     Solve  the  following: 

1.  From  17a  take  —  11a.  Ans.  28a. 

2.  From  —  11a  take  17a.  Ans.  —  28a. 
8.  Subtract  bed  from  —  4cd.  Ans.  —  9cd. 
4  Subtract  —  10b*  from  —  10£f.  Ans.  0. 

5.  From  lZy  take  Ay.  Ans.  9y. 

6.  From  x  —  2x  take  4  Ans.  —  x  —  4 

7.  Subtract  6mn  —  mn  from  w«  —  Qmn.  Ans.  —  10  **/*. 

8.  What  quantity  added  to  lOxy  will  produce  —  12xy  ? 

Ans.  —  22xy. 

9.  What,  then,  does  lOxy  subtracted  from  —  12xy  equal  ? 

Ans.  —  22xy. 

SUBTRACTION  OF  POLYNOMIALS. 

401*     To  subtract  one  polynomial  from  another: 

Rule. — Write  the  subtrahend  underneath  the  minuend, 
with  like  terms  in  the  same  vertical  column.  Change  the 
sign  of  each  term  of  the  subtrahend^  and  add  the  result  to 
the  minuend. 

Example. — From  Zac  —  2b  subtract  ac  —  b  —  d. 
Solution. —  Sac  —  2b 

—  ac  4-   b  +  d  signs  changed. 

differences    2ac  —   b  +  d    Ans. 

Example. — From  2x%  —  Zx9y  +  2xy9  subtract  x%  —  xy%  +y*. 
Solution. —  2x*  —  Zx  *y  +  2xy* 

—  x* +   xy*—y*  signs  changed 

difference  =       x%  —  8.*^  -f-  8jryf  —  y*    Ans. 


examples  for  practice. 

402*     Solve  the  following: 

1.  From  7a  +  5£  —  Zc  take  a  —  7£  +  5*  —  4 

Ans.  6a  + 12b  —  8*  +  4 

2.  From  Zm  —  5«  +  r  —  2s  take  2r  +  8/»  —  m  —  5j. 

Ans.  4w  —  8/*  —  r  +  Zs. 

8.     Subtract  2x—2y  +  2  from ^  —  jr.  Ans.  Zy  —  Zx  —  2. 

4     Subtract  84t»  +  4r  *y  —  7-ry*  +  /*  —  jry*  from  5jr*  +  jr^  —  Qxy*  -f 

^.  Ans.  2jt»  —  Zx9y  +  xy*  +  xy* 

&    From  .*:•  +  %xy  +y*  take  .rf  —  2xy  +y%  +  4  Ans,  Axy  —  4 
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403.  Before  proceeding  further,  the  student  should 
make  sure  that  he  fully  understands  the  use  of  the  signs  + 
and  — .  It  has  been  seen  that  they  indicate  the  character 
of  the  quantities  they  precede  as  well  as  addition  and  sub- 
traction. In  10a  —  7a,  for  example,  if  the  minus  sign  is 
supposed  to  indicate  the  character  of  7a,  the  expression 
would  mean  10a  +  (—  7a),  or  that  the  negative  quantity  —  7a 
is  to  be  added  to  10a  ;  if  the  minus  sign  is  supposed  to  indi- 
cate subtraction,  however,  the  expression  would  mean 
10a  —  (+  7a),  or  that  the  positive  quantity  7a  is  to  be  sub- 
tracted from  10a.  Thus,  10a  —  7a  may  indicate  either  the 
algebraic  sum  of  +  10:z  and  —  7a,  as  explained  in  Art.  389, 
or  the  difference  (arithmetic  ratio)  between  +  10a  and  -|-  7a. 
The  result  in  either  case  is  the  same.     Thus, 

+  10a  +  10a 

adding      —    7a  subtracting     -4-    7a 

sum  =  +  8a  difference  =  +  8a 
But  the  minus  sign  is  usually  considered  to  indicate  the 
character  of  the  quantity  which  the  sign  precedes,  unless 
the  minus  sign  is  followed  by  a  symbol  of  aggregation.  The 
arithmetic  ratio  between  —  a  and  —  b  must  always  be  ex- 
pressed as  —  a  —  (—  b),  the  second  minus  sign  indicating 
subtraction,  and  the  third  minus  sign,  the  character  of  b, 
i.  e.,  whether  positive  or  negative. 


SYMBOLS  OF  AGGREGATION. 

404.  Parentheses,  brackets,  braces,  etc.,  are  frequently 
used  to  enclose  expressions  containing  one  or  more  terms, 
when  it  is  desired  to  indicate  the  addition  or  subtraction  of 
the  expressions  so  enclosed.  To  actually  perform  the  addi- 
tion or  subtraction,  the  parenthesis  or  other  symbol  must  be 
removed,  which  requires  a  due  regard  for  the  signs. 

405.  When  a  parenthesis  or  like  symbol  is  preceded  by  a 
minus  sign,  it  may  be  removed  if  the  signs  of  all  the  enclosed 
terms  be  changed  from  +  to  —  or  from  —  to-\-. 

The  reason  for  this  is  that  the  minus  sign  indicates  sub- 
traction, the  entire  expression  within  the  parenthesis  being 
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the  subtrahend,  and  when  the  subtraction  is  performed  by 
removing  the  parenthesis,  the  signs  of  the  subtrahend  must 
be  changed.     (Art.  399*) 

406.  When  a  parenthesis  or  like  symbol  is  preceded  by  a 
plus  sign,  it  may  be  removed  without  changing  the  signs  of 
the  eticlosed  terms.  This  is  evident  from  the  fact  that  the 
plus  sign  indicates  addition  ;  in  addition  the  signs  are  not 
changed. 

Example. — Remove  the  parentheses  from  4c  —  (3a  +  4ab  —  d). 

Solution. — Changing  the  sign  of  each  enclosed  term,  and  remem- 
bering that  the  sign  of  8a  is  +,  understood,  we  have,  as  the  result, 
Ac  —  da  —  4ab  +  d.    Ans. 

Example. — Remove  the  parentheses  from  4a  —  5  x  —  (a  —  4x) 
+  (x  -  8a). 

Solution. — 4a  —  5x  —  (a  —  4x)  +  (x  —  8a)  =  4a  —  5jr  —  a  -t-  4x  +  x 
—  8a.    Adding  the  like  terms,  we  have 

4a  —  6x 

—  a  +  4x 

—  8a  4-   x 

—  5a  +  0  =  —  5a.    Ans. 

407.  Symbols  of  aggregation  will  often  be  found  en- 
closing others.  In  such  cases  they  may  be  removed  in  suc- 
cession by  the  preceding  rules,  always  beginning  with  the 
innermost  pair. 

Example. — Remove  the  parenthesis,  etc.,  from  6a  —  \b  —  [7cd 
- 4a  +  (2cd -  a~=dj\\ 

Solution. — We  first  remove  the  vinculum.     This  being  in  effect  the 
same  as  the  parenthesis,  the  minus  sign  before  the  a  indicates  that  +  a 
and  —  b  are  to  be  subtracted. 
Hence,  we  have 

6a  -  { b  -  [led -4a  +  (2cd-  a  +  b)]\. 
Removing  the  parenthesis  we  have 

6<*_  \d-[lcd-4a  +  2cd-a  +  b]}. 
This,  with  the  brackets  removed,  equals 

6a-  \t,-ncd+4a-2cd+a-b\, 
which  equals  6a  —  b  +  7cd  —4a  +  2cd  —  a  +  b. 

Combining  like  terms, 

6a  —  4a  —  a  —  b  +  b  +  led  +  2cd  =  a  +  9cd.     Ans. 

408.  From  the  foregoing,  it  is  evident  that  an  ex- 
pression may  be  placed  within  a  parenthesis  preceded  by  a 
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minus  sign  by  changing  all  its  signs,  or  within  a  parenthesis 
preceded  by  a  plus  sign  without  changing  its  signs. 

Example. — Place  within  a  parenthesis  the  last  three  terms  of  Axy 
+  2bc  —  8.r —  5  +  2b,  indicating  that  they  are  to  be  subtracted  from  the 
first  two. 

Solution. — 

4xy  +  %bc  —  Bx  —  5  +  2b  =  4xy  +  2bc  —  (8  x  +  5  —  2b\    Ans. 


EXAMPLES  FOR  PRACTICE. 

409.     Remove  the  parentheses  from  the  following: 

1.  —  (2mn  —  m*  —  n*).  Ans.  m*  —  2m n  +  ;**. 

2.  1  —  (—  b  +  c  +  $).  Ans.  b  —  c  —  2. 
8.  5a  —  4£  +  8r  —  (—  8a  +  2£  —  c).  Ans.  8a  —  6£  +  4r. 
4  8* -(2* -5) +  (7-*).  Ans.  12. 
Remove  the  parentheses,  etc.,  from  the  following  : 

5.  *»  — [4«  —  £  —  (#*  +  *  —  2£)].  Ans.  2*w  — 3/*  — £. 

6.  5* - (2x  —  3y)  —  (.r  +  6y).  Ans.  2x—2y. 

7.  8a—  [7*  —  (5a  —  £  —  a)]—  (—a  —  4b).  Ans.  a  +  8£. 

8.  Zx+  {2y  -[5x-  (3y  +  x -  4y)]}.  Ans.  ^  -  x. 
0.     100* -  { 200*  -  [500*  -  (  -  100*)  -  800*]  -  400* } .       Ans.  600*. 

10.  7r*  —  {4*7—  \&cx  +  %cy)  +  cy—  ex\\.  Ans.  lte*. 

Note.— Observe  that  the  sign  before  the  inner  parenthesis  is  +, 
understood. 

11.  Place  the  2d,  8d,  and  4th  terms  of  the  expression  2cd—Sm  -4-  5* 
—  2y  +  *  —  4a,  within  a  parenthesis  preceded  by  a  minus  sign. 

Ans.  2cd  —  (Qm  —  5*  +  2y)  +  *  —  4a. 

12.  Indicate  the  addition  of  —  b*  +  cd  to  75.  Ans.  75  +  (  —  b9  +  cd). 
18.     Enclose  the  whole  expression  x%  +  2xy+y*  —  (a  —  b)    within 

brackets  having  a  minus  sign  prefixed. 

Ans.  —  [  —  **  —  2xy  —y%  +  (a  —  b)]. 

Note. — Changing  the  sign  before  the  inner  parenthesis  is  in  effect  the 
same  as  changing  the  sign  of  both  a  and  b ;  hence,  the  signs  of  a  and  —  & 
remain  as  before. 

MULTIPLICATION. 

41 O*  Multiplication  is  the  process  of  taking  one 
quantity  as  many  times  as  there  are  units  in  another  quantity. 

411.  The  quantity  that  is  taken,  or  multiplied,  is  called 
the  multiplicand,  and  the  quantity  by  which  we  multiply 
is  called  the  multiplier.  The  result  of  multiplication  is 
called  the  product. 
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412*  The  product  is  obtained  by  taking  the  multi- 
plicand a  certain  number  of  times,  as  indicated  by  the  multi- 
plier. The  product \  therefore,  is  the  same  kind  of  a  quantity 
as  the  multiplicand.  For  example,  5  dollars  multiplied  by 
10  is  50  dollars ;  5  units  X  10  =  50  units ;  5  pounds  X  10  = 
50 pounds.  In  each  case  the  multiplicand  of  5  dollars,  5  units, 
or  5  pounds  is  taken  ten  times  to  form  a  product  of  the 
same  kind. 

413*  The  same  rule  holds  with  regard  to  positive  and 
negative  quantities.  Thus,  the  positive  quantity  +  5a 
multiplied  by  10  is  the  positive  quantity  +  50a9  while  the 
negative  quantity  —  ha  multiplied  by  10  is  the  negative 
quantity  —  50a. 

414*  The  multiplier  shows,  1st,  how  many  times  the 
multiplicand  is  to  be  taken  to  form  the  product,  and  2d, 
whether  the  product  is  to  be  added  or  subtracted  when  taken 
in  connection  with  other  quantities,  a  multiplier  having  the 
plus  sign  indicating  that  the  product  is  to  be  added,  and  a 
multiplier  with  the  minus  sign,  that  it  is  to  be  subtracted. 

415*  There  are  four  cases  in  multiplication  that  cover, 
in  principle,  all  that  are  met  with ;  they  may  be  illustrated 
as  follows : 

1.  +5  multiplied  by  +  3  =  +  15.  Since  the  multiplicand 
5  is  positive,  the  product  15  must  be  positive.  (Art.  413.) 
The  plus  sign  of  the  multiplier  indicates  that  the  product 
is  to  be  added.  Hence,  (  +  5)x(  +  3)  =  +  (  +  15),  which, 
by  Art.  406,  =  +  15. 

2.  +5  multiplied  by  —  3  =  —  15.  Since  the  multiplicand 
is  positive,  the  product  must  be  positive.  The  minus  sign 
of  the  multiplier  indicates  that  the  product  is  to  be  sub- 
tracted.    Hence,  (+5)  X  (  —  3)  =  —  (+15),  which,  by  Art 

405,  =  -  15. 

By  similar  reasoning  it  can  be  shown  that 
8.     (  -  5)  X  (  +  3)  =  +  (  -  15)  =  -  15. 
4.     (  -  5)  X  (  -  3)  =  -  (  -  15)  =  +  15. 

416*  From  these  examples,  it  will  be  observed  that 
when  the  multiplicand  and  multiplier  have  like  signs,  the 
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product  has  the  plus  sign,  and  when  they  have  unlike  signs, 
the  product  has  the  minus  sign.  Hence,  in  finding  the  prod- 
uct of  two  quantities,  like  signs  produce  plus  and  unlike 
signs  minus. 

4t\H.  We  know  from  arithmetic  that  the  product  of  two 
numbers  is  the  same  in  whatever  order  they  are  taken. 
Thus,  3x4  and  4x3  are  each  equal  to  12.  Similarly,  in 
Algebra,  the  factors  will  give  the  same  results  whatever  their 
order.  Thus,  5#x4£=5XtfX4x£=5x4XtfX£  = 
%0a6.  Hence,  in  finding  the  product  of  two  quantities,  the 
coefficients  are  multiplied  together  and  prefixed  to  the  literal 
factors. 

418.  Let  it  be  required  to  multiply  a%  by  a*.  By  Art. 
362,  a*  means  a  x  a  X  a,  and  a*  means  a  X  a.  Hence,  a* 
X  a*  =a  X  a  Xa  X  a  X  a  =  a*  =  a*+\  Therefore,  the  expo- 
nent of  a  letter  in  the  product  is  equal  to  the  sum  of  its 
exponents  in  the  factors. 

419.  Particular  notice  should  be  taken  of  the  way  that 
coefficients  and  exponents  are  treated  in  multiplication. 
Coefficients  are  multiplied,  while  exponents  arc  added. 


MULTIPLICATION   OF    MONOMIALS. 

420.  From  the  foregoing  principles,  we  have,  when 
there  are  two  factors,  the  following: 

Rule. — Multiply  the  coefficients  together ;  annex  the  let- 
tcrs  of  both  monomials  to  the  re  stilt,  giving  to  each  letter  an 
exponent  equal  to  the  sum  of  its  exponents  in  the  factors. 
Make  the  sign  of  the  product  plus  when  the  two  factors  have 
like  signs,  and  minus  when  they  have  unlike  signs. 

Example. — Multiply  4a*b  by  —  ba*bc. 

Solution. — The  product  of  the  coefficients  is  20,  and  the  letters  to  be 
annexed  are  a%  b,  andf.  The  new  exponent  of  a  is  5,  and  of  b%  2,  since 
a*+*  =  abt  and  b1+l  =  b'K  The  sign  of  the  product  is  minus,  since  the  two 
factors  have  different  signs.     Hence,  4a'2b  x  —  §cPbc  —  —  2Qa*b*c.     Ans. 

421.  When  there  are  more  than  two  factors,  we  have 
simply  three  or  more  examples  in  multiplication  to  do  in 
-succession,  each  to  be  performed  by  the  foregoing  rule. 
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Example.— Find  the  continued  product  of  Gx'yz\  —  Qx V**.  an<1 

—  Sx4yz. 

Solution.—     Gx 'yz*  X  -  O-ry**  =  -  54.r»+y +»**+*,  or  -  tex*y*z*. 
Now,  multiplying  this  product  by  —  Sx*yz%    we    have  —  hAx*y*z*  X 

—  3.r  *yz  =  1 62,r  *y*z*.    Ans.      

EXAMPLES  FOR  PRACTICE. 

422*     Find  the  product  of 

1.  a*b*  and  —  habd.  Ans.  —  5a*  ltd. 

2.  —  7.ry  and  —  7.r*/*.  Ans.  A9x*y*. 
8.     —  15#f*«6  and  8w/f.  Ans.  ~45//z*/*T. 

4.  Sa(x  -  y)*  and  2a  *(*  -  y).  Ans.  6a 3(.r  -  yf. 
Note. — Treat  the  (x  —  y)  as  though  it  were  a  single  letter. 

5.  Find  the  continued  product  of  2altn*x%  —  Sa'mx*  and  4am*x*. 

Ans.  —  2Aa*m*x%. 

6.  What  does  —  a*bn  X  —  2cdn  X  —  Sbdc*  X  —  2acn*  equal  ? 

Ans.  12aVW«»«. 

MULTIPLICATION   OF   POLYNOMIALS. 

423.    When  one  of  the  factors  is  a  monomial : 

Rule. — Multiply  each  term  of  the  polynomial  by  the  mono- 
mialy  remembering  tliat  like  signs  produce  plus,  and  unlike 
signs  produce  minus. 

Example.— Find  the  product  of  —  9a5  +  Sa*b'  —  Aa'b*  —  b»  and  —  Sab*. 

Solution.—        —  9a*  +  Sa*b9  —  Aa'b*  —  b% 

-Sab* 

27aW  -  9<r^8  +  VZaW  +  8a£»      Ans. 

424*     When  both  factors  arc  polynomials: 

Rule. — Multiply  each  term  of  one  polynomial  by  each  term 
of  the  other \  and  add  the  partial  products. 

Example. — Multiply  Ga  —  Ab  by  Aa  —  2b. 

Solution. — Write  the  multiplier  under  the  multiplicand,  and  begin 

to  multiply  at  the  left  instead  of  at  the  right,  as  in  arithmetic,  since 

polynomials  are  always  written  and  read  from  the  left,  and  there  are 

no  numbers  to  carry. 

Qa  -  Ab  (1) 

Aa  -   2b 

Multiplying  (1)  by  Aa  gives      24a*  —  16ab  (2) 

Multiplying  (1)  by  -  2b  gives -  12^  +  8^    (3) 

Adding  (2)  and  (3)  gives  24a*  -  2Sab  +  Sb*     Ans. 

It  will  be  noticed  that  the  like  terms,  —  lQab  and  —  12ab%  are  written 
under  each  other  so  that  it  will  be  easier  to  add  them. 
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Example.— Multiply  x%  —  x  + 1  +  x9  by  1  —  x9  +  x. 

Solution. — With  a  view  to  bringing  like  terms  in  the  same  columns, 
arrange  both  multiplicand  and  multiplier  either  according  to  the  in- 
creasing or  decreasing  powers  of  the  same  letter.  (Art.  372.)  Arrang- 
ing in  this  case  according  to  the  increasing  powers  of  x,  we  have 

l-x+x*  +  x*  (1) 

1  +  x  —  x* 

Multiplying  (1)  by  1  gives         l-x+x9  +  x*  (2) 

Multiplying  (1)  by  +  x  gives         x—  x9  +  x*+x*  (3) 

Multiplying  (1)  by  —  x*  gives  —  x  9  4-  x*  —  x*  —  x » (4) 

Adding  (2),  (3),  and  (4)  gives  1         -  x*  +  8**         -  jr*     Ans. 

Example.— Multiply  2a  +  1  —  8af  +  a*  by  a*  —  2a  —  2. 

Solution. — Arranging  according  to  the  decreasing  powers  of  a, 

a*-Sa9  +  2a  +  1        (1) 
a*  —  2a  -2 


Multiplying  (1)  by  a*  gives        a1  —  3a5  -+-  2a*  +   a* 
Multiplying  (1)  by  —  2a  gives       —  2a*  +  6as  —  4a9  —  2a 

Multiplying  (1)  by  —  2   gives  —2a*  +  6a*  —  4a  —  2 

Adding  «*  —  5a*  +  la*  +  2a*  —  6a  -  2 

[Ans. 

425.  The  product  of  two  or  more  polynomials  is  often 
indicated  by  enclosing  each  of  the  factors  in  a  parenthesis, 
and  writing  one  after  the  other.  When  the  indicated  multi- 
plication is  performed,  the  expression  is  said  to  be  expanded. 


EXAMPLES  FOR  PRACTICE. 

426*     Multiply  the  following: 

1.  x9-  +  2xy  +y9  by  x  +y.  Ans.  jr»  •+-  %x9y  -+•  Sjtk*  +y*. 

2.  %ab9m*  +  Aa9b  -  2  by  aWm*.      Ans.  8aWm"  +  4aWm*  -  2a*Fm9. 
8.    c9  -  a**  by  <:«  +  d\  Ans.  r1  -  d*. 

4.  •a^  +  .r^*  +^  by  x9  —  y9.  Ans.  jr*  —  y*. 

5.  .*••  +  1  —  x%  —  ;r  by  x  +  1.  Ans.  1  —  x*. 

6.  8a*  —  7a  -h  4  by  2a*  +  9a  —  5.  Ans.  6a*  +  13a»  —  70a*  +  71a  —  20. 

7.  bm9  —  Smn  +  4n9  by  6w  —  5*.  Ans.  30w»  —  43w*«  +  S9mn9  —  20«». 
Expand  the  following: 

8.  (2a  —  Sc)  (4  -  3a).  Ans.  8a  —  12c  -  6a*  +  9a^r. 

9.  (.r+2)(.r-2)(.r*  +  4).  Ans.  .r'-ie. 

10.  [x(x9  -7*)  -  2]  [x(x9  +7*)  +  2]. 

Note. — The  expressions  in  the  brackets  reduce  to  x*  —  xy9  —  2  and 
x*  «+■  jry*  +  2.     The  product  of  these  is  x*  —  x9v*  —  4jry'  —  4. 
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THREE    IMPORTANT   EXAMPLES. 
427*     The  first  two  examples  are : 

1.  To  find  the  square  of  the  sum  of  two  quantities. 

2.  To  find  the  square  of  the  difference  of  two  quantities. 

Let  a  represent  one  quantity  and  b  the  other  quantity. 
Their  sum  would  then  be  represented  by  a  +  b  and  their  dif- 
ference by  a  —  b.     Squaring  these  by  multiplying  each  by 

itself,  we  have : 

1.     a  +  b  2.      a  —  b 

a+b  a— b 

a%  +  ab  a*  —  ab 

ab  +  b*  —  ab  +  b* 


a9  +  2ab  +b*  a9  —  2ab  +  b* 

428*  By  examining  the  products  it  will  be  evident  that, 
since  a  and  b  represent  any  two  quantities,  the  square  of  the 
sum  of  two  quantities  equals  the  square  of  the  firsts  plus  twice 
the  product  of  the  first  by  the  second^  plus  the  square  of  the 
second. 

429.  Also,  that 

The  square  of  the  difference  of  two  quantities  equals  the 
square  of  the  first,  minus  twice  the  product  of  the  first  by 
the  second,  plus  the  square  of  the  second. 

430.  The  third, example  is: 

3.  To  find  the  product  of  the  sum  and  difference  of  two 
quantities.     By  multiplication,  we  have 

a  +b 
a  -b 


a*  +  ab 
-ab-b* 

a*  ^ 

431*  That  is,  the  product  of  the  sum  and  difference  of 
two  quantities  equals  the  difference  of  their  squares. 

432*  These  three  principles  are  very  important,  and 
should  be  committed  to  memory.  They  may  also  be  ex- 
pressed by  formulas  in  the  same  way  that  the  rule  in  Art 
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353  was  expressed  by  a  formula.    Thus,  letting  a  represent 
one  quantity  and  b  the  other  quantity, 

(a  +  by  =  a*  +  2ab  +  b\  (1 .) 

(a  -  by  =  a*  -  2ab  +  b\  (2.) 

(a  +  *)(«-*)  =  ^-^.  (3.) 

The  meaning  of  these  formulas  will  be  made  clear  by  sup- 
posing, for  example,  that  a  =  10  and  b  =  2.  By  formula  1 , 
the  square  of  the  sum  of  10  and  2,  or  the  square  of  12,  should 
be  10*  +  2  X  10  X  2  +  2*  =  100  +  40  +  4  =  144,  which  we 
know  to  be  actually  the  case. 

433.     By  the  use  of  these  principles  and  formulas  the 

square  of  the  sum  or  difference  of  any  two  quantities,  or  the 

product  of  the  sum  and  difference  of  any  two  quantities  may 

be  found,  without  actually  performing  the  multiplication. 

The  student  should  practise  until  he  can  readily  apply  them. 

Example. — Square  3x*  +  5. 

Solution. — The  square  of  the  first  term  is  3jt*X  3jt*  =  9x*,  twice  the 
product  of  the  terms  is  80.r*t  and  the  square  of  the  last  term  is  25. 
Hence,  by  formula  1,  letting  a  =  Zx*  and  b  =  5, 

(dx*  +  5)*  =  9x*  +  S0x'  +  25.     Ans. 

Example. — Square  4*v/—  jr. 

Solution. — The  square  of  the  first  term  is  lGc*d*,  twice  the  product 
of  the  first  by  the  second  is  8cdx,  and  the  square  of  the  last  term  is  jr*# 
Hence,  by  formula  2,  letting  a  =  Acd  and  b  =  xt 

(icd—  x)>  =  \to*d%  -  Scdx  +  x*.    Ans. 

Example.— Expand  (x*  +  3)  (.r*  —  3). 

Solution. — The  square  of  the  first  term  is  x4%  and  of  the  second,  9. 
Hence,  by  formula  3,  letting  a  =  x*  and  b  =  3, 

(x*  +  3)  (.r*  -  3)  =  x*  -  9.     Ans. 


EXAMPLES  FOR 

PRACTICE. 

434.     Square  the 

following : 

1.     m  -+•  n. 

Ans.  m*  +  2mn  ■+•  **•. 

2.     4  x  +  2. 

Ans.  16.r*  +  10.r  +  4. 

3.     Sa  -  U. 

Ans.  9a9  —  30*£  +  25£». 

4.     1-2^. 

Ans.  1  —  4r*  +  4r*. 

5.     3.r*  -  2v\ 

Ans.  9.r4  —  12x'y*  +  4y: 

6.     ab'-3-,l. 

Ans.  ***£V*  +  2a £V»  + 1. 

Expand  the  following : 

7.     (m  +  1)  (m  — 

1). 

Ans.  i«f  —  1- 
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a  (*•+/*)(.*:* -7*).  Ans.  x*-y*. 

9.  (Sx'y  +  2)  (3x*y  -  2).  Ans.  9*y-4. 

10.  (4a  +  4£«)  (4a  -  4£«).  Ans.  16a«-16M 

11.  Square  2c*  —  r  4-  d. 

Solution  to  11. — By  Art.  408,  this  may  be  written  2c%  —  {c  —  d). 
Then,  in  squaring,  the  binomial  c  —  d  should  be  used  as  one  quantity. 
(See  Art  391  •)  Thus,  (2rJ)«  =  4r* ;  (c  -  d)*  =  c>  -  led  +  </*.  Hence,  by 
formula  2,  letting  a  =  2c%  and  6  =  c—  d,  we  have  (&:*  —  r  +  d)*  = 
4^4  -  4^  _  ^)  +  ^  -  2cd+  d*  =  4^  -  4c9  +  4<tWh-  <:*  -  &v/+  </».  Ans. 
This  method  is  sometimes,  though  not  always,  more  convenient  than 
direct  multiplication. 

DIVISION. 

435.  Division,  in  Algebra,  is  that  process  by  which, 
when  a  product  and  one  of  its  factors  are  given,  the  other 
factor  may  be  found.  The  product  of  the  two  factors  is 
called  the  dividend,  the  given  factor  the  divisor,  and  the 
required  factor  the  quotient. 

From  these  definitions,  it  is  clear  that  the  quotient  multi- 
plied by  the  divisor  produces  the  dividend.  Division,  there- 
fore, is  the  converse  of  multiplication,  and  the  following 
principles  may  be  proved  directly  from  those  given  in  Arts. 
416-419: 

436.  If  the  dividend  and  divisor  have  like  signs,  the 
quotient  will  have  the  plus  sign;  if  they  have  unlike  signs, 
the  quotient  will  have  the  minus  sign. 

437.  The  coefficient  of  the  quotient  is  equal  to  the  coeffi- 
cient of  the  dividend  divided  by  the  coefficient  of  the  divisor. 

438.  The  exponent  of  a  letter  in  the  quotient  is  equal  to 
its  exponent  in  the  dividend,  minus  its  exponent  in  the 
divisor. 

439.  Let  it  be  required  to  divide  a%  by  a9.  We  have  to 
obtain  a  quotient  which,  when  multiplied  by  the  divisor  a*t 
will  produce  the  dividend  a9.  The  quotient  is  evidently  1. 
By  Art.  438,  however,  we  know  that  a2  ~  a*  =  a7-2  ~  a*. 
Hence,  any  quantity  whose  exponent  is  0  is  equal  to  1. 

From  the  foregoing  principles,  the  rules  for  division  are 
obtained. 
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DIVISION   OF    MONOMIALS. 

440*  Rule. — Divide  the  coefficient  of  the  dividend  by 
that  of  the  divisor.  Annex  to  the  result  the  letters  of  the 
dividend y  each  with  an  exponent  equal  to  its  exponent  in  the 
dividend,  minus  its  exponent  in  the  divisor \  omitting  all  let- 
ters  whose  exponents  become  zero. 

Make  the  sign  of  the  quotient  plus  when  the  dividend  and 
divisor  have  like  signs,  and  minus  when  they  have  unlike 
signs. 

Example.— Divide  6a*b*c*  by  —  8tf*&*. 

Solution. — The  quotient  of  6  -*-  8  is  2.  The  letters  to  be  annexed,  and 
their  exponents,  are  *•-*  =  a*t  and  &*-*  =  £*.  The  c  has  an  exponent 
of  8  —  8  =  0,  so  that  it  becomes  equal  to  1,  and  is  omitted.  The  sign  of 
the  quotient  is  minus.  Hence,  baWc*  h —  9a*dc*  =  —  2d*6*.  Ans. 
Proof:  -  8a*<M  X  -  2a«£»  =  Qa*fi*c*. 

Example.— Divide  —  10a*6*c*d  by  —  2a6*c. 

Solution.—   —  lOaWr**/  -*-  —  %aPc  =  tU^P-V-W^atcd.    Ana. 


EXAMPLES  FOR  PRACTICE. 

441*  Divide  the  following: 

1.  12m*n  by  4«.  Ans.  dtk*. 

2.  dQx*y*6c*  by  —  Qx*y*c*.  Ans.  —  Kxbc. 
8.  -  44a*£V»  by  -  \\ab*c*.  Ans.  4a'6. 

4.  —  IOOjt^**  by  x*y*.  Ans.  —  100xy*K 

5.  ISp^x***1  by  75^.  Ans.  pq*m*. 


DIVISION   OF   POLYNOMIALS. 

442*     When  the  divisor  is  a  monomial : 

Rule. — Divide  each  term  of  the  dividend  by  the  divisor ', 
remembering  that  like  signs  produce  plus  and  unlike  signs 
minus. 

Example.— Divide  12aW— 9a£*+6aW  by  ZaP. 
Solution.—  Zab^ttaPb*  —  9al>*  +  6a8£4 

\ab   —  3       +  2a*6  quotient.    Ans. 


EXAMPLES  FOR  PRACTICE. 
443*     Divide  the  following: 
1.    64*»*«*  —  3%mn*  ■+■  &m*n  by  Smn.  Ans.  Bmn*  —  4n  +  t% 
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2.     27jry*  —  9x*y**  —  833*^***  by  —  Zx*yz.   Ans.  —  9y  +  8*  +  Illy*. 
8.     10(jr  +^)»  -  5a(jr  +.y)  +  Za\x + ^)  by  5(jr  +y). 

Ans.  2(jt  n-  ^)  —  a  ■+-  a*. 

444*    When  the  divisor  is  a  polynomial : 

Rule. — Arrange  both  dividend  and  divisor  according  to 
the  ascending  or  descending  powers  of  some  letter. 

Divide  the  first  term  of  the  dividend  by  the  first  term  of 
the  divisor  for  the  first  term  of  the  quotient. 

Multiply  the  whole  divisor  by  the  first  term  of  the  quotient, 
and  subtract  the  product  from  the  dividend. 

Regard  the  remainder  as  a  new  dividend,  and  divide  its 
first  term  by  the  first  term  of  the  divisor,  for  the  second  term 
of  the  quotient.  Multiply  the  whole  divisor  by  the  second 
term  of  the  quotient,  and  subtract  the  product  from  the  first 
remainder. 

So  proceed  until  a  remainder  of  zero  is  found,  or  a  re- 
mainder  whose  first  term  cannot  be  divided  by  the  first  term 
of  the  divisor. 

Example.— Divide  jr4  +  x%  —  dx*  —  16jt  —  4  by  x%  +  Ax  +  4. 

Solution. — 

or*  +  4r+  4  )  x*  4-  x*  —  9.r*  —  16jt  —  4(  x*  —  Sx  —  l  quotient.  Ans. 
x4+Ax*  +  Ax* 

-3.r3-18.r*  - 16* 
-8.r*-12.r*-12,r 


_    .r*_   4^-4 
_     x*-   Ax- A 

0         0        0 

The  first  term  x%  of  the  divisor  is  contained  in  x*9  the  first 
term  of  the  dividend,  x*  times ;  hence,  x2  is  the  first  term  of 
the  quotient.  The  whole  divisor  multiplied  by  this  term 
gives  xK-\-  Ax*-\-  Ax9  as  a  product,  which,  subtracted  from  the 
dividend,  gives  as  a  remainder  —  3x*—  13x*—  16;r  —  4.  It 
is  not  necessary  here  to  bring  down  the  —  4,  since  only  three 
terms  are  required  to  contain  the  divisor. 

The  first  term  x2  of  the  divisor  is  contained  in  —  3x*,  the 
first  term  of  the  new  dividend,  —  3x  times.  Multiplying 
the  divisor  by  this  new  term  of  the  quotient,  we  have  —  dx* 
—  12;**  —  12;r.     Subtracting  this  from  the  first  remainder. 
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we  obtain  —  x%—  4x  —  4  for  a  new  remainder,  the  —  4  being 
brought  down  from  the  original  dividend.  The  first  term 
of  the  divisor  is  contained  in  the  first  term  of  the  new  re- 
mainder or  dividend  —  1  time.  Multiplying  the  divisor  by 
this,  we  get  —  jt*—  4r  —  4,  which,  subtracted  from  —  .**— 
4x  —  4,  the  last  remainder,  leaves  a  difference  of  zero.  The 
work  ends  here,  since  there  are  no  more  terms  in  the  divi- 
dend to  be  brought  down. 

Example.— Divide  9x'y'  +  x*  —  4y*  —  6x*y  by  x*  +  2y*  —  %xy. 

Solution. — First  arrange  the  dividend  and  divisor  according  to  the 
descending  powers  of  jr. 

jr*  —  %xy  +  2y«)  x*  —  bx*y  +  9x'y*  —  4y*  (x*  —  %xy  —  2y*     Ans. 

x*  —  %x%y  +  2x'y* 

—  dx*y  +  lx*y*  —  4y* 

—  Zx*y  +  dx'y*  —  Gxy* 

-  2x*y*  +  Qxy*  -  4y* 

—  2x*y*  +  Qxy*  —  4y* 

0  0  0 


EXAMPLES  FOR  PRACTICE. 

445*     Divide  the  following: 

1.  x*  —  7.T+12  by  jr—  3.  Ans.  jr  — 4 

2.  x*  +  x—  72  by  jr  +  9.  Ans.  jr  — 8. 
8.  2.rs  —  .r*  +  8.r  —  9  by  2;r  —  3.  Ans.  .r*  +  .r  +  8. 
4     .r4  +  11-r*  —  12.r—  5**  +  0  by  8  +  x*  —  &r.  Ans.  -r»  —  2.r  +  2. 

5.  x*  —  Qxy  —  9.r *  —  y*  by  jr*  +^  +  Sx.  Ans.  jr*  —  8*  —  y. 

6.  .*■•  — 1  by  jr— 1.  Ans.  jr8  +  jr4  +  jr*  +  jr'  +  ^r+  1. 


FACTORING. 

446.  In  multiplication,  two  or  more  factors  are  multi- 
plied together  to  form  a  product.  Factoring:  is  the  process 
of  resolving  a  product  into  its  factors. 

447.  The  factors  of  a  quantity  are  those  quantities 
which  multiplied  together  will  produce  the  quantity.  Thus, 
Ga2  and  b% ;  2a*  and  3b* ;  rf*  and  Gb* ;  2#  and  3a£s ;  2,  3,  ay  a, 
by  b  and  b>  etc.,  are  all  factors  of  Ga*b*f  since  6a9 X  #*=  6^*, 
2rt9x  3£'=Gtf9£\  a'X  G£3=  6tfa£s,  2a  X  3^s=  GaV  and  2  X  3 
Xaxax  bx  bx  b  =  Ga7b\ 

In  solving  algebraic  problems,  it  is  frequently  very  neces- 
sary to  be  able  to  recognize  a  factor  of  one  or  more  algebraic 
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expressions,  and  Arts.  446-471  give  some  of  the  simplest 
methods  of  discovering  factors. 

448*  A  quantity  is  a  perfect  square  when  it  has  two 
equal  factors.  One  of  the  equal  factors  is  called  the  square 
root  of  the  quantity.     (Art.  363.) 

449.  Equal  factors  are  those  whose  letters  have  the 
same  exponents  and  coefficients,  and  which  have  the  same 
signs.  Thus,  3(4^— y)  and  3(4^— y)  are  equal  factors  of 
3(W- y)  X  3(W*  - y)  =  9(4<r^2- j')';  but  3(4^a-j/)  and 
—  3(±cd*—y)  are  unequal  factors,  since  the  signs  of  the  co- 
efficient 3  are  not  the  same.  The  factor  —3(4^* —7)  is 
equivalent  to  3( y  —  ±cd*)y  an  expression  which  will  have  in 
general  a  different  value  from  3(4^*— y),  when  the  numerical 
values  are  substituted  for  the  letters. 

450.  A  quantity  is  a  perfect  cube  when  it  has  three 
equal  factors.  One  of  the  equal  factors  is  called  the  cube 
root  of  the  quantity. 

451*  In  factoring,  it  is  important  to  be  able  to  easily 
distinguish  quantities  that  are  perfect  squares  and  cubes, 
and  to  determine  their  roots.  By  definition,  9a*b*  is  a  per- 
fect square  because  Sab  X  dab  =  9tfa£',  and  3ab  is  its  square 
root.  Also,  Sa9  is  a  perfect  cube  because  2a%  X  2a9  x  2a9  = 
&**,  and  2a9  is  its  cube  root.  In  each  of  these  cases  the  co- 
efficients are  multiplied  together,  and  the  exponents  are 
addedy  to  produce  the  coefficients  and  exponents  of  the 
power,  according  to  the  rules  of  multiplication.  Hence>  a 
quantity  is  a  perfect  square  when  its  coefficient  is  a  perfect 
square \  and  the  exponents  of  all  its  letters  can  be  divided  by 
2 ;  it  will  also  be  shown  later  that  a  perfect  square  must  be 
a  positive  quantity.  A  quantity  is  a  perfect  cube  when  its 
coefficient  is  a  perfect  cube  and  the  exponents  of  all  its  letters 
can  be  divided  by  8.  For  example,  36xl\  ±db*c4d\  I6a9bl* 
and  1  are  all  perfect  squares,  whose  roots  are  6xb,  7bc*d*, 
4a*b9  and  1,  respectively;  27xia,  —  04£Wfl,  $al*b"  and  1  are 
all  perfect  cubes,  whose  roots  are  3x\  —  ^bc*d2}  2a*b*  and  1, 
respectively. 

T.    L—u 


140  ALGEBRA. 

CASE   I. 

452.  When  all  the  terms  of  an  expression  have  a  com* 
mon  factor ',  the  expression  may  be  resolved  into  two  factors  by 
dividing  each  term  by  the  common  factor. 

Example.— Factor  16jrsy  +  4*y  —  12jry*. 

Solution. — It  is  evident  that  each  term  contains  the  common  factor 
4xy*.  Dividing  the  expression  by  4rys,  we  obtain  as  a  quotient 
Ax  +  x*  —  $y*.  The  two  factors,  therefore,  are  4xy*  and  4x  +  x*  —  $y*. 
Hence,  by  Art.  452,  we  have 

16x*y'  +  4x*y*  —  12-*t*  =  4xy\4x  +  x*  —  8/9).     Ans. 

453*  When  examining  a  polynomial  for  a  monomial 
factor,  first  ascertain  if  the  numerical  coefficients  have  a 
common  factor.  This  is  readily  done  by  dividing  the  poly- 
nomial by  the  smallest  coefficient.  If  it  will  not  divide  each 
term  exactly,  factor  this  coefficient,  and  divide  by  each 
factor.  If  none  of  the  factors  will  divide  each  term  of  the 
polynomial  without  a  remainder,  the  polynomial  has  no 
numerical  factor.  Having  ascertained  that  the  coefficients 
have  a  common  factor,  reserve  this  factor  and  examine  the 
polynomial  to  see  if  each  term  has  a  common  letter.  If  so, 
divide  each  term  by  this  letter,  affecting  it  with  an  expo- 
nent corresponding  to  the  lowest  exponent  of  the  letter  in 
the  polynomial,  and  multiply  the  numerical  factor  (if  any) 
previously  found  by  the  letter.  So  proceed  with  the  remain- 
ing letters. 

Example.— Ascertain  if  12ab'c*  —  18a*c*y  +  24a'c*  —  Wa*b<*y%  has  a 
monomial  factor. 

Solution. — 12  is  the  lowest  coefficient,  and  will  divide  each  term 
except  the  second.  Resolving  12  into  the  factors  2  and  6,  6  will  divide 
the  second  term ;  hence,  6  is  a  numerical  factor  of  all  the  terms  of  the 
polynomial.  The  letters  a  and  c  are  common  to  all  of  the  terms,  and 
the  lowest  powers  of  a  and  c  are  a  and  c*.  Multiplying  together  6,  a, 
and  f9,  6ac*  is  a  factor  of  the  polynomial.  Dividing  the  polynomial  by 
Qac*,  the  quotient  is  2£V  —  ZcPy  +  4ac*  —  bcPb&y* ;  consequently,  the 
factors  are  6ac*  and  2^V  —  3a*y  -+-  4ac*  —  Oa8^^9.     Ans. 


EXAMPLES  FOR  PRACTICE. 

454*     Factor  the  following  expressions: 

1.  a*  +  ax.  Ans.  a(a?+x). 

2.  12a6  -  2a*  +  4a*.  Ans.  2aHfia'  -  1  +  2*> 
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8.  80**4**  -  6«*.  Ans.  6»«(5w*  -  n). 

4  ltx*y*  -  8jt«  +  8.  Ans.  8(2^*^  -  x5  +  1). 

5.  4x*y  -  12x'y*  +  8;^.  Ans.  4jry(jr»  -  %xy  +  2y*\ 

6.  49aW*  -  63aWr«+7a«m  Ans.  W&c\Wc.  -9ac+  a*> 


CASE   II. 

455.     To  factor  a  trinomial  which  is  a  perfect  square  : 
This  case  is  simply  the  reverse  of  Arts.  428  and  429» 

and  may  be  expressed  by  the  following  formulas,  which  we 

have  from  1  and  2  in  Art.  432 : 

a*  +  %ab  +  P  =  (a  +  b)  {a  +  b)  =  (a  +  b)\         (4.) 
a*  -  2ab  +  b%  =  (*  -*)(«-£)  =  («-  *)\         (5.) 
The  two  trinomials  a*  +  2ab  +  £a  and  a*  —  2#£  +  £*  each 

have  two  equal  factors,  and  are,  therefore,  perfect  squares  ; 

moreover,  since  a  may  represent  one  quantity  and  b  any 

other  quantity,  it  is  evident  that  any  trinomial  having  the 

form  a*  +  2ab  +  b9    or  a2  —  2ab  +  b*  is  a  perfect  square. 

Hence, 

456*  ^#y  trinomial  is  a  perfect  square  when  the  first 
and  last  terms  are  perfect  squares  and  positive \  and  the  sec- 
ond term  is  twice  the  product  of  their  square  roots. 

457.  By  examining  the  foregoing  trinomials  and  their 
factors,  the  following  rule  for  obtaining  one  of  the  equal 
factors  will  be  evident. 

Rule. — Extract  the  square  roots  of  the  first  and  last  terms 
of  the  trinomial,  and  connect  the  results  by  the  sign  of  the 
second  term. 

Example. — Factor  x*  +  2xy  +y*. 

Solution. — The  square  root  of  the  first  term  is  x ;  of  the  last  term,  .y; 
twice  this  product  equals  the  second  term  ;  the  sign  of  the  second  term 
is  plus.  Hence,  one  of  the  equal  factors  is  x+y.  Therefore,  by 
formula  4,  Art.  455,  letting  a  =  x  and  b  =/, 

x9  +  2xy  +y*  =  (x  +  y)  (x  +y)  =  (x +y)*.     Ans. 

Example.— Factor  S6m9  —  2Amn  +  4/**. 

Solution. — The  square  root  of  the  first  term  is  %m  ;  of  the  last  term, 
2n  ;  twice  their  product  equals  the  second  term  ;  the  sign  of  the  second 
term  is  minus.  Hence,  one  of  the  equal  factors  is  6w  —  2n.  There- 
fore, by  formula  5,  letting  a  =  6/w  and  b  =  2n, 

Mm*  —  2imn  +  4/*»  =  (tim  —  2n)  (6m  —  2n)  =  (fim  —  2nf.    An». 
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458.  When  the  terms  of  a  trinomial  which  is  a  perfect 
square  do  not  come  in  their  proper  order,  as  indicated  in 
Art.  456,  they  should  be  rearranged  to  bring  them  so. 

Example.— Factor  Qa*bc  +  9a*d*c*  +  1. 

Solution.— By  Art.  451,  the  terms  9a*£V*  and  1  are  perfect 
squares,  and  $albc  is  equal  to  twice  the  product  of  their  square  roots, 
or  Qa*6c  =  2  X  Sa3dc  X  1.  Hence,  arranged  in  their  proper  order, 
9#*£V*  and  1  should  be  the  first  and  last  terms,  and  §azbc  the  second 
term,  as  follows:  9#*£V*  +  6az6c  +  1.  Factoring  this  expression,  we 
have  Za%bc  +  1  as  one  of  the  factors.     Therefore, 

Wbc  +  9aWc*  +  1  =  ($a*bc  +  1)  (SaPbc  +  1)  =  (3a*bc  +  1)».     Ans. 

459.  It  is  quite  as  important  to  be  able  to  distinguish 
trinomials  which  are  perfect  squares  from  those  that  are  not, 
as  to  be  able  to  factor  them.  This  can  always  be  done  by 
the  aid  of  the  principle  stated  in  Art.  456*  For  example, 
to  find  whether  9a*b*  +  4  —  6a*b*  is  a  perfect  square,  we  first 
arrange  the  terms  so  that  the  first  and  last  are  the  perfect 
squares,  and  have  9a*b*  —  Ga*/?*  +  4.  Now,  it  will  be  ob- 
served that  the  second  term  is  not  equal  to  twice  the  prod- 
uct of  the  square  roots  of  the  first  and  last  terms,  or 
2  X  3a*b*  X  2  does  not  equal  6a2b',  so  that  the  trinomial  is 
not  a  perfect  square.  Again,  4a4  +  4#a£a  —  bK  is  not  a  per- 
fect square,  because  the  last  term,  bKy  is  negative.  It  will 
be  noticed  that  the  second  term,  4tfa£*,  is  a  perfect  square  in 
this  case.  It  must  be  placed  second,  however,  because  it  is 
the  only  term  that  is  equal  to  twice  the  product  of  the  square 
roots  of  the  other  two. 

460.  In  ascertaining  whether  a  trinomial  is  a  perfect 
square,  first  find  whether  the  numerical  coefficients  of  two 
of  the  terms  have  like  signs  and  are  perfect  squares.  Then, 
see  if  the  coefficient  of  the  remaining  term  is  equal  to  twice 
the  product  of  the  square  roots  of  the  coefficients  of  the 
other  two  terms.  Lastly,  extract  the  square  root  of  those 
two  terms  whose  coefficients  are  perfect  squares,  and  multi- 
ply the  two  results.  If  twice  the  product  equals  the  re- 
maining term,  the  trinomial  is  a  perfect  square. 

Example. — Ascertain  whether  4rt*  +  10<4  —  lfiar*  is  a  perfect  square. 

Solution. — Here  all  of  the  coefficients  are  perfect  squares,  and  the 

first  two  terms  have  like  signs.    yT=  2,  and  fTG  =  4.    Twice  the  product 
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of  2  and  4  =  (2  X  4)  X  2  =  16  =  the  coefficient  of  the  remaining  term. 
Lastly,  ifta*  =  2a  and  |/I6r*  =  4c9  %  and  (2a  X  4c9)  X  2  =  Mac*  =  the 
remaining  term ;  hence,  the  trinomial  is  a  perfect  square  and  is  equal 
to  (2a  —  4c9)  (2a  —  4c%  or  to  (4c9  —  2a)  (4r»  —  2a).     Ans. 

Example. — Ascertain  if  b9  —  6^o'—  $d*  is  a  perfect  square. 

Solution. — The  two  terms  having  like  signs  are  §bd  and  9d*.  Since 
6^0*  is  not  a  perfect  square,  the  trinomial  is  not  a  perfect  square.    Ans. 

Example. — Ascertain  if  20acd  —  4a9c9  —  25^*  is  a  perfect  square. 

Solution. — The  two  terms  having  like  signs  are  —  4a9  c9  and  —  25of*. 
According  to  Art.  456,  these  two  terms  must  be  positive.  Therefore, 
dividing  the  trinomial  by  —  1,  i.  e.,  changing  all  the  signs,  it  becomes 
—  (4aV*  +  25a*'  —  20ara*).  The  two  terms  having  like  signs  are  now- 
perfect  squares,  and  twice  the  product  of  their  square  roots  is  (2o* 
X  5d)  X  2  =  20acd  =  the  remaining  term.  Consequently,  the  trinomial 
is  a  perfect  square  and  is  equal  to  —  (2a^  —  So*)*,  or  —  (50*—  2ac)9.    Ans. 

Example. — Ascertain  if  4m*n9  —  Zm9np  +  4/*  is  a  perfect  square. 

Solution. — The  first  and  last  terms  have  like  signs  and  their  coeffi- 
cients are  perfect  squares,  but  the  coefficient  of  the  remaining  term  is  not 
equal  to  twice  the  product  of  the  square  roots  of  the  coefficients  of  the 
other  two  terms.   Therefore,  the  trinomial  is  not  a  perfect  square.   Ans. 


EXAMPLES  FOR  PRACTICE. 

461  •     Determine  which  of  the  following  trinomials  are  perfect 
squares: 

1.  x9  +  xy  +y9.  5.    x9y9  +  80-ry  +  256. 

2.  a*  -  2a8 x9  +  x*.  6.     ltx9  -  8xy*  +y9*9. 
8.  fn*  +  16  +  8m\  7.    m9  +  2mn  —  n9. 

4.     100  +  22/  +  y9.  Ans.  The  2d,  8d,  and  6th. 
Factor  the  following  trinomials: 

8.  .r*-16.r+64.  Ans.  (x  -8)*. 

9.  n*  -  26«8  +  169.  Ans.  («»  -  13)». 

10.  25x9  +  Wxyz  +  49y9*9.  Ans.  (5.r+7y*)». 

11.  16c9+b9-8bc.  Ans.  (4r-£)». 

12.  2mx  +  m9+x9.  Ans.  (m  +  x?. 

13.  a9b*c*  -  2ab9c*  + 1.            Ans.  (ab9c*-l)*. 

CASE    III. 

462.     To  factor  an  expression  which   is  the  difference 
between  two  perfect  squares  : 

This  case  is  the  reverse  of  Art.  431,  and  maybe  ex- 
pressed by  the  formula 

a'-b*  =  (a  +  b)  (a-b)y         (6.) 
which  we  have  from  3>  Art.  432. 
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463.  Since  a  may  represent  one  quantity,  and  b  any 
other  quantity,  it  is  evident  from  formula  6  that  any  ex- 
pression which  is  the  difference  between  two  perfect  squares 
may  be  factored  by  the  following: 

Rule. — Extract  the  square  roots  of  the  first  and  last  terms. 
Add  these  roots  for  the  first  factor \  and  subtract  the  second 
from  the  first  for  the  second  factor. 

Example. — Factor  9x*y*  —  4. 

Solution. — The  square  roots  of  the  first  and  last  terms  are  Sx*y* 
and  2.  The  sum  of  these  roots  is  %xAy*  +  2  and  the  second  subtracted 
from  the  first  is  8x*y*  —  2.  Hence,  by  formula  6,  letting  a  =  %xAy* 
and  b  =  2, 

9xY  -  4  =  (3jt^  +2)  (ZxY  -  2).     Ans. 

Example.— Factor  (a  +  b)*  —  m*n*. 

Solution. — The  square  roots  of  the  first  and  last  terms  are  a  ■+■  b 
and  mn.  The  sum  of  these  roots  is  a  +  b  +  mn,  and  the  second  sub- 
tracted from  the  first  is  a  ■+■  b  —  mn.  Hence,  by  formula  6,  letting 
a  =  a  •+•  b  and  b  =  mnt 

(a  +  by  —  m*n*  =  (a  +  b  +mn)  (a  ■+■  b  —  mn).    Ans. 


EXAMPLES  FOR  PRACTICE. 

464*     Factor  the  following  expressions: 

1.  a»-16.  Ans.  (a  +  4)(a-4). 

2.  a»-49^.  Ans.  (a  +  7<r»)  (a  -  7r*). 
8.  81jt^  — 1.  Ans.  (9*y+l)  (9*^-1). 
4  (a.r  +  £y)»  —  1.  Ans.  (ax  +  by  +  1)  (ax  +by  —  \). 

5.  25*y  -  (to  +  1)».         Ans.  [5**/  +  (to  +  1)]  [5x  'y  -  (to  +  1)]  = 

(5x>y  +  to  +  1)  (5* »/  -  to  -  1). 

6.  1  -  169ar*^«.  Ans.  (1  +  lSxyW)  (1  -  13^8r»). 


465.  In  example  5,  the  expression  (bx-\-iy  should  be 
regarded  as  a  single  term;  in  fact,  any  number  of  terms 
may  be  regarded  as  a  single  term  by  enclosing  them  in 
parenthesis  and  operating  on  them  as  though  they  were  a 
single  letter. 

When  solving  any  examples  requiring  the  application  of 
the  rules  in  Art.  463  or  466,  first  ascertain  if  the 
numerical  coefficients  of  the  two  terms  are  perfect  squares 
or  perfect  cubes ;  if  not,  there  is  no  use  of  examining  further. 
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CASE  IV. 

466.  To  factor  an  expression  which  is  the  sum  or  differ- 
ence of  two  perfect  cubes  : 

Letting  a  represent  one  quantity  and  b  some  other  quan- 
tity, the  sum  and  difference  of  two  perfect  cubes  will  be 
represented  by  a*  +  b'  and  a%  —  b%.  By  actual  division  it 
may  be  shown  that 

(a9  +  b%)  +  (a  +  b)  =  a*-ab+  b\  and 
\a%  -  b%)  +  (a-b)  =  a'  +  ab  +  b\ 
Hence,  any  expression  which  is  the  sum  or  difference  of 
two  perfect  cubes  may  be  factored  as  follows: 

Rule. — Extract  the  cube  root  of  each  term.  Connect  the 
results  by  the  sign  of  the  second  term  for  the  first  factor,  and 
obtain  the  second  factor  by  division. 

It  is  to  be  noticed  that  the  second  factor  will  not  be  a  per- 
fect square,  because  its  second  term  will  not  be  twice  the 
product  of  the  square  roots  of  the  other  two. 

Example.— Factor  8x*  —  2"y9. 

Solution. — The  cube  root  of  the  first  term  is  2x*t  and  of  the  second 
term  8y»;  the  sign  of  the  second  term  is  minus.  Consequently,  the 
first  factor  is  2x*  —  3y».  The  second  factor  we  find  by  division  to  be 
4x*  ■+■  Qx'y*  +  9y«.  Hence,  the  factors  are  2x*  —  3y*  and  4x*  ■+■  6x*y*  + 
9^.    Ans.  

EXAMPLES  FOR  PRACTICE. 

467.  Factor  the  following  expressions: 

1.  x*  —y%.  Ans.  (x  —y)  (x*  4-  xy  +y*). 

2.  m*  +  ten'.  Ans.  (m  +  4/**)  (w*  —  Awn*  +  16/*4). 
8.     27a3 -8**.  Ans.  (da-  2x)(9a*  +  6ax+4x*). 

4.  1,000  -  2-to-K  Ans.  (10  -  Sa'6)  (100  +  20a>6  +  9o^«). 

5.  1  +  12»mi9nls.  Ans.  (1  +  9m*n&)  (1  -  9m*n*  +81w8/i10). 

6.  612a* -64£*.  Ans.  (8a-4£)(64a*+32a£+16£«). 


CASE   V. 

468.  Sometimes  expressions  may  be  resolved  into  two 
or  more  factors  by  the  application  of  more  than  one  of  the 
given  rules.  The  student  should  make  himself  so  familiar 
with  the  first  four  cases  that  he  will  be  able  to  determine 
readily  when  any  of  them  may  be  applied. 


146  ALGEBRA. 

When  Case  I  is  to  be  used  in  connection  with  other  cases,  it 
should  be  applied  first. 

Example. — Factor  Zmx*y*  —  12my\ 

Solution.— By  Case  I,  Smx'y*  —  \2rny*  =  $my*(x*  —  4y*).  Factoring 
the  expression  in  the  parenthesis  by  Case  III,  jr*  —  4y*  =  (x  4-  2y*) 
(x  -  2/*).     Hence,  Smx'y*  —  \2rny'1  =  %myz  (x  4-  2y*)  (.r  -  2y*).     Ans. 

Example.— Factor  80a*x*  —  40ax*  +  5x*. 

Solution.— By  Case  I,  80a*x*  —  40ax9  4-  5.r*  =  5.r*(lGa*  -  8a  4-  1). 
Factoring  the  expression  in  the  parenthesis  by  Case  II,  16a*  —8a  +  1  = 
(4a  -  1)*.     Hence,  8Qa'x*  -  40ax*  +  5.r*  =  5x'(4a  -  1)*.     Ans. 

Example. — Factor  2mn  +  1  —  m*  —  n*. 

Solution. — Arrange  the  expression  as  follows:  1  —  m*  +  2mn  —  n* 
=  1  -  (w*  —  2mn  H-  «*).  (Art.  408.)  By  Case  II,  this  equals  1  -  (m  - 
«)*.  By  Case  III,  this  equals  [1  4-  (m  —  «)]  [1  —  (m  —  n)]  =  (1  4-  m  — «) 
(1  —  //*  4-  *).     Ans. 

Example. — Factor  a%  —  b*. 

Solution.— By  Case  III,  a9  —  b*  =  (a*  +  £*)  (a*  —  ^.  By  Case  IV,  a* 
+  J»  =  (a  +  £)(**  -  <z£  +  £*),  and  a8  -  d*  =  (a  -  b)  (a*  +  a*  +  £*).   Hence, 

fl<-^  =  (a  +  ^)(fl-^)  (a  *  —  ab  +  £*)  (a*  4-  ab  +  b').     Ans. 

Example.— Factor  4a'  +  .r4  —  r*  +  &y/+  4a.*-*  —  </*. 

Solution. — This  may  be  arranged  as  follows:  4a*  4-  4ax*  4-  jr4  —  ** 
4-  &•</—  </*  =  4a'  +  4a*r*  +  .r4  -  (r*  -  2<r</  +  d*). 

By  Case  II,  this  equals  (2a  +  jr*)*  —  (e  —  */)*.     Hence,  by  Case  III, 

4a«  +  * 4  —  **  +  2*:*/  4-  4ax*  -  rf»  =  (2a  +  jt»  4-  *  —  </)  (2a  4-  Jrf  —  c  +  </). 

[Ans. 
Example. — Factor  ac  —  be  +  ad  —  bd. 

Solution. — We  observe  that,  if  the  first  two  and  last  two  terms  be 
factored  by  Case  I,  they  will  each  show  the  same  binomial  factor,  a  —  b. 
Thus,  ac—  bc  +  ad—  bd—  (ac  —  be)  +  (ad—  bd)  =  c  (a  —  b)  +  d(a—  b). 
Applying  Case  I,  again,  we  have  (dividing  by  a  —  b)  the  factors  (a  —  b) 
and  (e  +  d).    Ans. 

Example. — Factor  x*  4-  ax  —  bx  —  ab. 

Solution. — This  example  is  like  the  last  Hence,  x*  4-  ax  —  b x  —  ab 
=  (jr*  +  * -*)  —  (<*-*  +  ab)  =  x  (x  +  a)  —  b  (x  +  a)  =  (x  +  a)(x  —  b).     Ans. 

469*  When  factoring  polynomials  which  come  under 
Case  V,  first  ascertain  whether  there  is  a  monomial  factor 
in  the  expression.  If  there  is  one,  divide  it  out  and  reserve 
it.  If  the  remaining  terms  cannot  apparently  be  factored 
by  Cases  II,  III,  and  IV,  endeavor  to  so  arrange  the  various 
terms  that  they  may  be  factored  by  the  application  of  some  of 
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the  preceding  rules.  No  fixed  rules  can  be  given  which  will 
cover  all  of  the  different  expressions  which  fall  under  Case 
V,  and  the  results  depend  entirely  upon  the  ingenuity  of 
the  student,  who  must  have  considerable  practice  before  he 
can  factor  polynomials  successfully.  It  is  important,  how- 
ever, that  he  should  have  some  knowledge  of  the  process. 
The  explanations  to  the  following  examples  are  more  full 
than  those  given  above,  and  will  probably  afford  some 
assistance  to  understanding  the  solutions  given  under 
CaseV: 

Example. — Factor  ax*  —  ay*  4-  b*x*  —  b'y*' 

Solution. — It  is  readily  seen  that  a  is  a  factor  of  the  first  two  terms, 
and  b*  a  factor  of  the  last  two.  Enclosing  the  first  two  and  last  two 
terms  in  parentheses,  the  polynomial  becomes  (ax6  —  ay6)  4-  (b*x*— b*y*)> 
which,  of  course,  equals  a(x*  —  y*)  +  b*(x*  —  y*).  It  is  now  seen  that 
both  terms  of  this  binomial  have  the  common  factor  (x*  —y*).  Dividing 
it  out,  the  quotient  is  a  4-  b*.  Hence,  the  required  factors  are  (a  4-  b*) 
and  (x*  *~y*).  But  since  x$  and/'  are  perfect  squares,  the  quantity 
x*  —y*  may  be  factored  by  Case  III.  Thus,  x6  —y*  =  (x*  +y3)  (x*—y*y 
Both  of  the  factors  last  obtained  may  be  factored  by  Case  IV.  Thus, 
x*+y*  =  (x*  —  xy  +y*)  (x  +  y)  and  x%  —y*  =  (x*  +  xy  +y*)  (jr—  y). 
Therefore,  since  it  is  impossible  to  factor  any  further,  ax6  —  ay*  4-  b*x* 
-b  Y  =  (*  +  P)  (x*-*y  +f)  (x*+xy+y>)  (x  +y)  (x-y).     Ans. 

Example.— Factor  4  —  9w*  —  n%  4-  6/w«. 

Solution. — Apparently,  none  of  the  rules  will  apply  here  ;  hence,  the 
chief  dependence  must  be  placed  upon  the  proper  arrangement  of  the 
terms.  Noticing  that  the  terms  9mi  and  «*  are  both  perfect  squares  and 
have  like  signs,  and  that  the  term  6mn  is  twice  the  product  of  the  square 
roots  of  9m'1  and  «9,  the  last  three  terms  are  enclosed  in  parenthesis,  and 
the  expression  becomes  4  —  (9/w*  4-  «*  —  Qmn).  The  second  term  of  this 
binomial  is  a  perfect  square,  according  to  Art.  456,  and  the  binomial 
may  be  written  4  —  (3m  —  //)*,  since  (3//*  —  nf  =  9m*  —  Qmn  4-  «*.  The 
binomial  4  —  (S/h  —  n)*  may  now  be  factored  by  Case  III,  since  both 
terms  are  perfect  squares.  Therefore,  4  —  (3m  —  n)*  = 
[2  4-  (3m  -  «)]  [2  -  (3//*  -  //)]  =  (2  4-  3m  -  n)  (2  —  3m  4-  n).     Ans. 

If  the  student  will  carefully  study  Art.  470,  in  connec- 
tion with  Arts.  446 — 471,  he  should  experience  no  great 
difficulty  in  factoring.  Until  he  has  become  accustomed  to 
factoring,  the  student  should  prove  his  work  by  multiplying 
the  factors  together,  and  comparing  the  result  with  the 
original  expression. 
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EXAMPLES  FOR  PRACTICE. 

470«     Factor  the  following  expressions  : 

1.  X4  -y*.    Apply  Case  III,  twice.       Ans.  (x'  +.y*)  (x+y)  (x-y\ 

2.  Sabx9  +  Zay%b  +  Gaxyb.  Apply  Cases  I  and  II.  Ans.  Zab(x  +  y)*. 
8.  a*b*-ab\  Apply  Cases  I  and  IV.  Ans.  ab\a-  b)(a*  +  ab+b*). 
4     2bc-b*-c*  +  4.  Ans.  (2  +  b-c)  (2-£  +  c\ 

5.  16;w*  -  25</4  +  4«»  +  Ibmn.  Ans.  (4**  +  2n  +  5</»)  (4/«  -|-  2«  -  5</*). 

6.  ^*  —  ay  +  £/  —  ab.  Ans.  (/  —  a)  (y  +  b). 

7.  c*  —  l  +  4x—4x*  —  2cd*  +  a'*.      Apply  Cases  II  and   III,  after 
arranging  the  terms  as  follows  :  (c*  —  2cd*  +dA)  —  (4x*  — 4r  4- 1). 

Ans.  (c-a'*+2x-l)(c-d>-2x+l). 

8.  a*-jr,-l  +  2x.    Apply  Cases  II  and  III. 

Ans.  (a  +  1  —  x)  (a  —  1  +  x). 

9.  4£»  — 16a£*  +  16a*£».     Apply  Cases  I  and  II.       Ans.  4b*  (1  -  2df. 
10.     •*•-»*«.  Ans.  (^  +  w4)(^  +  wJ)(^+/«)(-r-4 


CASE    VI. 

471.  Expressions  of  the  form  an  ±  bn  frequently  occur, 
in  which  n  is  an  integer  (whole  number).  The  sign  ±  is 
read  plus  or  minus \  and  means  that  either  sign  may  be  used. 
One  of  the  factors  will  be  a-\-  bf  zvhen  n  is  an  even  number 
(£,  4,  6y  etc.),  and  the  connecting  sign  is  —,  or  when  n  is  an 
odd  number  (3f  Sy  7,  etc.y)  and  the  connecting  sign  is  +. 
When  the  connecting  sign  is  — ,  a  —  b  is  always  a  factor. 
an  +  &*  cannot  be  factored  when  n  is  an  even  number,  unless 
n  has  a  value,  2pt  p  being  any  number  greater  than  1. 

Thus,  x*  —  yA  may  be  divided  by  x  -\-  yt  and  also  by  x— y; 
x*  -\-yK  cannot  be  factored;  x%  -\-y%  may  be  divided  by  x-\-y\ 
x*  —y*  may  be  divided  by  x  —  y.  x*  +y*  can  be  factored, 
since  it  equals  x***  -jrjy***;  it  is  divisible  by  x*  +,y\ 


LEAST  COMMON  MULTIPLE. 

472.    The  least  common  multiple  (L.  C.  M.)  of  two 

or  more  quantities  is  the  least  quantity  that  may  be  divided 
by  each  without  a  remainder.  When  the  quantities  have  no 
common  factor,  the  L.  C.  M.  will  be  their  product;  but  when 
they  have  a  common  factor,  a  quantity  less  than  their  prod- 
uct may  be  found  that  each  will  exactly  divide. 

473*    To  obtain  the  L.  C.  M.  of  two  or  more 
quantities  t 
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Rule. — Find  all  the  factors  of  each  quantity.  Select  the 
smallest  number  of  these  necessary  to  form  a  product  that 
each  quantity  will  divide  without  a  remainder.  The  product 
of  the  factors  selected  will  be  the  L.  C.  M. 

Example.— Find  the  L.  C.  M.  of  x*  +  2xy  +y*t  x*  —y*,  and  jit— y. 
Solution. — Factoring  each  quantity, 

x9  +  2xy  +j>8  =  (x  +/)(.r  +y).         (1) 
x*-f  =  (x+y)(x-y).         (2) 

x  -y  =  x-y.  (8) 

To  be  divisible  by  (1),  the  L.  C.  M.  must  evidently  contain  the  fac- 
tors (x  +_y)  (x  +y) ;  hence,  we  select  these  for  two  factors.  To  be  divisi- 
ble by  (2),  it  must  contain  the  factors  (x+y)(x  —  y)\  but,  as  a  factor 
x+y  was  taken  before,  it  is  necessary  to  select  only  the  x  — y.  To  be 
divisible  by  (8),  the  L.  C.  M.  must  contain  jr— y;  but  as  a  factor  x— y 
has  already  been  taken,  this  is  not  to  be  selected.  Now,  expressing  the 
product  of  the  factors  selected,  we  have  as  the  L.  C.  M.  (x  +  y)(x-\-y) 
{x—y)  =  (x+y)i(x—y)>  which  is  the  least  quantity  that  each  of  the 
other  quantities  will  exactly  divide.     Ans. 

Example. —Find  the  L.  C.  M.  of  86a£*,  12*9£*,  and  SQabc. 
Solution. — Factoring, . 

86a£*  =3X8X2X2X*X<»X£.  (1) 

12aW  =  8  X  2  X  2  X  a  Xa  X  b  X  b.  (2) 

Wabc  =5X5X2X*X£X^.  (8) 

To  be  divisible  by  (1),  the  L.  C.  M.  must  contain  all  the  factors  of 

(1);  hence,  we  select  these.     To  be  divisible  by  (2),  it  must  contain,  in 

addition  to  those  already  selected,  the  factor  a,  which  we  select.     To 

be  divisible  by  (3),  it  must  contain,  in  addition  to  the  factors  taken,  the 

factors  5,  5,  and  c,  which  we  select.    The  product  of  the  factors  selected 

is3x3x2x2x*X£x£XtfX5x5x^  =  900*^V,  the  L.  C.  M. 

[Ans. 

474.     The  following  method  of  finding  the  L.  C.  M.  of 

several  quantities  is,  perhaps,  easier  to  understand  and  apply 
than  that  given  in  the  above.  It  will  be  explained  by  means 
of  examples: 

Example.— Find  the  L.  C.  M.  of  (x*  —  1),  (x*  —  1),  and  (x+  1). 

Solution. — Factor  each  quantity  as  follows: 

x*-l  =  (x>  +jr+l)(.r-l);  x*  -  1  =  (.r  +  l)(.r-  1),  and  *+l  = 
x  +  1.  Arrange  these  in  a  row,  separating  the  different  quantities  by 
commas,  thus, 


.r-1 
x+1 


(jt»+  x  +  l)(x-  !),(*+  l)(:r-l),x+  1 


x9  +  .r+l,  -r+1  -r+1 

x*  +  x+lt  T  l" 
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Now,  select  some  factor  and  divide  each  quantity  by  it,  if  possible; 
if  any  quantity  cannot  be  thus  divided,  bring  it  down.  Selecting 
x—1  and  dividing  each  quantity  by  it,  the  result  is  x%  +  x  +  1,  x  +  1 
and  x  + 1.  Dividing  the  remaining  quantities  by  another  factor,  as 
jr+1,  the  result  is  x%  +  jt+1.  Multiplying  this  last  remainder  and 
the  two  preceding  divisors  together,  the  result  is  (.r*  +  x  +  1)  (jr  -+-  \, 
(x  —  1),  the  L.  C.  M.     Ans. 

Applying  the  above  method  to  the  first  example  in  Art. 

473, 


x+y 

x-y 


(x  +y)  (-*■+ y\  (-*■  +y)(* —y),  *  -y 


x+y* 


x—y,  x—y 


x+y,  h        i 

Hence,  the  L.  C.  M.  is  (x +y)  (x  —y)  (x  +y).    Ans. 

Applying  this   method   to  the   second   example  in   Art. 
473, 

Zak     86a£»,     12a»£»,    ZQatc 

6£ 

8 

a  i      , 

1,  1,  26c 

Hence,  the  L.  C.  M.  =  2ab  x6£x3x«X2&-  =  900a*£V.    Ans. 

475.     The  L.  C.  M.  may  often  be  found  by  inspection. 

Example.— Find  the  L.  C.  M.  of  x*  —  y*  and  x  — y. 

Solution. — The  least  quantity  that  x3—  y3  will  exactly  divide  is 
x*  —y*.  As  x—y  will  also  divide  this  without  a  remainder,  x*  —  y*  is 
evidently  the  L.  C.  M. 


18b, 

Gab, 

26c 

3, 

a, 

25<: 

1, 

a, 

25r 

EXAMPLES  FOR  PRACTICE. 

476*     Find  the  L.  C.  M.  of  the  following: 

1.  9a*b*,  I8a*b',  and  16a' b. 

2.  2.r+l  and  2{4.r*  - 1). 
8.  a*  -  b*  and  a3  -  b\ 
4.  2a -1,  4<z*  -  1,  and  4«*  +  1. 


5.     2*»  +  2aby  'dab  -  U\  and  4*V  -  4b'c. 


Ans.  Wa*b*. 
Ans.  2(4jt«-1). 
Ans.  (a  H-  b)  (a*  —  bz). 
Ans.  16a4  —  1. 
Ans.  12abc{a*  -  b'). 
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FRACTIONS. 

477.  A  fraction,  ii\  Algebra,  is  considered  as  an  expres- 
sion indicating  division.  The  sign  -f-  is  seldom  used,  it  being 
more  convenient  to  write  the  dividend,  or  quantity  to  be 
divided,  above  a  horizontal  line,  with  the  divisor  below  it,  in 
the  form  of  a  fraction. 

478.  Thus,  the  fraction     "*    ,  means  that  a  +  b  is  to  be 

'  c  —  a 

divided  by  c  —  d,  and  is  the  same  as  (a  +  b)  -*-  {c  —  d).  It 
is  read  "a  +  b  divided  by  c  —  */,"  or  " a  -f  b  overc  —  d."  All 
fractions  are  read  in  this  way  in  Algebra,  except  simple 
numerical  fractions,  as  £,  -ff,  etc-»  which  are  read  as  in 
arithmetic. 

479«  The  dividend,  or  quantity  above  the  line,  is  called 
the  numerator,  and  the  divisor,  or  quantity  below  the 
line,  the  denominator.  The  numerator  and  denominator 
are  called  the  terms  of  a  fraction. 

480.  Any  whole  number  or  quantity  may  be  taken  as 

a  fraction  with  a  denominator  of  1,  and  in  this  treatment 

of  fractions  it  will  be  considered  as  such.     Thus,  24  is  the 

24 
same  as  — ,  since  24  -=- 1  =  24.     The  student  should  observe 

the  difference  between  this  and  the  definition  of  a  reciprocal 
which  follows. 

481.  A  reciprocal  of  a  quantity  is  1  divided  by  that 
quantity  ;  that  is,  a  reciprocal  is  a  fraction  having  the 
number  1  for  its  numerator.     The  reciprocal  of  5  is  1  -5-  5 

=  \ ;  the  reciprocal  of  x*  +  a  is     a  . — .     The  reciprocal  of 

a  number  may  be  found  by  dividing  1  by  that  number; 
or  a  number  may  be  found  from  its  reciprocal  by  dividing  1 
by  the  reciprocal.  For  example,  the  reciprocal  of  250  = 
1  ~  250  =  .004  ;    the   number  whose   reciprocal  is  .004  is 

1  -7-  .004  =  ~  =  250. 

.UU4 
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482*  The  signs  of  a  fraction  are  three  in  number; 
namely,  the  sign  before  the  dividing  line,  which  indicates 
whether  the  fraction  is  to  be  added  or  subtracted  (if  this 
sign  is  +,  it  is  always  omitted  when  the  fraction  stands  alone), 
and  the  signs  of  the  numerator  and  denominator.  Any  two 
signs  of  a  fraction  may  be  changed  without  altering  its  value \ 
but  if  any  one.  or  all  three  be  changed \  the  value  of  the  frac- 
tion will  be  changed  from  -f-  to  —  or  from  —  to  +.  These 
principles  can  be  shown  to  follow  from  Art.  436.  If  the 
numerator  or  denominator  is  a  polynomial,  its  sign  belongs 
to  the  entire  numerator  or  denominator ;  and  when  changing 
signs,  care  must  be  taken  to  change  the  sign  before  each  term 
in  the  numerator  or  denominator.  Thus,  with  the  signs 
before  the  dividing  line  and  numerator  changed, 

a—b      —  a+b       ^—a  —  b 
—  ■         '       not  — 


& 


—  d        c  —  d  '  c  —  d 


_,    .        a  —  b  —a  +  b.—a  +  b         ,      a  —  b 

That -*  = p-T,  -\ l-j-  or  -\ — ,  can 

c  —  d  —c  +  d91      c  —  d  '    —c  +  d 

be  readily  shown.     It  is  evident,  from  the  laws  of  fractions, 

that,  if  both  numerator  and  denominator  be  multiplied  by 

the  same  quantity,  the  value  of  the  fraction  will  not  be 

changed.     Multiplying  both  terms  of  the  fraction -^ 

,  -.  ^        —  (a  —  b)  —  a  +  b       A      .  . 

by   -  1,   we  get   -  _  ^ -  d)=  "  =7+d'     Agam'  mul" 

tiplying  and  dividing  a  quantity  by  another  quantity  does 

4 

not  alter  the  value  of  the  quantity.     For  instance,  2  =  2  x-r. 

Now,  the  sign  before  the  dividing  line  of  a  fraction  applies 

to  the  whole  fraction.     Hence, >=  —  | ,1.     Mul- 

c  —  d  \c  —  d) 

tiplying  this  last  expression  by  —  1,  it  becomes  -f-  ( -y)  = 

->     To  divide  a  fraction  by  any  quantity,  we  may  divide 

the  numerator  or  multiply  the  denominator.  Dividing  the 
numerator  of  the  last  expression  by  —  1,  the  fraction  be- 
comes     — -.—  = --;  multiplying  the  denominator, 
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it  becomes  — 7-^ — tt  = r~ >•     Therefore, ^~.= 

—  (c  —  d)       —  c  +  a  '        r  —  a 

—  a  +  b  _  —  a-\-  b  __    a  —  b 
~~  —  c  -\- d~    c  —  d   ~~  —c-\-d' 

If  the  above  demonstration  is  not  satisfactory,   let  the 
student  substitute  numerical  values  for  a,  b,  c,  and  d. 


REDUCTION  OF  FRACTIONS. 

483.  To  reduce  a  fraction  is  to  change  its  form  without 

10-t*  20-f 

changing  its  value.     Thus,   — —  and   -— -r-  have   different 

forms,  but  like  values,  since  10-r  -f-  5  and  %0x  -4- 10  are  each 
equal  to  2x. 

In  reducing  fractions  we  have  the  general  rule  that  the 
numerator  and  denominator  may  both  be  multiplied,  or  both 
divided,  by  the  same  quantity  without  changing  the  value  of 
the  fraction. 

484.  To  reduce  a  fraction  to  its  simplest  form : 

Rule. — Resolve  the  numerator  and  denominator  into  their 
factors  and  cancel  those  thai  are  common  to  both. 

This  is  in  effect  the  same  as  dividing  both  numerator  and 
denominator  by  the  same  quantity,  and  does  not  change  the 
value  of  the  fraction. 

485.  *  In  reducing,  or  performing  other  operations  upon 
fractions,  the  student  must  learn  to  use  polynomial  factors, 
wherever  they  occur,  as  though  they  were  one  quantity — like 
monomial  factors.  This  is  illustrated  in  the  following 
examples,  where  there  are  polynomial  factors  in  both  numer- 
ator and  denominator  that  can  be  canceled.  (See  Art. 
391.) 

x*  4-  2xy  4-  y* 
Example. — Reduce «       ,       to  its  simplest  form. 

xs—  y%  r 

Solution. — Factoring  both  numerator  and  denominator, 

x%  +  2xy  +y*  _(,x  +  y)  (x  +  y) 
x*-y*     ~-  (x+y){x-y)m 
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Canceling  the  common  factor  x+y  from  both,  gives,  as  the  result, 

3jfi 6jt4v 

Example. —Reduce  »  ,  9  ^  +/  ,  to  its  simplest  form. 

Solution.—  t — 0^     =  5 — =) ^-t  when  factored. 

wry  —  12xy*      %xy\x  —  2/) 

Canceling  the  common  factors,  we  have,  as  the  result, 

x9 

Jkx*{x     0/)  x9      A 

486«  Sometimes  the  whole  numerator  is  contained  in 
the  denominator,  or  the  denominator  in  the  numerator. 
The  numerator  or  denominator  will  then  reduce  to  the 
number  1. 

£  +  &* 
Example. — Reduce  ^     ^  to  its  simplest  form. 

Solution.-    wXX*=  *b£2L)=W    Ana 

jrf  — 1 
Example. — Reduce     8_  t  to  its  simplest  form. 

Solution.—    -3 — 7  ss  - —     .     ._ — '  =  — = —  =  x*  + 1.    Ana. 
(Art.  480.) 

487.     From  the  last  example  it  will  be  seen  that  division 

x9  —  1 
may  sometimes  be  performed  by  cancelation.     Thus,  — 5 

X     ■~—   J. 

means  (x*  —  1)  ^-  (x*  —  1),  and  the  divisor  x%  —  1   canceled 

from   the   dividend   x*  —  1   gives   the  quotient  x%  -J-  1.     A 

factor  must  be  common  to  each  term  of  the  numerator  and 

to  each  term  of  the  denominator  in  order  to  be  canceled. 

3a  v 
Thus,  the  factor  x  cannot  be  canceled  from — —-A — ,  because 

x  +  4/// 

it  is  not  common  to  both  terms  of  the  denominator. 
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EXAMPLES  FOR  PRACTICE. 

Reduce  the  following  to  their  simplest  form: 
1  trP  —  n%  .         m  —  n 

m(m%  -h  mn  4-  »*)  m 

0      Za  +  Zb  A  8 

<r  —  o*  a—b 

8.    -= — **.  Ans.  jr,  +  yf. 

*•      72a«£V "  An8,      4    ' 

o.    sTs-5— i.  Ans, 


SO^jr1*  ~   Sax'* 

6.     -= — 3 — —t.  Ans. 


**-4ji-i-4°  *-2# 


489.  When  fractions  are  to  be  added  or  subtracted,  it 
is  necessary  to  so  reduce  them  that  all  the  denominators  will 
be  alike.  This  is  called  reducing  them  to  a  common 
denominator.  The  common  denominator  may  be  any 
multiple  of  the  given  denominators,  but  it  is  always  better 
that  it  should  be  the  least  common  multiple,  also  called  the 
least  common  denominator. 

490.  To  reduce  fractions  to  a  common  denominator: 

Rule. — Find  the  L.  C.  M.  of  the  given  denominators. 
Divide  this  by  each  denominator.  Multiply  the  correspond- 
ing  numerators  by  each  quotient  for  the  new  numerators^  and 
write  the  results  over  the  common  denominators. 

This  is  in  effect  the  same  as  multiplying  both  numerator 
and  denominator  by  the  same  quantity,  which,  by  Art. 
483,  does  not  change  the  value  of  the  fraction.  Before 
applying  the  rule,  all  fractions  should  be  reduced  to  their 
simplest  form. 

Example. — Reduce  = — v  -n ks-»   and    -rz jt*    to    a    common 

1  —  b     (1  —  by  (1  —  by 

denominator. 

Solution.  —The  L.  C.  M.  of  the  denominators  is  (1  —  b)lt  sine*  this 
is  the  least  quantity  that  each  denominator  will  divide  without  a 
remainder.  Dividing  this  by  1  —  b,  the  first  denominator  (use  the 
method  of  Art.  487),  the  quotient  is  (1  —  bf\  dividing  it  by  (1  —  bf% 
the  second  denominator,  the  quotient  is  (1  —  b)  ;  dividing  it  by  the 

T.     I.— 12 
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third  denominator,  the  quotient  is  1.  Multiplying  the  corresponding 
numerators  by  these  quotients,  we  obtain  as  the  new  numerators, 
lX(l-^  =  (l-^,4x(l-^)  =  4(l-^)  and  8x1  =  8.     Hence  the 

reduced  fractions  are  )H  ~~  .  £ ,    ^  ~.J  and  ^ — rrj.    Ans. 

(1  —  °r     (1  —  Vr  (1  —  of 


i  EXAMPLES  FOR  PRACTICE. 

491  •     Reduce  the  following  to  a  common  denominator: 

1      Sy*    4xz      .hxy  .         18yV    le.*-***         15^r«_y« 

*■    "53F*  *87anaU-  Ans-l2^i*  "12^ ^  12^7" 

o     £^    2?and^-  Ans.  ?^    **?*  and  ly2% 

*      10  •    15       a    30  •  ^^    30  •      80        Q  ^0^' 

0         2         8         ,    4  A          2         3a«        .4ax* 

o.     —t— ;,  — .  ana  -5—.  Ans.     .   a>      ,   t  and        ,. 

a*r*    «jr*         fl'jr  a*xv    a*x*          a*x* 

4.    and .  Ans. ; = —  and 3 5 — . 

m  —  n.tn  +  n  nr  —  n%                    m*  —  n* 

K      2         8  ,    Zx-\ 

o.     — .  s rand 


xf  2.r-l — 4jt«-1' 


J(4£^-l)     8.r(2*+l)  .r(2*-l) 

AnS*  .r(4x'  -  !)•     x(4x*  -  1)  anQ    .r(4;r*  -  1)* 


ADDITION   AND  SUBTRACTION  OF  FRACTIONS. 

492.     To  add  or  subtract  fractions : 

Rule.— Reduce  themy  if  necessary \  to  a  common  denomina- 
tor. Add  or  subtract  the  numerators ,  and  write  the  result 
over  the  common  denominator. 

Example. — Find  the  sum  of  — ^—  and  — -. — . 

0  4 

Solution. = —  and  — -. —  reduced  to  a  common  denominator 

0  4 

.  4(2a  -£)  h(a  +  b)       ..  .  Sa-4d        .    ha  +  hb 

become         ^ — -  and        ^ — ,   which  equal  — ^ —  an(*  — on — • 

Adding  the  numerators,  we  have  8a  —  4b  +  ha  4-  hb  =  18a  +  £.     The 

result  written  over  the  common  denominator  gives,  as  the  sum,  — w — . 

The  work  is  written  as  follows: 

2a  —  b      a  +  b  _  8a  —  4b      ha  -h  hb  _ 
5      +      4      "       20      +       20      " 
8a  —  4b  +  ha  +  5£  _  13a  +  £       . 
20  20~~ * 
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Example. — Subtract  — ^—  from     J"*   . 

So  2a 

4a -1         6b -2         \2ab-Zb        12ab-4a        , 
Solution. Ta g-  =  —^ ^— ,    when 

reduced  to  a  common  denominator.     Subtracting  the  second  numera- 
tor from  the  first,  and  writing  the  result  over  the  common  denomi- 

12ab-Sb        I2ab-4a        (\2ab  -  U)  -  (12**  -  4a) 
nator,  we  have  — m ^-  =  ^ = 

12ab  —  Zb  —  12ab  4-  4a        .A.    A.  lL  ,      ~      ,  .   . 
^-r ,  with  the  parentheses  removed.     Combining 

like  terms  in  the  numerator  gives,  as  the  result,  — ^— t — .  Ans. 

493.  If  as  in  the  last  example,  the  numerator  of  the 
fraction  to  be  subtracted  has  more  than  one  term,  care  must 
be  taken  to  change  the  sign  of  every  term  before  combining. 
It  will  usually  be  convenient  to  inclose  the  whole  numerator 
in  a  parenthesis  before  combining.  The  parenthesis  may 
then  be  removed  by  the  rules  of  Arts.  405  and  406. 

Example. — Simplify ; ; -H -. 

r    J  x—1        x+1       -r—  1       -r+1 

Solution. — Reducing  to  the  common  denominator,  x%  —  1, 

X%  X*  X  1  X*  +  X%         X*  —  X*        X*  +  X       X  —  1 

H — i  = Z Z 7. z 7. 7  + 


jr-1      ^+1      x  —  l      x+1  "~  x*  —  1  x*  —  1        ^-1^-1' 

Adding  or  subtracting  the  numerators  as  required,  we  have 

(x*  4-  x3)  -  (x 3  -  x*)  -  (x*  4-  x)  -{-(x  - 1) 

which,  with  the  parentheses  removed,  = 

x*  4-  x*  —  x*  4-  x*  —  x'  —  x  4-  x  —  1 


x*-l 
Combining  like  terms  we  have,  as  the  result, 

x*-l 


**-l 

1 
Example.— Simplify 


=  x9  4-1.    Ans. 


(.r-2)"       2-x' 

Solution. — If  the  denominator  of  the  second  fraction  were  written 
x  —  2  instead  of  2  —  x,  (x  —  2)'  would  be  the  common  denominator. 
By  Art.  482,  the  signs  of  the  denominator  and  the  sign  before  the 

fraction  g  _  ^  may  be  changed,  giving  -  _2+  y  = — -j.    (Art 

373.)    Hence,  we  have  ^-L  T  +  ^1—  =  -J-^  -  -J-y,  which, 

when  reduced  to  a  common  denominator,  = 

1 x—2    _l-(.r-2)_l-j--f2_     3-.r 

ix-2f       (x-2)*~~     (x-2)>     "   (*-2)*    ~  (x-2)*m    Ana' 
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EXAMPLES  FOR  PRACTICE. 

494*     Simplify  the  following  ; 

x      x      x  A       47* 

*'    "3  +  "4  +  "5*  AnS*  "W  • 

A     4jt-3      7.r+l      Sx  A         139^-8 

2-  -5-  +  — aT"  +  T-  Am-      bo    ' 

.r  —  _y        x%—y*  x*—y* 

4.    _j — .     Ans. j =  —r"' 

after  removing  parentheses  and  combining. 

a9              a              a  A        a9  +  2a 

0.    — 3 — 7  ■+- t~  ~"       . — r~«  Ans.      4     *  • 

a9  —  1       a  —  1        a  +  1  a*  —  1 

4/tt«  -4-1       8w  — 1       1  —  12*  A        »  +  **' 

*    ~4S*             12^~ +      12«     '  An8,  T5SST 

_  y  y 1 

Ans  y{*- y)+y{* +?)-{** -y*)  =      %xy-x*+? 

(x+yf{x  —  y)  x*  +  x*y  —  xjfi  —  y*' 

8w    =-  +  -5 — = — r.  Ans.  — ; 7. 

x+1       1-jr      jr1-!  jr*  — 1 


MULTIPLICATION   OF   FRACTIONS. 

495.  Multiplication,  in  fractions,  is  the  process  of 
finding  a  fractional  part  of  a  fraction.  Thus,  J  x  £  means  ^ 
of  J.  One-half  of  £  inch,  for  example,  is  §  inch ;  $  of  J  inch 
is  £  or  -j^  inch.  The  result  in  each  case  is  the  same  as  that 
which  would  be  obtained  by  finding  the  product  of  the 
numerators,  and  writing  it  over  the  product  of  the  denomi- 
nators. 

496«     Hence,  to  multiply  fractions: 

Rule. — Multiply  the  numerators  together  for  the  numer- 
ator of  the  product,  and  the  denominators  together  for  the 
denominator  of  the  product. 

497«  Two  or  more  fractions  may  be  multiplied  together. 
Common  factors  in  the  numerators  and  denominators  should 
be  canceled  before  performing  the  multiplication,  and  the 
product  should  be  reduced  to  its  simplest  form. 
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Example. — Find  the  product  of  -=- ,    »      and  -^-. 

Solution. — The  product  of  the  numerators  is  6a*  x  %ab  X  2  <w  = 
*24o*fc,  and  of  the  denominators,  5  X  3r  x  £*  =  15£V.     Writing  24tf*&- 

over  15£V,  we  have,  for  the  product,        .,    =in-  when  reduced  to  its 

lowest  terms.    The  work  is  written  as  follows: 

^•v2***?^^     Ana 

lLr* 
Example. — Find  the  product  of  801V*4  and 5 — 

Solution. — By  Art  480,  Znfitfi  =  — -z — .  The  product  of  the  num- 
erators is  &H*/*4  X  ll*'  =  &hnzn+x\  and  of  the  denominators,  1  X 
{x + 4a*  n)  =  .r  4-  4a*  «.     Hence, 

x  4-  4w«         jt  4-  4/««  x  4-  4#*» 

498«  When  the  numerators  or  denominators  consist  of 
more  than  one  term  they  should  be  factored,  if  possible,  to 
aid  in  canceling  the  common  factors  of  the  result. 

Example. — Find  the  product  of  -. r-r»   <r,  and  5 — . 

r  (.r  —  1)*      x—  2  jr-+-2 

Solution. — Factoring  the  numerators  and  denominators  of  the  frac- 
tions, and  writing  the  factors  of  the  numerators  together  over  the 

x*  4-  2x     x% 1      x* 4jt4-4 

factors  of  the  denominators,  we  have  -. rrr*  X o  X 5 —  = 

\x  —  1)         x  —  *  x  4"  * 

X%X^{x+l)<c*^^){x-^{x-%)_x(*+\)(x-*)      AfML 
(* — 1)  {x  -  1)  (*—*).(*-*-*) *-l         '    ^^ 

499.  To  multiply  expressions  in  which  addition  or  sub- 
traction is  indicated,  first  perform  the  addition  or  subtrac- 
tion. 

1         4  r*  a * 

Example.— Find  the  product  of  — j- and      j^^ac' 

1        4  *r*       1  —  4#  V 
Solution  —Performing  the  subtraction,  — = -, ;• 

\-2ae 
Multiplying,  1  "^  X       **      =  t4— ^^V^  1 _ 2ac.    Ans 
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EXAMPLES  FOR  PRACTICE. 

SOO*     Multiply  the  following  : 

H      %a*bc    .      lOafi'c  A        2ab 

L    BE^Ta^  ***  — 

2.    5fl£  by  21xy.  Ans.  15^-y. 

Find  the  product  of 

4    £z£     -£=4  and  £!±j£  Ans.  4=^Lt£ 

K     4v      16      ,        1  2y-4 

5.  -^ and  -^ T.  Ans.  •*- . 

x      xy  2y  -+•  4  jry 

6.  ^-J — I — ?—  and  ft  .  .  ^  ■  .  M.  Ans. 


94* +  604  +  4*°  ™"""   3* +  4' 


DIVISION   OF   FRACTIONS. 

501.  Division,  in  fractions,  is  the  process  of  finding 
how  many  times  one  fraction  is  contained  in  another.  For  ex- 
ample, £  inch  is  contained  in  J  inch  3  times ;  }  inch  is  con- 
tained in  $  inches  2  times.  The  result  in  each  case  is  the 
same  as  that  which  would  be  obtained  by  multiplying  the 
denominator  of  the  first  fraction  by  the  numerator  of  the 
second  for  the  numerator  of  the  quotient,  and  the  numer- 
ator of  the  first  fraction  by  the  denominator  of  the  second 
for  the  denominator  of  the  quotient. 

502.  Hence,  to  divide  by  a  fraction : 

Rule. — Invert  the  divisor,  and  proceed  as  in  multiplication. 
Example. — Divide  by 


5x*y     J  IQxY' 

10jt4v* 
Solution. — The  divisor  inverted  =  •  n   r,  . 

2a  xy 
Henre    8*'*  .     9g**    -  Za%b  v  10;r4>'  -  *X  VM&  -  *<"?    A«a 

"cnce»5^*io^--5^x"wr-  Xxm^^/"^ 

3  4* 

JT4-1 

Example. — Divide  x*  +  2jr  +  1  by =-. 

Solution.— By  Art.  480, (x*  +  2x  + 1)  +  j^-[ = x  +fr+l  x £n* 
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EXAMPLES  FOR  PRACTICE. 

503*     Divide  the  following: 

1.    gj—  by  -g-.  Ans.  — g— . 

A     ab  —  bx  .      ac  —  cx  *         b 

2.    by ■ Ans.  — . 

a-\-  z      J     a  +  z  '  c 

a    — TT22 —  by  "8^"-  A118-  ««a-M> 

4.    Wcd-tabcd by  ^  ^  ^.  Ans.  o»  -  *. 


MIXED  QUANTITIES  AND  COMPLEX  FRACTIONS. 

504.     A  mixed  quantity  is  an  expression  containing 

c  X-  d 
both  integral  and  fractional  parts,  as  2a* ~— .    Consider- 
ing the  integral  part  as  a  fraction  with  a  denominator  of  1 
(Art.  480),  a  mixed  quantity  becomes  simply  the  indicated 


addition  or  subtraction  of  two  fractions;  thus,  %a% 


c  +  d__ 

2£  -  £±i    By  integral  part  is  meant   any  expression 

which  does  not  contain  fractions  or  negative  exponents. 

505.  Any  fraction  may  be  reduced  to  either  an  entire  or 
mixed  quantity  by  dividing  the  numerator  by  the  denomi- 
nator. It  frequently  happens  that  by  performing  the  indi- 
cated division,  the  fraction  will  be  reduced  to  a  simpler 
form.  The  case  of  reducing  a  fraction  to  an  entire  quantity 
was  taken  up  in  Art.  486. 

Example.— Simplify  4^12g"1t 

Solution. — Performing  the  indicated  division, 

2*+8)4**  +  12*-l(2*  +  8-     ™_     An*. 

6.r-l 
6jt  +  9 


-10 
When  any  operation,  as  multiplication  or  division,  is  to 
be  performed  with  a  mixed  quantity,  it  is  sometimes  easier 
to  first  reduce  it  to  a  fraction. 


162  ALGEBRA. 

506.    To  reduce  a  mixed  quantity  to  a  fraction : 

Rule* — Consider  the  integral  part  to  be  a  fraction  with  a 
denominator  of  1}  and  perform  the  indicated  addition  or  sub- 
traction. 

Example. — Reduce  x%  +  xy  +y* to  a  fraction. 

**     • 

b            x9  "4*  xv  -4-  y*  b 

Solution.—  x*  +  xy+y%  —  -- — -  = f — ^ — -•;  sub- 

x    y  *■  «*     y 

tracting  the  second  fraction  from  the  first  gives 

(x*  +  xy+y*)(x-y)-b  _  x*-y*-b      An& 
x—y  *—y 

Example.— Multiply  ,    a     +      a     by  1  +  «*  +  ** 

a  +  x       a  —  x    J  2ax    m 

Performing  the  additions, 

a  a  2a%       H  ,  a*  +  x*      a*  +  2ax+x* 

Solution. ■ 1 = —= — -r ;  1 H — 5 = 5 . 

a  +  x      a  —  x      a*  —  x*  2ax  2ax 

a 
Multiplying,  ^r^?* 

.*  —  x 


EXAMPLES  FOR  PRACTICE. 

507*     Solve  the  following: 

1.     Reduce to  a  mixed  quantity.  Ans.  a*  H — . 

c  c 

8.    Simplify  *'+*•*? +  5r'-3-r  ^  x  +  2,  -  8  +*±g. 

J  x+2y  '  x  +  2y 

8.     Reduce  x  +  8  —  K 7  to  a  fraction.  Ans. 


2x  +  1  2x  +  1" 

4    From  Za  H -t —  subtract  a ^ — . 

a  a 

5.    Divide  m  4-  » by  *w  —  « .  Ans.  ■**        . 


508«     A  complex  fraction  is  one  having  a  fraction  in 

its  numerator,  or  denominator,  or  both.     Since  any  fraction 

is  an  expression  of   division,   a  complex  fraction  may  be 

simplified  by  dividing  the  part  above  the  line  by  the  part 

.5 
below  it.     Thus,  the  complex  fraction  J.  =  |-4-|;  inverting 

the  divisor  and  multiplying,  £  X  \  =  £. 
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The  same  result  would  have  been  obtained  if  both  terms 

had  been  multiplied  by  the  least  common  denominator  of 

the  denominators  of  the  fractions  in  the  numerator  and 

i  X  8 
denominator.     Thus,  | — -  =  f . 

X  X  o 
The  latter  is  generally  the  simpler  method  to  use. 

509.     Hence,  to  simplify  a  complex  fraction : 

Rule. — Multiply  both  terms  by  the  least  common  denomi- 
nator of  the  denominators  of  the  fractional  parts. 

Example. — Simplify  4 r. 

Solution. — The  least  common  denominator  of  the  denominators  is 
xy.    Multiplying  each  term  by  this,  we  have 

^xxy-%xxy     x%_p 

Z x  = —  =  x+y.    Ana. 

1  i  x-y  ' 

-x*s--x*y 

The  multiplication  can  generally  be  performed  mentally,  without 
writing  the  least  common  denominator,  at  the  same  time  canceling 
common  factors. 

Example. — Simplify  j. 

Solution. — The  L.  C.  D.  is  x.  Multiplying  each  term  by  this,  we 
have 

?1±*  =  x* _ x  + 1.    Ans.    (Art  466.) 
x+ 1  v  ' 

1 
Example. — Simplify 


*  + 2^ 

\  +  a  + 


1-a 

Solution. — This  is  the  case  of  a  complex  fraction  in  which  the 
denominator  is  itself  a  complex  fraction. 

a 


First,  consider  the  part 


2a* 


1-a 
Multiplying  both  terms  by  1  —  a,  we  have 

a{\  —  a)  __       a  —  a9 .      __  a—  a* 

(l  +  tf)(l-tf)  +  2tf*  -  1  -  a*  +  2a9  ~  1  +  & 
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The  fraction  thus  becomes 


1  + 


Multiplying  both  terms  by  1  4-  a*f  the  L.  C.  D.,  we  have 

1  +  a9  1  +  a9 


l  +  a*  +  a-  a*       \  +  a 


Ans. 


EXAMPLES  FOR  PRACTICE. 

510.     Simplify  the  following : 

«         16  A       at* 

"ST  Ans'ia5- 

1  +  7  1 

8.     _**  An,       23 


Note. — 2$  means  2  +  {•    Hence  for  the  numerator  multiply  2  by  the 
least  common  denominator  8,  and  add  7. 

4. — "— %  Ans. 


5.      ai  +  ^  +  jr  Ans-    *«£• 

INVOLUTION. 

511*  Involution  is  the  process  of  raising  a  quantity  to 
any  required  power  (Art.  362),  by  taking  it  as  many  times 
as  a  factor  as  there  are  units  in  the  exponent  of  the  power. 

The  rules  for  raising  a  monomial  to  any  power  follow 
directly  from  the  rules  of  multiplication.  For  example,  let 
it  be  required  to  raise  da9  to  the  4th  power.  Writing  da9 
tour  times  as  a  factor  and  performing  the  multiplication,  we 
have,  by  Art.  420, 

(3*2)4  =  da9  X  3a3  X  3*a  X  3a*  =  Sla\ 

Here  the  power  is  81#8,  and  the  exponent  of  the  power 
is  4.  It  will  be  observed  that  the  exponent  of  a  in  the 
power,  produced  by  adding  together  the  exponents  of  a  in 
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the  factors,  is  the  product  of  4,  the  exponent  of  the  power, 
and  2,  the  exponent  of  a  in  3#2,  or  4  X  2  =  8. 

512.  Again,  since  like  signs  produce  plus,  it  is  evident 
that  any  power  of  a.  positive  quantity  will  be  positive \  and  by 
multiplying  a  negative  quantity  by  itself  a  number  of  times 
it  will  appear  that  any  odd  power  of  a  negative  quantity  will 
be  negative,  and  any  even  power  positive.  Thus,  (  —  a)2  = 
(_«)  X  (-«)  =  +«•;   (-ay  =  (  +  a')(-a)=  -a'; 

(-«)'  =  (-«')(-«)  =  +*\  etc. 

513*  From  the  preceding,  we  have,  to  raise  a  monomial 
to  any  power : 

Rule. — Raise  the  numerical  coefficient  to  the  required 
power y  and  multiply  the  exponent  of  each  letter  by  the  expo- 
nent of  the  power.  If  the  power  is  even,  make  its  sign  plus  ; 
if  oddy  make  its  sign  the  same  as  that  of  its  root. 

Example.— Find  the  value  of  (  —4bc*d%)*. 

Solution. — Four  raised  to  the  required  power  equals  4  X  4  X  4,  or  64; 
the  exponent  of  b  in  the  power  is  3  X  1  =  3;  of  c,  3x2  =  6,  and  of  d, 
3x8  =  9.  Since  the  power  is  odd,  the  sign  is  the  same  as  that  of  its 
root,  or  minus.     Hence,  ( —  4bc*d*)z  =  —  teb%c*d*.    Ans. 

514.  A  fraction  may  be  raised  to  any  power  by  raising  both 
numerator  and  denominator  to  the  required  power. 

/     2.r8\4 
Example. — Find  the  value  of  f  —  5—4  J. 

Solution. —  (2x*)*  =  l£r1?,  for  the  numerator  of  the  power; 
(Sy4)4  =81yu  for  the  denominator  of  the  power.  Since  the  power  is 
even,  its  sign  will  be  plus.     Hence, 

16-r'* 


/     2x*\*_ 
\     *y4)~ 


81/' 


«• 


Ans. 


EXAMPLES  FOR  PRACTICE. 

515*     Find  the  values  of  the  following: 

1.  {2a'b*)*.  Ans.  16aW«. 

2.  (-Sa-ry)4.  Ans.  62fc«*"j4 

3.  l-fn*n*)\  Ans.  -w8,«w. 

4.  (-.feY-  Ans.""*" 


/       a*b*  y 


16   ' 

5.*   (\ax*)*.  Ans.  f&a*x". 

-      (  tn*n*x  \*  .  ?nnnnx* 

V-fcVV  "~  216*V»# 
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INVOLUTION   OF   POLYNOMIALS. 

516*  Since  involution  consists  of  successive  multiplica- 
tions, a  polynomial  may  be  raised  to  any  power  by  multiply- 
ing it  by  itself  until  it  has  been  taken  as  many  times  as  a 
factor  as  there  are  units  in  the  exponent  of  the  power. 

When  finding  the  square  of  a  binomial,  however,  the 
method  of  Arts.  428  and  429  should  be  used,  for  it  saves 
actual  multiplication.  If  a  polynomial  of  more  than  two 
terms  is  to  be  involved,  it  may  sometimes  be  divided  into 
two  parts,  thus  forming  a  binomial  which  can  be  squared  by 
this  method,  as  explained  in  example  11,  Art.  434. 

This  method  may  be  extended  to  include  any  power,  by 
first  raising  the  binomial  a  +  b  to  that  power*  by  multiplica- 
tion, and  then  substituting  for  a  and  b  in  the  result  the  two 
terms  of  the  binomial  that  it  is  required  to  raise  to  the 
given  power.  The  student  need  not  use  this  method,  how- 
ever, for  any  except  the  second  power. 


EXAMPLES  FOR  PRACTICE. 

617.     Find  the  values  of  the  following: 

1.  (2a  —  jr—  4/)*.  Ans.  4a*  —  4ax  —  lQay  +  x%  +8^  +  16/*. 

2.  (-  Za*x -  2ax>  +x*)*.     Ans.  9a*x>  -h  12a*x*  -  2a*x4  -4ax*  +  x*. 
a    (x*  —  ax+  a')\ 

Ans.  x*  —  Sax •  +  Ga*x4  —  7a8jr8  +  6a*x%  —  8a5jr  +  a*. 


EVOLUTION. 

518.  Evolution  is  the  process  of  extracting  any 
required  root  of  a  quantity.  It  is  exactly  the  reverse  of 
involution.  Thus,  by  involution,  (2a)'  =  2ax2ax2ax2a 
=  16a* ;  by  evolution,  4/I604  =  2a. 

519.  Since  every  even  power  of  both  positive  and  nega- 
tive quantities  is  positive  (Art.  512),  it  follows  that  the 
even  roots  of  a  positive  quantity  may  be  either  positive  or 
negative.  Thus,  since  both  (+  a)*  and  (  —  a)*  =  +  a'% 
ty  +  a'   equals  either  +  a  or  —  a.     When  it  is   desired  to 


ALGEBRA.  167 

indicate  that  a  quantity  is  either  positive  or  negative,  the 
double  sign  ±  is  used.  Thus,  ±  a  means,  that  a  is  to  be 
taken  as  either  -|-  a  or  —  a,  and  is  read  " plus  or  minus  a." 

520*  From  Art.  512  it  follows,  also,  that  there  can  be 
no  even  root  of  a  negative  quantity.  A  negative  even 
power  is  impossible ;  hence,  an  even  root  of  a  negative  quan- 
tity is  impossible. 

• 

52 1.  Since  evolution  is  the  reverse  of  involution,  we 
have  the  following  for  extracting  any  root  of  a  monomial: 

Rule. — Extract  the  required  root  of  the  numerical  coeffi- 
cient, and  divide  the  exponent  of  each  letter  By  the  index  of 
the  root.  Make  the  sign  of  every  even  root  of  a  positive 
quantity  ± ,  and  the  sign  of  every  odd  root  of  any  quantity 
the  same  as  that  of  the  quantity. 

Example.— Find  the  value  of  ty  256tf4<W. 

Solution.— The  4th  root  of  256  is  4.  The  exponent  of  a  in  the  root 
is  4  -*-  4  =  1 ;  of  dt  12  -*-  4  =  3 ;  and  of  c,  8  -*-  4  =  2.  As  this  is  an  even 
root  of  a  positive  quantity,  the  sign  should  be  ±.  Hence,  4/  256a4£,,£8 
=  ±  4a  Pc*.    Ans. 


Example. — Find  the  value 


c    */Vtm*x% 


Solution.—    ^27/H»;r»  =  %mx* ;   #  a*b*c"  =  aPd*c*.     The  quantity  Is 
positive,  and,  as  this  is  an  odd  root,  its  sign  must  be  the  same,  or  positive. 


Hence.  tf*H**  =  *Et.    Ans. 


EXAMPLES  FOR  PRACTICE. 

522«     Find  the  values  of  the  following: 

1.  tf~^i25x~Y*9-  Ans.  -5-ryV. 

2.  flO.OOOa^V*.  Ans.  ±10a*Pc*. 
8.  }/  248//I1*//*0.  Ans.  Sm*n*. 
4      |/  —  4aW,  Impossible. 


3-  V  -Fsfef  Ans-  — 


xy*z* 


aWc*d ' 


6. 


f^W-  Ans-  ±  *; 
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SQUARE  ROOT  OF  POLYNOMIALS 

523*  In  Art.  455,  the  method  of  extracting  the  square 
root  of  a  trinomial,  which  is  a  perfect  square,  was  explained. 
The  method  of  extracting  the  square  root  of  any  poly- 
nomial which  is  a  perfect  square,  is  as  follows : 

Rule. — Arrange  the  terms  according  to  the  powers  of  some 
letter. 

Write  the  square  root  of  the  first  term  as  the  first  term  of 
the  required  root,  and  subtract  its  square  from  the  given 
polynomial. 

For  a  trial  divisor,  divide  the  first  term  of  the  remainder 
by  twice  the  part  of  the  root  already  found ;  annex  the  result 
to  the  root,  and  also  to  the  divisor. 

Multiply  the  divisor  as  it  now  stands  by  the  term  of  the 
root  last  obtained,  and  subtract  the  product  from  the 
remainder. 

If  there  is  still  a  remainder,  use  twice  the  part  of  the  root 
already  found,  for  a  trial  divisor,  and  continue  as  directed 
above. 

Example. — Find  the  square  root  of  the  expression  1  -h  10*'  •+•  25**  -+• 
16*«  -  24**  -  20r*  -  4*. 

Solution. — First,  arrange  the  expression  according  to  the  decreasing 
powers  of  x:  root 

|4^r»  —  3jrg  +  2*-l.  Ans. 

16*«  -  24**  +  25*<  -  20*»  +  10r«  -  4r  + 1 
16*« 


$X*  —  3*  *  |-  24* 6  -+■  25*4 

*»4-    9** 


|-24j 
1-241 


8*1  —  Qx*  +  2x 


8**  — 6*«  +  4*— 1 


16*4-20*»  +  10.r« 
16**-12*»-4-   4*» 


-  8*»  +    G*»-4*+l 

-  8*8-f-    6.r»  —  4*4-1 


The  square  root  of  the  first  term,  lGx*,  is  4x%,  which  is 
the  first  term  of  the  root.  This,  squared  and  subtracted 
from  the  given  polynomial,  leaves  a  remainder  of  —  24jt*  -f- 
25x*,  plus  the  terms  that  were  not  brought  down.  Doubling 
Ax%,  the  part  of  the  root  already  found,  gives  8**1 ;  —  24xs 
divided  by  %x*  =  —  3x*,  which  is  the  second  term  of  the  root. 
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Annexing  this  to  the  &r\  the  trial  divisor,  we  have  for  our 
complete  divisor  &r$  X  3.r\  which,  multiplied  by  —  3x*f  = 
—  24x*-\-9x\  Subtracting  this,  and  bringing  down  the  next 
two  terms,  we  have  16x*  —  20x*  +  lO^r1.  For  a  new  trial  di- 
visor, double  the  root  already  found,  and  obtain  2(4r*  —  3x9) 
=  Sx*  —  6.***,  which  is  contained  in  the  above  dividend  +  &r 
times,  the  third  term  of  the  root.  In  like  manner,  the  last 
term  is  found  to  be  —  1.  Since  this  is  an  even  root,  it  would 
have  the  double  sign  ±.  (Art.  519.)  In  such  examples, 
however,  it  is  not  necessary  to  consider  the  minus  sign. 

Example. — What  is  the  square  root  of  x*  +  %x*y*  —  4xBy  —  4xy*  + 
SxY  -  IOjt8^  +y*  ? 

Solution. —  {.r8  —  2x*y  -t-  2.ry*  —y*.  Ans. 

x*  —  4x*y  +  8x*y*  —  lO-r'j/8  +  Sx*y*  —  4xy*  +y* 
x* 


&r»  —  %x*y 


-  4x*y  +  8xy 

—  4xhy  4-  4x*y* 


2x*  —  4x*y  ■+■  2xy* 


4x*y*  —  10jr8j*  4-  8^«y 
4x*y*-    8x*y*  +  4x*y* 


2x*  —  4x'y  +  4xy*—y*l-    2x3y*  +  4x*y*  — 4xy* +y* 

—   2x*y*  +  4x'y*  —  4xy*  +  y* 


EXAMPLES  FOR  PRACTICE. 

524*     Extract  the  square  root  of  the  following  polynomials: 

1    4x*  •+■  9  —  3<Xr  —  20r8  •+■  SlxK  Ans.  2x*  —  5*  +  & 

a     16y*  -h  24/*  +  89y*  +  toy  +  100.  Ans.  4/*  +  By  +  10. 

a     -  2jt  -  12-r*  +  10^4  +  5x*  -  Mr*  +  9^«  +  1. 

Ans.  Sx*  —  2x*  +  x—'L 

Note. — Arrange  according  to  the  decreasing  powers  of  x. 
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(CONTINUED.) 


EXPONENTS* 

525*  In  Art.  361 ,  an  exponent  was  defined  as  a  fig- 
ure written  to  the  right  and  above  a  quantity  to  show  how 
many  times  the  latter  is  taken  as  a  factor.  This  definition 
is  not  complete,  because  it  applies  only  to  positive  integral 
exponents.  Fractional  and  negative  exponents  sometimes 
occur,  and  require  a  more  extended  definition.  The  rules 
for  positive  integral  exponents  are  used  for  fractional  and 
negative  exponents,  however,  and  will  be  repeated  here : 

526.  I.  In  multiplication,  exponents  of  like  quantities 
are  added.     (Art.  418.) 

II.  In  division,  the  exponents  of  quantities  in  the  divisor 
are  subtracted  from  the  exponents  of  like  quantities  in  the 
dividend.     (Art.  438.) 

III.  When  raising  a  monomial  to  any  power,  its  exponents 
are  multiplied  by  the  exponent  of  the  power.     (Art.  511.) 

IV.  When  extracting  the  root  of  a  monomial,  its  expon- 
ents are  divided  by  the  index  of  the  root.     (Art.  521.) 

527.  Since  letters  may  represent  numbers,  they  may  be 
used  for  exponents,  the  same  as  figures.  Thus,  an  means 
that  a  is  to  be  taken  as  many  times  as  a  factor  as  there  are 
units  in  n,  or  a  X  a  X  #,  etc.,  to  n  factors.  Such  exponents 
are  called  literal  exponents.  Fractional,  negative  and 
literal   exponents  are  all  read  by  using  the  word  exponent. 

n 

Thus,  a\  a~*y  a"%  and  an,  are  read,  " a,  exponent  £,"  "a, 
exponent,  minus  4,"  "#,  exponent  n  -r-  ///,"  and  "a%  exponent 
nf"  respectively. 

For  notice  of  the  copyright,  see  page  immediately  following  the  title  page. 

T.    /.— is 
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528.  The  meaning  of  fractional  exponents  will  be 
evident  from  the  following  illustration:  By  Art.  526,  IV, 
the  square  root  of  a9  is  a9,  obtained  by  dividing  the  exponent 
6  of  the  power,  by  the  index  2  of  the  root.  Since,  however, 
a  fraction  is  an  expression  of  division  (Art.  477),  the  square 
root  of  a9  might  be  indicated  by  writing  the  exponent  of  a, 
as  f,  thus  indicating  the  division  of  6  by  2.  Thus,  a\y 
means  the  square  root  of  a9.     Hence, 

The  numerator  of  a  fractional  exponent  denotes  a  power, 
and  the  denominator ,  a  root. 

For  example,  aS  =  j/a\  &  ^=  */?;  x*  =  tyx";  2c*  =  2  V?", 
the  exponent  *J  applying  only  to  the  c. 

Since  •§•  =  £x  6,  a\  =  aS  *6 ;  in  other  words,  a\  may  also  be 
read  as  the  sixth  power  of  the  square  root  of  a. 

529.  The  meaning  of  negative  exponents  may  be 

illustrated  as  follows :  Let  it  be  required  to  divide  a4  by  a9. 

By  Art.  526,  II,  we  have  -^-=  aA~9  =  a9;  also,  a9-±  a9  =  -^ 

a9  '  a9 

a9 
=  a9-9  =  a9,  and  a9  -f-  a9  =  -j-  =  a0"9  =  a~9t  etc.    From  this,  it 

a9  *  ' 

a* 
will  be  seen  that  — T  =  cr9;  but,  by  Art.  439,  a9  =  1,  so  that 

#°       1 
1  may  be  written  for  a9>  in  this  expression,  thus :   — -  =  -j-  = 

ar-*.     Hence, 

-<4  quantity  affected  with  a  negative  exponent  denotes  the  re- 
ciprocal  of  the  same  quantity  affected  with  an  equal  positive 
exponent.     (Art.  481.) 

530.  Also,  since  in  -?  =  a~9f  the  a~*  changes  to  a9  when 

a 

placed  in  the  denominator,  we  may  state  that, 

A  factor  may  be  changed  from  the  numerator  to  the  denom- 
inator',  or  from  the  denominator  to  the  numerator,  if  the  sign 
of  its  exponent  be  c/ianged. 

r^  ,     n~9         1  ;/  nfa        x~*  y 

For  example,  — T  =  — r-= ;   —r-r  = :  — — r  =  -—■»  etc« 

r    '  ab       abn%  '  ab~*        a     '    by~l        5x* ' 

In  the  last,  the  positive  exponent  1  of  the  y  is  not  written. 
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Example.— Express,  with  positive  exponents, 

ar*lr*c*  +  cr*b~l<r\  +  cMr*. 

Solution. — Since  these  terms  may  be  taken  as  fractions,  with  one 
for  the  denominators,  we  have,  by  transferring  the  letters  with  nega- 
tive exponents  to  the  denominators, 

ab*       a*o*c%       a* 

531*     It  should  be  observed   that  only  factors  of  the 

whole  denominator  or  numerator  can  be  changed,  and  that 

they   must    become    factors   of    the    whole    numerator   or 

denominator    to    which    they   are   transferred.      Thus,    in 

u 
•5 — r— — ->,  the  c~*  cannot  be  transferred  to  the  numerator, 
b<r%  +  cT  f 

by  merely  changing  the  signs  of  the  exponent,  because  it 

is  not  a  factor  of  the  whole  denominator ;  but  the  exponent 

may  be  made  positive  in  the  following  manner : 

a         —       a       —        a       —      ac%         T     acr%     th        » 
b<r*  +  d  ~~    b    ,     .  ~"  F+72  ~  b  +  c9<f         ~b  +  ~3y  ' 

— i  ~r  **       — :• — 

when   transferred,    must  become   a    factor    of    the    whole 
denominator,  thu£,  ■ ,,.   , — tt- 

532*  The  method  of  dealing  with  fractional,  negative, 
and  literal  exponents  will  be  clearly  shown  by  the  examples 
which  follow: 

Example. — Find  the  products  of  the  following:  a*  and  a"*1;  n  and 
ri~^\  C*  and  C**  ;  x~x  and  #-rs;  &f*and jt=.     Write  all  the  prod- 

T  —  3  yc* 

ucts  with  positive  exponents. 

Solution. — Apply  Art.  526, 1,  in  each  case.     The  exponents  of  the 

first  are  8  and  —  1 ;  their  sum  is  3  —  1  =  2.     Hence,  az  X  a~x  =  a*-    Ans. 

In  like  manner,  n  X  n~±  =  /*,_*  =  «*,  Ans.,  the  exponent  \  being  the 

n  tn  an 

sum  of  1  and  —  ± ;  c™  X  ^  ™~  =  c  m  . Ans. 

To  multiply  the  next,  change  f'.r*  to  x*  by  Art  528.   Then x~l  X  ** 

1  •      2 

=  ;r-J  =  — t.      Ans.      (Art    530.)     In    the    last   one    2<r*  =  -t   and 
x*  c* 

1                   1  ^  2  1  2  2 

« ir=--=-  = r ;  whence,  ~%  X  — r~r  =  — TT  =  —  ~«TT     An& 
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Example. — Find  the  quotients  of  the  following:  a3  •+•  a~l ;  tr^  -*-  «-§; 

n  %n 

cm    -|.    cm  ;   jr*  -*-  fJ!., 

Solution. — Apply  Art.  526,  II,  in  each  case.  The  exponents  of  the 
first  are  8  and  —  1 ;  subtracting,  8  —  (—  1)  =  4.     Hence,  a*  -*-  a~l  =  a1. 

AnS*  -i        -i        -14.1        i  !L       «2        =_!? 

In  like  manner,  n  *  -s-  «*  =  »  ,+f  =  «•.     Ans.;     *■»-*-*■»»=:*■»    ~  = 

(Tm.  Ans*. ;    •*•'-*-  |/3r*  =  -r*  -*■  xl  ==  jr1.     Ans. 

Example. — Find  the  values  of  the  following :  (a*-1)"*  ;  («/"•)*  ; 
(jf.aj-6  _*_  (.*•-«)-&;  |/  9//r*.r*. 

Solution. — Apply  Art.  526,  III.  In  the  first,  multiplying  the  expon- 
ents (see  Art.  511),  —  IX-  £  =  i-  Hence,  (a~l)~l  =  #*,  or  4/"^.  Ans. 
In  like  manner,  (cd-^  r=  A/"5,  Ans.,  since  1  X  i  =  f,  and  -  2  X  {  =  -  5. 

In  the  next  one,  (xa)"+  =  x~ab  and  (x-*)-*  =  .r°6.  Dividing,  jr-°*  -+• 
^06  =  ^-afr-aft  =  j:-«a6#  Ans.  por  tne  last  example,  apply  Art.  526,  IV. 
Since  this  is  the  square  root,  divide  the  exponents  by  2,  thus:  —  2-h 
2  =  —  1,  and  f  -*-  2  =  f     Hence,    |^  9*r-*.r*  =  8//*-!.rl.    Ans. 


EXAMPLES  FOR  PRACTICE. 

S33.     Clear  the  following  of  negative  exponents: 

1.  x%y-*srV  Ans.  -^-j. 

'  y*zt 

2.  za-it,  +     2*        ^  Aq&  8*     2^  +  J. 

tr*c~*  a  c 

8.    l^i±iD.  An,    *  +  *> 


Express  the  following  without  radical  signs: 

4.  ^F*.  Ans.  (<r*)*  or  rt 

5.  4a  tf<r*br%.  Ans.  ±<fla~h~*  =  4 A"1. 
Find  the  values  of  the  following: 

0.     wi  X  wi  Ans.  //A 

7.  2adlxa~*6.  Ans.  2aW. 

8.  <:*-*-  f/*F»-  Ans.  r*. 

9.  2x-*  +  (x*)-l  Ans.  2jr->. 

^-» )     X  V*?5.  __  Ans.  **». 


RADICALS. 

534.  A  radical  is  a  root  indicated  by  a  radical  sign. 
(Art.  363.) 

535.  An  indicated  root  that  can  be  exactly  obtained  is 
called   a   rational   quantity;    when   the    root    cannot   be 
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exactly  obtained,   it    is   called   a    surd.     Thus,  |/9"  is   a 
rational  quantity,  and  4/2  is  a  surd. 

536*  The  degree  of  a  radical  is  denoted  by  the  index  oi 
the  radical  sign ;  thus,  fya-\-  2  is  of  the  third  degree. 

537.  By  Art.  511,  an  expression  like  (ab)*  =  a*b*9  or 
a*x&.  Hence,  expressing  the  exponent  *  by  the  radical 
sign  (Art.  528),  tfab  =  \/aX  frb.  That  is,  the  product  of 
two  radicals  of  the  same  degree  is  equal  to  a  radical  of  like 
degree,  consisting  of  the  product  of  the  quantities  under  the 
radical  sign. 

538.  In  like  manner,  \/a*b  =  ^ax  x  4/^  =  a\/J.  That 
is,  when  the  quantity  under  the  radical  sign  has  a  factor 
whose  indicated  root  can  be  extracted,  the  quantity  may  be 
placed  outside  the  radical  sign. 

Example.— Simplify  the  following:    |/48;  i/'ZlaW;  ^108;  Stfla". 

Solution. — In  each  case,  resolve  the  quantity  under  the  radical  sign 
into  two  factors,  one  of  which  is  the  greatest  factor  of  which  the  indi- 
cated root  can  be  extracted,  and  apply  Art.  538. 

^48=  |/10X3=  4/lFx  4/3"=  44/37    Ans. 

f/27fl5Pf=  ^9a*x*x$ax  =  tf9a*x*X  V $ax  =  3a*x*^Sax.  Ans. 
^108=  ^27  X  4  =  ^27  X  ^4  =  8^41    Ans. 
8^4^"=  8^,5,X4  =  3^^*X^4  =  So*  fZ    Ans. 

539*  Until  the  student  becomes  accustomed  to  the 
handling  of  radicals,  it  may,  perhaps,  be  better  for  him  to 
use  the  fractional  exponent  method  of  expressing  them,  in 
preference  to  the  radical  sign.  Thus,  in  simplifying  ^48, 
write  it  48*,  and  solve  as  follows:  48*=  (1C  X  3)>  =  1G*  X  3*  = 
4x3*  =  44/3.  In  a  similar  manner,  4/  21  a**1  =  27*  X  a*  X 
**  =  9*  X  3*  X  a*  x  a*  X  x%  X  **  =  3  X  3*  X  a*  X  a*  X  x%  X  •*"*  = 
3*V  X  3*oir*  =  3a*x*  +/'3ax. 

540.  When  the  quantity  under  the  radical  sign  is  a 
fraction,  multiply  both  terms  by  such  a  quantity  as  will  make 
the  denominator  a  perfect  power  of  the  same  degree  as  the 
radical. 
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Example. — Reduce   4/fand  tf\  to  their  simplest  forms. 

/a"         /2  v  3         /If 
Solution. —    i/  —  =  a/  I-12J:  =  4/  £.    Factoring  this  expression, 

as    was    done    in    the    last    example,  4/f  =  4/JX6  =  4/^  X  4/6  = 
i/6.    Ans.    (Art.  538.) 

fT  =  VTf  •       Factoring,     this     equals     4/  ^  X  2  =  f^ft  X  4/3  = 

14^2.     Ans. 

541*     Example. — Remove    from    under    the    radical    sign    the 

denominator  of  4/ — — . 

Solution. — It  is  necessary  to  multiply  both  terms  of  the  fraction  by 
such  a  quantity  as  will  make  the  exponents  of  the  denominator  all 
equal  to  4.  Hence,  the  denominator  must  be  24£V4.  Dividing  2*£V 
by  2£V*,  the  result  is  2%bc*  =  S6c*.    Multiplying  both  numerator  and 

denominator  by  8bc't  the  radical  becomes  jV^a**  =    1    j/j^t 

V    2ib4c4       2bc T 
Ans. 

542*  It  follows,  also,  from  Art.  538,  that  a  factor  out- 
side a  radical  sign  may  be  placed  under  it  by  raising  it  to  a 
power  corresponding  to  the  degree  of  the  radical. 

Example. — In  8*4/2*,  introduce  the  3*,  and  in  2a*btf3ab,  the  2a*b, 
under  the  radical  signs. 

Solution. — Squaring  3*,  we  have  9*1.  Hence,  since  this  is  the 
reverse  of  Art.  538. 

8*4/2*  =  4/9*1  X  V2x  =  4/iS*7.     Ans. 

Since  (2a'fy  =  8a*b\  2a*b  tfSab  =  #8aW  x  ffiab  =  #2taW.    Ana 


EXAMPLES  FOR  PRACTICE. 

543*     Simplify  the  following: 

1.  4/50!  Ans.  54/ik 

2.  3^24.  Ans.  6^3". 
8.      2|/80.  Ans.  4  tyK 

4.  ifl25a*d*.  Ans.  SaWs/Ed. 

5.  i/I.  Ans.  i  4/5O. 


6.  j/I.  Ans.  i^l6. 

7.  -4/^L.  Ans.    —  ^2ab. 
*V  2o»  2abV 
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Introduce  the  coefficients  of  the  radicals  in  the  following,  under  the 
radical  sign: 

8.  54/52.  Ans.    4/8OO. 

9.  xtfx*y*.  Ans.    ^y. 
10.     ZxVxy.                                  Ans.    fa2x*y. 

ADDITION    AND   SUBTRACTION    OF    RADICALS. 

544.  Rule. — Reduce  the  radicals  to  their  simplest  forms, 
and  proceed  as  in  addition  or  subtraction,  combining  like  radi- 
cals, and  indicating  the  addition  or  subtraction  of  unlike 
terms. 

Example. — Find  the  sum  of  4^18,   |/27,  and  -f/jT 
Solution. — Simplifying,  by  Art.  538, 

4/18=  4^9*  X  ^2  =  S^2, 

|/27=  4/S"x  4/8  =  84/3: 

VT=  *T=  ViX  V?=  \V% 
Sum=(8  +  J)4^'+84/3  =  }VS"+84/S    Ans. 

Example.— From  2^48  take  ^162. 
Solution. — Simplifying, 

2^48  =  2^8*X  ^6*=4^S: 

i/W>  =  ^27  X  ^6  =  3^ST 
Difference  =  (4  —  8)^5"=  ffi    Ans. 

545.  In  addition  and  subtraction  of  radicals,  it  is  better 
to  use  the  fractional  form  of  expressing  them  in  all  cases, 
since  the  liabilities  of  making  mistakes  are  then  greatly 
reduced.  Thus,  in  finding  the  sum  of  4/T8"  +  ^W  +  4/$, 
4/T8  =  9*  X  2*  =  3  X  2*,  \frf  =  94  X  34  =  3  X  34  and  4/f  = 
$4/2  =  \  X  24.  Hence,  3  X  24  +  3  X  34+  \  X  24  =  (3  +  \) 
X  24  +  3  X  34  =  3 J  4/2  +  3  4/3.  Here  it  is  perfectly  evident 
that  it  would  not  do  to  add  3  X  34  and  3  X  24,  and  get  6  X  54. 

Example.—     4/320  -  4/8O  =  644  x  54  -  ie4  x  54=  8  X  5*  -  4  X  5*  = 

{8  -  4)54  =44/5:     Ans.  

EXAMPLES  FOR  PRACTICE. 

546»     Find  the  value  of  the  following: 

1      4^50  +  4/72.  Ans.  liyE 

*      VT+i^A+i^H-  Ans.  fft^ 
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8.  4^54  4-5fT28+^gT               Ans.  82^2  +  8^ 

4  -^1029  -  fl92.                                            Ans.  8^3? 

5.  b  $  27a*6  -  ^216a*d*.                      Ans.  -  %a*b  #J. 


MULTIPLICATION  AND  DIVISION  OF  RADICALS. 

547.  Rule. — If  the  radicals  are  of  the  same  degree, 
multiply  or  divide  the  quantities  under  the  radical  signs,  and 
write  the  results  under  the  common  radical  sign. 

Example. — Find  the  product  of  4/  12  and  4/lJ. 
Solution.—   4/T2  x|/3  =  4/12x3  =  4/86  =  6.    Ans. 

Example. — Divide  ^S^Fby^ita. 

Solution.—  ^9^1  _*_  ^^a  =  #9a*-i-3a  =  -0£?  =  a^S.  Ans. 

548.  If  the  radicals  are  not  of  the  same  degree,  they 
must  be  reduced  to  equivalent  ones,  all  of  which  have  the 
same  degree,  as  follows :  Express  the  radicals  with  fractional 
exponents  ;  reduce  these  fractions  to  a  common  denominator , 
and  express  the  resulting  fractional  exponents  with  radical 
signs. 

Example. — Multiply  together  4/2^^3  and  \f%. 

Solution.— By  Art.  528,  4^2=  2*;  tf%  =  31;  fTs  =  5*;  reducing 
the  exponents  to  a  common  denominator,  6, 

2*  =  2i  =  ¥&  =  f§T 

3*  =  3»  =  v&  =  yfc 

5*  =  y k  > 

Multiplying,   fSx  V^X  f!T=  f 360.   Ans. 

v 

549.  Example.— Multiply  74/^  2  f6"  andfT 

Solution. — Writing  these  surds  with  fractional  exponents,  and 
multiplying,  the  result  is  (7  X  5l)  X  (2  X  0*)  X  4i  =  14(5*  X  64  X  4l). 
That  part  of  the  product  included  in  parenthesis  cannot  be  multiplied 
together  by  reason  of  the  difference  in  the  exponents.  For  example, 
2*  X  5s  =  8  X  25  =  200;  it  docs  not  equal  105,  since  this  equals  100,000. 
Hence,  in  order  to  multiply  the  three  numbers  included  in  parenthesw, 
they  must  all  be  affected  with  the  same  exponent.  To  effect  this,  tno 
fractional  exponents  must  first  be  reduced  to  a  common  denominator. 
The  common  denominator  is  12;  5*  =  5'V  CI  =  C"  and  4*  =  4*      But 

6*  =  (5*)*  =  15,625*  6A  =  (6*)*  =  216A  and  4*  =  (4*)A  =  16*.     Since 
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the  numbers  now  have  the  exponent,  they  may  be  multiplied  togethei  * 
thus,  15,625*  X  216*  X  16*  =  (15,625  X  216  X  16)*  =  (54,000,000)* 
Hence,  the  product  of  7  |/5^  2 1/"6  and   \Ti  = 

14  X  54,000,000*  =  14*1/54, 000,000.     Ans. 

To  prove  that  the  answer  is  correct,  perform  the  indicated 
operations  in  both  cases.     If  the  results  are  the  same,  the 

work  must  be  correct.     Thus,  in  the  last  example,  7|/5  = 

15.65248;    24/0  =  3.13017    and    fT=  1.25992.      Therefore, 
15.65248  X  3.13017  X  1.25992  =  CI. 7297. 

But  14^54,000,000  also  equals  61.7297,  showing  that  the 
work  was  correct. 

In  all  doubtful  cases  arising  from  the  use  of  surds  and 
radicals,  if  the  student  will  use  fractional  exponents  instead 
of  the  radical  sign,  he  should  experience  but  little  difficulty. 
In  addition  and  subtraction,  the  surds  (not  the  coefficients 
of  the  surds)  must  be  alike ;  if  they  are  not  alike,  the  addi- 
tion or  subtraction  must  be  indicated.  For  example,  3  X  41 
+  14  X  41  =  17  X  41,  for  the  same  reason  that  da  +  Ma  = 
17a  f  but  3  X  4i  +  14  X  51  =  3  X  4i  +  14  X  5*,  for  the  same 
reason  that  3a9  -f- 14£*  ==  da9  +  14£*.  In  multiplication  and 
division,  the  surds  need  not  be  alike,  but  the  fractional  ex- 
ponents of  the  surds  must  be  alike,  for  the  reason  stated 
above. 

550.  If  there  are  factors  outside  the  radical  signs, 
multiply  or  divide  them  separately. 

Example.— Divide  4|/1  by  2tf~3. 
Solution.—  4|/"3  =  4  x  3*  =  4  x  31  =  4^27. 

2f  3  =  2  X  3*  =  2  X  3*  =  2$/~9. 
4  -•-  2  =  2  and  27  +  9  =  8;  hence,   4|/3  -*-  2^3  =  4^27  -•-  2(^9  = 

2^§:  

EXAMPLES  FOR  PRACTICE. 

55 1«  Multiply  the  following,  reducing  the  answers  to  theii 
simplest  forms: 

1.  5/8  by  3/5.  Ans.  30/10. 

2.  ^8by4|/48.  Ans.  32 /S 
a    J^4byf^l2.  Ans.  \^ 
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Divide  the  following: 

4    8  4/15  by  4  4/5:  Ans.ff/8: 

5.  ilTbyfVF  Ans._A. 

6.  f2by  faC  Ans.  '#y&. 

INVOLUTION   AND   EVOLUTION    OF    RADICALS. 

552.  A  radical  may  be  raised  to  any  power,  or  any  root 
of  a  monomial  radical  may  be  taken,  by  writing  the  radical 
with  fractional  exponents  and  proceeding  as  in  Art.  532. 
If  there  is  a  factor  outside  the  radical  it  should  be  involved 
separately  in  involution,  and  in  evolution  it  should  first  be 
introduced  under  the  radical  sign. 

553.  The  most  important  case  is  that  of  raising  a  radical 
to  the  power  corresponding  to  the  degree  of  the  radical, 
when  the  radical  sign  will  disappear ;  thus,  to  raise  Y±a  to 

the    third    power,    (VST)'  =  [(**)*]■  =  (**)*  =  4*\   or  4a. 
Ans.  

EQUATIONS. 

554*  As  defined  in  Art.  354,  an  equation  is  a  state- 
ment of  equality  between  two  expressions,  as  x  +  6  =  14. 

555*  Every  equation  has  two  parts,  called  the  first 
and  second  members.  The  first  member  is  the  part  on 
the  left  of  the  sign  of  equality,  and  the  second  member  the 
part  on  the  right  of  that  sign.  In  x  +  6  =  14,  x  +  6  is  the 
first  member,  and  14  is  the  second  member. 

556*  Equations  usually  consist  of  known  and  un- 
known quantities;  that  is,  of  quantities  whose  values 
are  given,  and  of  quantities  whose  values  are  not  given,  but 
are  to  be  found.  Thus,  in  x  ~f-  C  =  14,  6  and  14  are  known 
quantities,  and  x  is  unknown ;  but  since  by  the  statement  of 
the  equation,  x  ~f-  6  must  equal  14,  x  must  have  such  a  value 
that  when  added  to  6  the  sum  will  be  14.  Hence,  the  value 
of  x  is  fixed  for  this  particular  case,  and  in  a  similar  manner 
the  value  of  a  single  unknown  quantity  in  any  equation  is 
fixed  by  the  relations  that  it  bears  to  the  known  quantities, 
and  this  value  can  usually  be  found. 
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557.  To  solve  an  equation  is  to  find  the  value  of  the 
unknown  quantity.  This  is  done  by  a  series  of  transfor- 
mations by  which  the  first  member  becomes  the  unknown 
quantity,  and  the  second  member  becomes  a  known  quantity, 
which  is,  therefore,  the  value  of  the  unknown  quantity. 


TRANSFORMATIONS. 

In  transforming  an  equation,  the  equality  of  its 
members  must  be  preserved ;  otherwise,  the  existing  relations 
between  the  known  and  unknown  quantities  will  be  destroyed. 
Transformations  are  based  upon  the  following  principles' 

559*     In  any  equation: 

I.  The  same  quantity  may  be  added  to  both  members. 
For  example,  if  2  be  added  to  both  members  of  x*  =  16,  the 
members  of  the  resulting  equation,  x*  +  2  =  18,  will  be  equal. 

II.  The  same  quantity  may  be  subtracted  from  both  mem- 
bers.    Thus,  if  x9  =  16,  then  x*  —  2  =  14. 

III.  Both  members  may  be  multiplied  or  both  divided 
by  the  same  quantity.     Thus,  if  x*  =  16,  then  2x*  =  32  and 

IV.  Both  members  may  be  raised  to  the  same  power. 
Thus,  if  x*  =  16,  then  xA  =  256. 

V.  Like  roots  of  both  members  may  be  extracted.  Thus, 
if  x%  =  16,  then  x  =  4. 

A  little  thought  will  show  that  none  of  these  operations 
will  destroy,  the  equality  of  the  members.  In  the  equation 
16  =  16,  for  example,  by  I,  16  +  2  =  16  +  2 ;  by  II,  16  -  2  = 
16  —  2;  by  III,  16  X  2  =  16  X  2,  etc.  It  is  to  be  observed, 
however,  that  after  any  transformation,  the  members  do  not 
equal  their  original  values. 

560.  Transposition. — In  transforming  an  equation, 
it  is  frequently  necessary  to  transpose,  or  change  a  term 
from  one  member  to  the  other.  For  example,  in  the  equa- 
tion 3x  +  5  =  12,  let  it  be  required  to  transpose  the  +  5  to 
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the  second  member.  This  may  be  done  by  subtracting  -f-  5 
from  both  members,  which,  by  Art.  559,  II,  will  not 
destroy  the  equality;  thus, 

3;r  +  5  =  12 
Subtracting  +  5  from  both  members,  5        5 

lx        ^12  -5  =  7. 

Again,  let  it  be  required  to  transpose  the  —  5  in  3x  —  5  = 

12,  to  the  second  member.     This  may  be  done  by  adding 

+  5  to  both  members,   which,   by  Art.    559,  I,  will  not 

destroy  the  equality ;  thus, 

dx  -  5  =  12 

Adding  +  5  to  both  members,  5        5 

£r         =~12  +  5  =  17. 

Now,  what  was  really  accomplished  in  each  case  was  that 
5  was  transposed  from  the  first  to  the  second  member,  with  its 
sign  changed;  and  in  changing  a  term  from  the  second  to  the 
first  member,  the  same  operation  would  be  performed.   Hence, 

561*  Any  term  may  be  transposed  from  either  member 
of  an  equation  to  the  other y  if  its  sign  be  changed. 

562.  Cancelation. —  When  the  same  term  appears  with 
the  same  sign  in  both  members  of  an  equation,  it  may  be  can- 
celed from  both.  For,  in  the  equation  x  -f-  a  =  6  +  a,  we 
have,  by  transposing  the  a  in  the  first  member,  to  the  second 
member,  x  =  6  +  a  —  a  ;  whence,  the  a's  cancel,  leaving 
x  =  6.  It  must  be  observed  that  terms  will  not  cancel  from 
both  members  unless  they  have  the  same  sign.  Thus,  in 
x  —  a  =  6  +  a,  we  have,  by  transposing  the  —  ay  x  =  6  +  2a. 

563*  Changing  Signs. — It  is  sometimes  desirable  to 
change  the  sign  of  a  quantity  in  an  equation  from  —  to  +  or 
from  -|-  to  — .  To  change  it,  we  use  the  following  principle: 
the  signs  of  all  the  terms  of  both  members  of  an  equation  may 
be  changed  without  destroying  the  equality.  For,  in  the 
equation  —  x  -f  4  =  10  —  ay  both  members  may  be  multiplied 
by  —  1  (Art.  559,  III),  giving  x  —  4  =  -  10  +  a,  or  a  —  10. 

564.  Clearing  of  Fractions. — When  an  equation 
contains  fractions  it  must  be  cleared  of  them  in  order  to  find 
the  value  of  the  unknown  quantity. 
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Example. — Clear  the  equation  ■r"t-^  +  x  +  "«"===  ^  °*  ^rac^ona* 

Solution. — The  L.  C.  M.  of  the  denominators  2,  4  and  6  is  12.  By 
Art  559,  III,  both  members  may  be  multiplied  by  the  same  quantity. 

Hence,  multiplying  each  term  by  12,  we  have  12*  ■+-  -jr-  +  -j-  4-  -~-  = 

1,200.  Now,  reducing  each  fraction  to  its  simplest  form,  which  will 
not  alter  its  value  (Art.  483),  and  so  will  not  destroy  the  equality  of 
the  members,  we  have  12jt  +  6x  -+-  9x  +  4x  =  1,200,  the  denominators  to 
all  the  fractions  having  canceled. 

565*  Hence,  to  clear  an  equation  of  fractions,  multiply 
each  term  of  the  equation  by  the  L.  C.  M.  of  the  denominators. 

566*  Instead  of  multiplying  the  numerators  by  the 
L.  C.  M.  and  then  reducing  the  fractions  to  their  simplest 
forms,  it  is  easier  to  divide  the  L.  C.  M.  by  each  denominator, 
and  then  multiply  the  corresponding  numerators  by  the  quo- 
tients,  as  was  done  in  Art.  490. 

O    J*  1  Oy,        I  ft 

Example. — Clear  the  equation         n  =  -^ 5 — -.  of  fractions. 

H  jr  +  2      2      x%  —  4 

Solution. — The  L.  C.  M.  of  the  denominators  is  2(x*  —  4).  Divid- 
ing this  by  x  +  2  and  multiplying  2x  by  the  quotient,  2(.r—  2),  gives 
4jl(x  —  2),  or  4-r2  —  Sx;  dividing  2(jr*  —  4)  by  2  and  multiplying  1  by 
the  quotient,  x*  —  4,  gives  x%  —  4;  and  dividing  2(x*  —  4)  by  x*  —  4  and 
multiplying  —  (3x  ■+-  2)  by  the  quotient,  2,  gives  —  6x  —  4.  Hence,  the 
equation  becomes  4x*  —  Sx=  x*  —  4  —  (Sx—  4,  all  the  denominators 
having  canceled  in  the  process. 

567.  Where  a  fraction  is  preceded  by  a  minus  sign,  care 
must  be  taken  to  change  the  sign  of  every  term  of  the  numer- 
ator when  clearing  of  fractions.     See  Art.  493. 


EXAMPLES  FOR  PRACTICE. 
568*     Clear  the  following  equations  of  fractions : 

1.  jr+~  +  £  =  16--.  Ans.  28.r»  +  21**  +  20*  =  448* - 56. 

4        7  x 

2.  £-£Zl?  =  i  Ans.  3*- 6*+ 18  =  2*. 

4  A  o 

a  —  b  a  +  b 

Ans.  ax+  bx  —  a*x+b*x=a*  —  2ab  +  b*  —  a*  +  b\ 

4.     _*       =  _£-  _  f±i.  Ans.  .r  =  x*  -  a*  +  J» 

(a  —  £)      a  —  £         * 
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SOLUTION   OF   SIMPLE   EQUATIONS. 

569.  A  simple  equation  is  one  containing  only  the 
first  power  of  the  unknown  quantity,  when  cleared  of  radical 
and  aggregation  signs  and  fractions.  It  is  also  called  an 
equation  of  the  first  degree. 

570.  The  unknown  quantity  in  a  simple  equation  con- 
taining but  one  unknown  quantity  is  usually  represented  by 
the  letter  x.  Known  quantities  are  represented  by  figures 
and  by  the  first  letters  of  the  alphabet.  Equations  contain- 
ing known  quantities  represented  by  letters  are  called  literal 
equations,  and  if  any  literal  equation  be  solved  (Art. 
557),  the  value  of  the  unknown  quantity  will  usually  con- 
tain one  or  more  of  the  first  letters  of  the  alphabet. 

571.  To  solve  a  simple  equation: 

Rule. — Clear  the  equation  of  fractions  y  if  it  has  any. 

Transpose  the  terms  containing  unknown  quantities  to  the 
first  member \  and  the  known  terms  to  the  second  member. 

Combine  the  terms  containing  the  unknown  quantity  into 
one  term  and  reduce  the  second  member  to  its  simplest  form. 

Divide  both  members  of  the  resulting  equation  by  the 
coefficient  of  the  unknown  quantity  {Art.  559,  III),  and  the 
second  member  of  this  last  equation  will  be  the  value  of  the 
unknown  quantity. 

This  rule  does  not  hold  absolutely  in  all  cases,  since  special 
methods  are  often  used,  of  which  the  student  can  learn  only 
by  practice. 

572.  To  verify  the  result,  substitute  the  value  of  the 
unknown  quantity  in  the  original  equation,  which  should 
then  reduce  so  that  both  members  will  be  alike.  When  this 
occurs  the  equation  is  said  to  be  satisfied. 

573.  In  the  following  examples,  the  value  of  the  unknown 
quantity  x  is  to  be  determined.  All  the  transformations 
used  depend  upon  principles  explained  in  Arts. 

Example. — Solve  the  equation  20  -f  5.r  —  3,r  —  18  =  10. 
Solution. — Transposing  20  and  —  18  to  the  second  member, 

5.r-3,r=10-20  +  18. 
Combining  like  terms,        2x  =  8. 
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Dividing  both  members  by  2  (Art  559,  III), 

*  =  4.    Ans. 
To  verify  the  result,  substitute  4  for  *  in  the  original  equation.    (Art 
572.)    Thus, 

20  +  5x4-8x4-18  =  10, 
or       20  +  20-12-18  =  10. 
Combining,  10  =  10,  which  proves  the  result. 

Example. — Solve  the  equation  5*  —  (10  —  x)  =  5*  +  4(*  —  1). 

Solution. — Removing  the  parentheses, 

5*  —  10  +  x  =  5*  +  4*  —  4. 
Transposing  — 10  to  the  second  member  and  5*  +  4*  to  the  first 
member,  5*  4-  x  —  5*  —  Ax  =  10  —  4. 

Combining  like  terms,  —  3*  =  6. 

Changing  signs  to  make  the  term  containing  x  positive. 

3*  =  —  6.    (Art.  563.) 
Dividing  both  members  by  3,  x  =  —  2.    Ans. 

Proof:    5x  -2-(10  +  2)  =  5  X  -2  +  4(-2-  1), 

or     -10-10-2= -10-8-4 
Combining,  —  22  =  —  22,  which  proves  the  result 

Example. — Solve  the  equation 

16-*-{7*-  [8*-  (9*-  Sx-  6*)]}  =  <>• 

Solution. — Removing  the  aggregation  signs  (Art  407), 

1 0  —  x  —  7*  +  Sx  —  9*  +  Sx  —  6*  =  0. 

Transposing  16  to  the  second  member, 

—  x  —  7*  +  8*  —  9*  +  Sx  —  6*  =  —  16. 

Combining  like  terms,        —  12  *=  —  16. 

Dividing  both  members  by  — 12, 

:*r  ft  =  1  Jw     Ans. 


Example. — Solve  the  equation 

2* +2       1  _  8  —  6*      2(6* +7) 
2      +  4  ~~       5       +         8 

Solution. — Reducing  the  first  term  of  the  first  member  and  the  last 
term  of  the  second  member  to  a  simpler  form,  the  equation  becomes 

.       1       8-6*      6* +7 
*+1  +  I  =  — 5-+-I— 

Clearing  of  fractions  by  multiplying  each  term  of  both  members  by 
20,  the  L.  C.  M.  of  the  denominators,  we  have 

20*+  20  +  5  =  32  -  24*+  30*+  35. 
Transposing  terms, 

20*  +  24*  -  30*  =  32  +  35  -  20  -  5. 
Uniting  terms,  14*  =  42. 

Dividing  by  14,  *=  3.    Ans. 
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Example. — Solve  the  equation  x  +  x—^ ^ g-  =  9. 

Solution. — Clearing  of  fractions  by  multiplying  each  term  by  40, 
the  L.  C.  M. ,  and  remembering  that  the  sign  of  the  second  fraction  is 
minus  (Art  567),        40r  +  20x  +  80  -  (24r  -  82)  -  Sx  =  860. 

Removing  parenthesis  and  transposing  terms, 

404:  +  20jt  -  24*  -  5*  =360-80-83. 

Uniting  terms,  81*  =  248. 

Dividing  by  81,  x  =  8.    Ans. 

8  2  1 

Example. — Solve  the  equation  -z •= h  = ;  =  0. 

Solution.— Clearing  of   fractions  by  multiplying  by  1  —  jt',  the 

L.  C.  M., 

8(1  +  x)  -  2(1  -  x)  +  1  =  0. 

8  +  8*— 2  +  2*+ 1  =  0. 

Uniting  terms,  5*  =  —  2. 

*=  —  .4.    Ans, 

Note. — 0  multiplied  or  divided  by  any  number  =  0. 

574.  If  the  denominators  in  a  fractional  equation  are 
partly  monomial  and  partly  polynomial,  it  will  be  easier  to 
clear  of  fractions  at  first  partially,  multiplying  by  the 
L.  C.  M.  of  the  monomial  denominators. 

_,  o  i      *u  *•      8*+ 5      4*+ 6      7*- 3 

Example. — Solve  the  equation  — —. —  =  — = — -  —  s s. 

^  14  7  6*  +  2 

Solution. — Clearing  of  fractions  partially,  by  multiplying  each 
term  by  14,  and  noticing  that  2  may  be  canceled  from  the  denominator 
>f  the  second  fraction  of  the  second  member  when  multiplying  by  14, 

o        *      o        irt       49* -21 
8-r  +  5  =  8'r+12--l>JTr. 

Transposing  and  uniting  the  terms  (Art  562), 

49*- 21  _„ 
3*+l    -1' 

Clearing  of  fractions  by  multiplying  each  term  by  8*  +  1, 

49*- 21  =  21*+ 7 
28*=  28 
x  =  1.    Ans. 

8              +  i—jr 
Example. — Solve  the  equation  1  H r-  = 5 . 

X  —  1  o 

Solution. — Simplifying  the  second  member  by  multiplying  both 
numerator  and  denominator  of  the  fraction  by  1  —  x  (Art.  509), 

3  3(1-*) +  4-* 

"*"  *-l  ~~  3(1  -*) 
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Changing  the  signs  of  the  first  fraction  so  as  to  bring  1  —  x  in  the 
denominator  (Art.  482),  and  clearing  of  fractions  by  multiplying  by 
8(1  -  x)t  8(1  -  x)  -  9  =  3(1  -  x)  +  4  -  x. 

Canceling  8(1  —  x)  from  both  members  and  transposing, 

x  =  13.    Ans. 

575.  When  powers  of  the  unknown  quantity  higher 
than  the  first  appear  in  an  equation,  they  will  often  cancel, 
the  equation  thus  reducing  to  a  simple  one. 

Example. — Solve  the  equation 

(x+  3)*  -  Sx(tx  +  1)  =  bx9  -  (4r-  5)«. 

Solution. — Performing  the  operations  indicated, 

x9  4-  6.r+  9  -  \2x*  -  S-r  =  5x9  -  (16.r*  -  40x4-25). 

Removing  the  parentheses  and  transposing  terms, 

x9  +  6jt-  12^*  -  3-r-  5x9  4-  16.r«  -  40.r  =  -  25  -9. 

Combining  like  terms,     —  Six  =  —  84. 

Dividing  by  —  87,  x  =  ff .    Ans. 

576.  In  literal  equations  (Art.  570),  the  terms 
containing  known  or  unknown  quantities  cannot  always  be 
combined  into  one.  In  solving,  all  terms  containing  un- 
known quantities  must  be  brought  into  the  first  member 
without  regard  to  whether  they  contain  known  quantities. 

Example. — Solve  the  literal  equation  2ax  —  Sb  =  x+  c  —  Sax. 

Solution. — Transposing  the  terms  containing  the  unknown  quanti- 
ties to  the  first  member  and  the  remaining  terms  to  the  second  mem- 
ber, and  combining  like  terms,        5ax  —  x  =  Sb  +  c. 

Factoring  5/ur  —  x  with  a  view  to  bringing  x  alone  in  the  first 
member,  (5a  —  1)  x  =  Sb  +  c. 

The  coefficient  of  x  is  now  5a  —  lf  this  being  considered  as  one 
quantity.    (Art  391.) 

Dividing  by  5a  —  1,  x  =  > — —-r.    Ans. 

Proof. — Since  the  original  equation  is  equivalent  to  5ax  —  x  =  Sb  4- 

c%  it  will  be  sufficient  to  satisfy  this  equation.     Hence,  substituting  the 

value  of  xt 

5*(3J  +  Q     Sb  +  c  (5a-l)(3J  +  r)_OA  ,  „ 

— = z = =•  =  00  ■+•  c,   or  = z =  00  +  c* 

6a  —  1         5a  —  1  5a  —  1 

Canceling  the  5a  —  1,     Sb  +  c  =  Sb  +  c. 

Example. — Solve  the  equation 

(jr  +  a)  (x-b)-  (x-a)  (x  +  b)  =  a*  -  b9. 

Solution. — Performing  the  operations  indicated, 

x9  +  ax  —  bx  —  ab  —  (x9  —  ax  +  bx  —  ab)  =  a9  —  P, 

T.    I.-14 
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Combining  like  terms,  2ax  —  2b  x  =  a*  —  &\ 
whence,         2(a  —  b)x  =  a*  —  b*t 

or       •r"2(a-^)=       2(a-*)       =      2     •    Ans. 

_  o  i       *u  . .      8*  4-  1      3£;r  —  2a  4-  c 

Example. — Solve  the  equation  — — r  =  -n — —-tt . 

n  x  4- 1       b(x  +  1)  —  a 

Solution. — Clearing  of  fractions, 

(Sx  4- 1)[^  4-  1)  -  a]  =  (x  +  1)  (Mx-  2a  +  c\  or 

%bx{x  +  1)  -  Zax+  b(x  +  1)  -  a  =  8£r(.r  +  1)  -  (2a  -  <:)  (jt+  1). 

Canceling  Zbx{x  4- 1)  from  both  members, 

—  8a;r  +  bx+  b  —  a  =  —  2ajr  +  rjr  —  2a  +  c. 

Transposing  and  uniting  terms, 

—  ax+  bx—cx  =  —  a  —  b  +  c. 

Changing  signs  and  factoring, 

(a  —  b  +  c)x=  a  +  b  —  c; 

whence,       x  = 7— — .    Ana 

•  a  —  b  +  c 


EXAMPLES  FOR  PRACTICE. 

577*     Solve  the  following  equations; 

1.  16  —  3-r=18  —  6*.  Ans.jr=  — L 

2.  8{4r— 5)  +  6  =  l  +  2x.  Ans.  jr=l. 
8.    6(5-2jr)  =  6-2(;r-2).  Ans.  ^  =  2. 

.     2x     4x      K      Bx  a               i»A 

4.     -g-  —  -q-  =  5 — 7-.  Ans.jr=60. 

6.  — = = —  =  16 3 — .  Ans.  x  =  41. 

o  0  4 

-     x      x*  —  5x      2  A                   w 

*     F-"8J3T  =  F  Ans.*=-7. 

w     6  —  2*     8  —  2x     A  .                ., 

7.    = r  =  0.  Ans.  jt  =  4}. 

X4-1        X4-4  * 

a'  4*  4a 

8.  2x—  4a  =  8ajr4-  a*—  a'jr.  Ans.  .r  = 


a*_3a4.2* 


A     fljr+2jr     flf  +  4fl  +  4      A  .  5a*  4-  10a 

9.    — = 77 =  0.  Ans.  x  = 77 . 

5a  4b  4b 

Suggestion. — Transposing  the  second  term  to  the  second  member, 

ax+2x      q»  +  4a  +  4      (a  +  2)* 
5a       -  4b         -      4b      ' 

Multiplying  both  sides  by  5a, 

40 

Solving  for  xt 

_  5a(a  4-  2)*  _  5a(a  4-  2)  _5a^_4-10a 

X~   (a  +  2)4b  "        46  S 

Id    — -  =  ab-\ .  Ans.  x  =  -7* 

ex  c  T 
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SIMPLE  EQUATIONS  CONTAINING  RADICALS. 

578.  To  solve  equations  containing  radicals,  the  radical 
signs  must  first  be  removed.  For  example,  to  solve  *fx  =  4, 
we  know  from  Art.  559,  IV,  that  both  members  may  be 
raised  to  the  same  power.  Hence,  squaring  both  members, 
j/x  X  V**  =  4  X  4,  or  x  =  16,  since,  by  Art.  553,  any  radical 
raised  to  a  power  corresponding  to  its  index  equals  the 
quantity  under  the  radical  sign.  Again,  in  fyx  =  4,  cubing 
both  members,  tyx  X  V*  X  V*  =  4  X  4  X  4,  or  x  =  64. 

579.  Hence,  to  solve  equations  containing  a  single 
radical : 

Rule. — Transpose  the  terms  of  the  given  equation  so  that 
the  radical  will  stand  alone  in  one  member  ;  then  raise  both 
members  to  a  power  corresponding  to  the  index  of  the  radical. 


Example. — Solve  the  equation  ^x*  —  5  —  x  =  —  1. 

Solution. — Transposing  —  x  so  that  the  radical  will  stand  alone, 

Squaring  both  members,  since  the  index  of  the  radical  is  2, 

jr«  —  5  =  jt8  —  2x+l. 
Transposing  and  uniting  terms, 

2x=6, 

or       x  =  8.    Ans. 

580.     Before  clearing  of  the  radicals  the  equation  should 
be  simplified  as  much  as  possible. 


Example. — Solve  the  equation  %tfx—  18  =  }. 
Solution.— Dividing  by  f ,  ^x—  18  =  f  X  \  =  6. 
Squaring  jr-18  =  36, 

or       x  =  54.    Ans. 

581.  If  there  are  two  or  more  radicals  in  the  equation, 
remove  each  one  separately \  beginning  with  the  most  complex, 
as  directed  above. 

Example. — Solve  the  equation  ^  4^  +  21  =  24/J+  1. 

Solution. — The  square  of  j/4x-{-21  is  4r+21,  and  the  square  of 

tyx  +  1  is4r  H-  4^Hr+  1 ;  hence,  squaring, 

4jt+  21  =  4r  4-  4|/^r+  t 

Transposing  and  uniting,    4j/x  =  20. 

Dividing  by  4,  ^x  =  5. 

Squaring  again,  x  =  25.    Ant. 
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Example. — Solve  the  equation 


jJlx  +  ^16*+ 2  =  1  +  24/*. 


Solution. — Squaring,  4*  4-  V  ^x  +2  =  1  +  4fGr  +  Ax. 
Canceling  4*  and  squaring  again, 

16*  +  2  =  1  +  84/*  +  16*. 
Canceling  16*  and  transposing, 

-8y*=-l. 

Changing  signs,  84/*  =  1, 

or       4/*  =  i. 
Squaring  again,  x  =  ix-    Ans. 

582.  When  there  are  fractions  with  radicals  in  the 
denominators,  it  is  usually  better  to  clear  of  fractions  before 

squaring. 

—         , 60 

Example. — Solve  the  equation  y  x  +  y*—  24  =  — . 

n  4/*- 24 

Solution. — The  product  of  4/*  and  4/*  —  24  is  4/ **  —  24*,  and  the 
product  of  4/*  —  24  and  4/*— 24  is  *  —  24.  Hence,  clearing  of  frac- 
tions, 4/** -24*  +  *- 24  =  60. 

Transposing  and  uniting, 

4/**  —  24*  =  84  —  x. 
Squaring,  **  —  24*  =  7, 056  —  168*  +  **, 

or        144*=  7,056; 
whence,  *  =  49.    Ans. 

Example. — Solve  the  equation  -r-  =  -¥-= *-=• 

*        l/x-fb 

Solution. — Clearing  of  fractions  by  multiplying  a  by  ^~x  —  tf~t  and 

4/*  +  4/7  by  b% 

Transposing,    — a^  b  and  b  4/*, 

atfx—b^~x-=.a'fb  +  bfb. 
Factoring,  (a  —  b)^~x  =  (a  +  b)^b; 

whence,         <{x  =  i2L±li£L 

a  —  b 

Squaring,  *=\a_fy    =  (— j)  *-    Ans. 

Example. — Solve  the  equation  a*~*  +  d=zc. 
Solution. — Transposing,    ax~^  =  c  —  dt 

or  2-=c-d.    (Art  530.) 

** 
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Clearing  of  fractions,  a  =  jr*  (c  —  d\ 

or        :r*(r  —  d)  =  a. 

Dividing  by  c  -  4  .r  *  =  — ^-r . 

Cubing,  -=(73j)' 


Ana. 


EXAMPLES  FOR  PRACTICE. 

583*     Solve  the  following  equations: 

1.  |/T+T-2  =  8.  Ans.  or  =  24 

2.  ^-82  =  16-  /7.  Ans.  jr  =  81. 
8.    ;r-*+2.r-*  +  8jr-*  =  2.  Ans.  :r  =  9. 

4.  d~x  +  tf  a  +  x  =     t  *  Ans.  x  =  **. 

5.  2(f^-  |/^-8)  =  -4=-.  Ans.  jr  =  4 

6.  — ^rr-r-8  =  2-  Ans-  *  =  9- 

(IOjt  +  86)-  *  

PROBLEMS   LEADING   TO    SIMPLE    EQUATIONS 
WITH   ONE   UNKNOWN   QUANTITY. 

584.  There  are  two  steps  in  the  solution  of  problems  by 
Algebra : 

First. — The  relations  which  exist  between  the  known  and 
the  unknown  quantities — that  is,  between  those  whose  values 
are  given  in  the  problem  and  those  whose  values  are  required 
— must  be  stated  by  one  or  more  equations.  This  is  called 
the  statement  of  the  problem. 

Second. — The  resulting  equation  or  equations  must  be 
solved,  giving  the  values  of  the  required  quantities. 

585.  It  will  thus  be  seen  that  by  the  algebraic  method, 
the  answer  to  a  problem  is  used  in  the  solution  and  operated 
upon  as  though  it  were  a  known  quantity,  which  is  one  great 
advantage  over  the  arithmetical  method. 

The  ability  to  state  a  problem  by  means  of  an  equation 
depends  upon  the  ingenuity  of  the  operator  and  his  ability 
to  reason,  rather  than  upon  his  knowledge  of  Algebra.  No 
definite  rule  can  be  given  for  making  the  statement,  but  in 
general,  where  there  is  only  one  unknown  quantity  in  a 
problem : 
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586.     Decide  what  quantity  it  is  whose  value  is  to  be 
found.     This  will  be  the  unknown  quantity,  or  the  answer. 
Then  represent  the  unknown  quantity  by  x  and  form  an 
equation  that  will  indicate  the  relations  between  the  known 
and  the  unknown  quantities  as  stated  in  the  problem. 

Note. — The  equation  will  also  indicate  the  operations  that  would  be 
performed  in  proving  the  statement  made  in  the  problem,  were  the 
answer  known.  Hence,  the  equation  may  often  be  formed  by  noticing 
what  operations  would  be  performed  upon  the  answer  in  proving. 

Example. — Find  such  a  number  that,  when  14  is  added  to  its  double, 
the  sum  shall  be  30. 

Solution. — The  quantity  whose  value  is  required  is  the  number 
itself.  As  this  is  the  unknown  quantity,  let  x  =  the  number,  whence 
2x  must  be  double  the  number.  Now  the  problem  states  that  when  14 
is  added  to  double  the  number  the  sum  will  be  80.  In  other  words, 
when  14  is  added  to  2x  the  sum  will  be  80.  Hence,  the  statement  of 
the  problem  in  the  form  of  an  equation  is, 

2x  -4- 14  =  30 ;  whence,  solving, 
x  =  8.    Ans. 

Example. — Find  a  number  which,  when  multiplied  by  4,  will  exceed 
40  by  as  much  as  it  is  now  below  40. 

Solution. — Let  jr=the  required  number,  which,  when  multiplied 
by  4,  becomes  4x.  According  to  the  conditions  of  the  problem,  the 
amount  by  which  4  times  the  required  number,  or  4r,  exceeds  40  is 
equal  to  the  amount  that  the  number  itself,  or  x,  is  below  40. 

But  4-r  —  40  is  the  amount  by  which  4jt  exceeds  40,  and  40  —  x  is  the 
amount  by  which  x  is  below  40. 

Hence,  by  the  conditions,  we  have  the  statement 

4jt  —  40  =  40  —  x 

Transposing  and  uniting,       5.*  =  80, 

or        x  =  16.    Ans. 

Example. — Two  loads  of  brick  together  weigh  4,000  lb. ;  but  if  500  lb. 
be  transferred  from  the  smaller  to  the  larger  load,  the  latter  will  weigh 
7  times  as  much  as  the  former.     How  much  does  each  load  weigh  ? 

Solution. — If  the  weights  of  the  two  loads  were  known  and  it  was 
desired  to  prove  the  correctness  of  the  example,  we  should  add  500  lb. 
to  the  weight  of  the  larger  load  and  subtract  500  lb.  from  the  weight  of 
the  smaller  load,  as  stated  in  the  example.  The  larger  load  should 
then  weigh  7  times  as  much  as  the  smaller.  To  obtain  the  equation 
the  same  thing  is  done  by  letting  x  =  the  weight  of  one  load,  whence 
4,000  —  x  equals  the  weight  of  the  other  load. 

Let  x  =  the  weight  of  the  smaller  load. 

Then  4,000  —  x  =  the  weight  of  the  larger  load. 

Also,  x  —  500  =  the  weight  of  the  smaller  load  after  transferring  500  lb. 
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And  4,000  —  x  «+■  600  =  the  weight  of  the  larger  load  after  transferring 
5001b. 

By  the  conditions,  the  larger  load  now  weighs  7  times  as  much  as 
the  smaller. 

Hence,  \x  —  500)  =  4,000  —  x  +  500. 

Solving,       1x  —  8,500  =  4,500  —  xt 
or        8^  =  8,000; 
whence,         jr=  1,000  lb.  =  weight  of  smaller  load,  )  . 
and  4,000  -  x  =  3,000  lb.  =  weight  of  larger  load.     )  AnSi 
Proof.— 1,000  —  500  =  500  =  weight  of  the  smaller  load,  and  8,000  + 
500  =  8,500  =  weight  of  the  larger  load  after  the  500  pounds  have  been 
transferred ;  3,500  -f-  500  =  7. 

Until  the  student  has  attained  considerable  proficiency  in 
solving  problems  of  this  kind,  it  is  a  good  plan  to  prove  all 
problems. 

Example. — The  circumference  of  the  fore  wheel  of  a  carriage  is  10 
feet,  and  of  the  hind  wheel  12  feet  What  distance  has  the  carriage 
traveled,  when  the  fore  wheel  has  made  8  more  turns  than  the  hind 
wheel  ? 

Solution. — In  this  example  the  distance  traveled  is  not  known,  but 
is  required  to  be  found.  Suppose  that  the  distance  is  known,  and  that 
it  equals  x  feet,  and  that  we  wish  to  see  whether  the  statement  is  true 
that  the  fore  wheel  makes  8  more  revolutions  than  the  hind  wheel  in 

«  * 

passing  over  x  feet    The  number  of  revolutions  of  the  fore  wheel  is 

x  x 

evidently  jxt  and  of  the  hind  wheel,  ?o .    The  example  states  that  the 

difference  between  them  equals  8. 

Hence,  *  -  £  =  8.        (1) 

Solving  for  x,  l&r—  10jt  =  960, 

or       2.r=960,  and 

jr=480ft.    Ana. 

480 
Proof.-^-  -TTT-  =  48  =  revolutions  of  fore  wheel. 

480 

— -  =  40  =  revolutions  of  hind  wheel. 

48  —  40  =  8.     Compare  this  proof  with  (1). 

Example. — A  water  cistern  connected  with  three  pipes  can  be  filled 
by  one  of  them  in  80  minutes,  by  another  in  200  minutes,  and  by  the 
third  in  800  minutes.  In  what  time  will  the  cistern  be  filled  when  all 
three  pipes  are  open  at  once  ? 

Solution. — Here  the  unknown  quantity  is  the  number  of  minutes 
required  to  fill  the  cistern  by  all  three  pipes  together.  Supposing  this 
to  be  jt  minutes,  the  example  may  be  proved  by  noticing  that  the  sum 
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of  the  quantities  of  water  flowing  through  each  pipe  separately  in  a 
given  length  of  time,  as  1  minute,  must  be  equal  to  the  quantity  flow- 
ing through  all  three  together  in  the  same  length  of  time.  According 
to  the  problem,  the  quantity  discharged  by  the  first  pipe  in  one  minute 
would  be  j*fr,  by  the  second  yj^,  and  by  the  third  jfo  of  the  contents  of 
the  cistern.     In  like  manner  the  quantity  discharged  by  all  three  at 

once  in  one  minute  would  be  — .    Then,  if  the  example  is  stated  cor- 

rectly,  we  must  have        ^  +  gL  +  ^  =  I. 

Clearing  of  fractions, 

.r(30  +  12  +  8)  =  2,400, 
or        50-r=  2,400; 
whence,        x  =  48  minutes.    Ans. 

Example. — A  man  rows  a  boat  a  certain  distance  with  the  tide,  at 
the  rate  of  6|  miles  an  hour,  and  returns  at  the  rate  of  Z\  miles  an 
hour,  against  a  tide  half  as  strong.  If  the  man  is  pulling  at  a  uniform 
rate,  what  is  the  velocity  of  the  stronger  tide  ? 

Solution. — If  the  following  statement  is  not  clear,  the  student 
should  reason  it  out  for  himself  in  a  manner  similar  to  that  used  in  the 
last  three  examples. 

Let  x  =  number  of  miles  per  hour  that  the  stronger  tide  is  running; 

x 
then,  -^  =  number  of  miles  per  hour  that  the  weaker  tide  is  running. 

x 
Hence,  6f  —  jt  and  8J  +  -^  are  expressions  for  the  rate  at  which  the 

man  is  pulling.  But,  as  he  is  pulling  at  a  constant  rate  all  of  the 
time,  these  expressions  must  be  equal.     Hence, 


vj—  *  —  of  -r  -gt 

or 

20                10      x 
3       *  ~"  3  +  r 

% 

Clearing  of  fractions, 

40  —  6.r=  20  +  S.r, 

or 

—  0.r=  — 20; 

whence, 

x  =  2}  miles  per  hour. 

Ans. 

EXAMPLES  FOR  PRACTICE. 

587»     Solve  the  following  examples: 

1.  The  greater  of  two  numbers  is  four  times  the  lesser  number,  and 
their  sum  is  400 ;  what  are  the  numbers?  Ans.  80  and  820. 

2.  A  farmer  has  108  animals,  consisting  of  horses,  sheep  and  cows. 
He  has  four  times  as  many  cows  as  horses,  lacking  8,  and  five  times  as 
many  sheep  as  horses,  lacking  4;  how  many  has  he  of  each  kind  ? 

/  12  horses. 
Ans.  •]  40  cows. 
(56  sheep. 
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8.  A  can  do  a  piece  of  work  in  8  days,  and  B  can  do  it  in  10  days ; 
in  what  time  can  they  do  it  working  together  ?  Ans.  4J  days. 

4.  Find  five  consecutive  numbers  whose  sum  is  150. 

Ans.  28  +  29  +  80  +  31+83. 

5.  A  boat  whose  rate  of  sailing  is  6  miles  per  hour  in  still  water, 
moves  down  a  stream  which  flows  at  the  rate  of  3  miles  per  hour,  and 
returns,  making  the  round  trip  in  8  hours;  how  far  did  it  go  down  the 
stream  ?  _^^  Ans.  18  mi. 

QUADRATIC   EQUATIONS. 

588.  A  quadratic  equation  is  one  in  which  the 
square  is  the  highest  power  of  the  unknown  quantity,  when 
simplified  as  stated  in  Art.  569.  It  is  also  called  an  equa- 
tion of  the  second  degree. 

589*  A  pure  quadratic  equation  is  one  which. con- 
tains the  square  only  of  the  unknown  quantity,  as  x*  +  %ad 
=  10. 

590*  An  affected  quadratic  equation  is  one  con- 
taining both  the  square  and  the  first  power  of  the  unknown 
quantity,  as  x*  -f-  2x  =  6. 

591*  By  the  processes  used  to  reduce  simple  equations, 
any  pure  quadratic  equation  may  be  reduced  to  an  equation 
having  the  square  of  the  unknown  quantity  alone  in  the  first 
member,  and  some  known  quantity  in  the  second  member, 
as  in  x*  =  ay  where  x?  is  the  square  of  the  unknown  quan- 
tity and  a  is  a  known  quantity.  The  value  of  the  unknown 
quantity  may  then  be  found  by  extracting  the  square  root 
of  both  members,  which,  by  Art.  559,  V,  will  not  destroy 
the  equality  of  the  equation.  By  referring  to  Art.  519,  it 
will  be  seen  that  after  extracting  the  square  root,  each  mem- 
ber should  be  written  with  the  ±  sign.  Thus,  extracting 
the  square  root  of  both  members  of  x*  =  ay  we  have  ±  x  =  ± 
fa.     This  may  be  taken  in  four  ways,  namely,  that 

+  x  =  +|/5? 

-\-  x  =  —  fa. 

—  x  —  —  fa. 

—  x=  +  fa. 
But  by  Art.  563,  the  signs  of  both  members  of  the  last 
two  equations  may  be  changed,  making  -f-  x  =  -f-  fa  and 
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-f-  x  =  —  j/al    the    same  as  in    the  first    two    equationa 
Hence,  the  equation  x%  =  a  has  the  two  values, 

x  =  -f-  V^"  and 

x-  -fa 
and  these  may  be  expressed  by  writing  x  in  the  first  mem- 
ber without  any  sign  (plus,  understood),  and  writing  the 
square  root  of  a  in  the  second  member  with  the  ±  sign, 
thus,  x  =  ±  fa. 

592*  From  the  foregoing,  we  have  the  following  rule 
for  solving  a  pure  quadratic  equation : 

Rule. — Reduce  the  given  equation  to  the  form  of  x* =  a 
(Art.  591),  and  extract  the  square  root  of  both  members,  writ- 
ing the  ±  sign  before  the  square  root  of  the  second  member. 

Note. — The  root  of  an  equation  is  the  value  of  the  unknown  quan- 
tity. From  this  it  will  be  seen  that  a  simple  equation  has  one  root, 
and  a  quadratic  equation  has  two  roots.  In  general,  any  equation  has  as 
many  roots  as  there  are  units  in  the  exponent  of  the  unknown  quantity. 

x*      x9  —  8       1 
Example. — Solve  the  equation  ^ ■= —  =  ^. 

Solution. — Clearing  of  fractions  by  multiplying  each  term  by  80, 

6x*  -  ltyx*  -  3)  =  4. 
Transposing  and  uniting,  —  \\x*  =  —  44, 

or       x*  =  4. 
Extracting  the  square  root  of  both  members, 

x—  ±  2.    Ans. 

Example.— Solve  the  equation 


Vx-2    [    Vx+2 
^ x+2        4/ x—2  ~ 
Solution. — Clearing   of   fractions  by  multiplying  each  term  by 
V x  +  2  X  l^.r-2, 


x—  2  +  x+2  =  4^y  x+2  X   V x—2  ; 

or,        2x  =  4  i/x'-4.    (Art  547.) 

Dividing  by  2,  x  =  2  tfx'-4. 

Squaring,  x*  =  4(x*  —  4), 

or         jr9  =  4*«  — 16; 
whence,    —  &x*  =  —  16, 
and        x  *  =  y . 
Extracting  the  square  root  of  both  members, 

x=  ±  4  y^f.    Ans. 
By  Art.  540>  the  answer  may  also  be  written  ±  J  4/I3 ,  a  better  form 
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EXAMPLES  FOR  PRACTICE. 

593*     Solve  the  following  equations: 

1.    &rf  -  57  -  4r«  =  -  8^f  +  6.  Ans.  x  =  ±  a 

8.    85 = =  jr» s .  Ans.  x  =  ±  5. 


4    xj/6  +  x*=zl  +  x*.  Ans.:r=±i. 

5.  ^^±1+  ^_Zl  =  3.  Ans.  ^r=±34/7=  ±i  iTE. 
^  x—  1        yx+1 

6.  jt  f'tf +  **  =  £  +  jr*. 

Note. — After  squaring,  transpose  all  terms  containing  x9  into  the 
first  member  and  factor.  


AFFECTED    QUADRATIC   EQUATIONS. 

594.  The  solution  of  affected  quadratic  equations  de- 
pends upon  the  form  of  the  trinomial  obtained  by  squaring 
a  binomial,  as  x  +  a  or  x  —  a,  where  a  and  x  represent 
known  and  unknown  quantities,  respectively.  By  Arts. 
428  and  429,  (x  ±  a)*  =  x*  ±  2ax  +  a\  It  is  to  be  ob- 
served that  the  first  term  of  this  trinomial  is  the  square  of 
the  unknotvn  quantity,  and  that  it  is  positive  ;  the  second 
term  contains  the  first  power  of  the  unknown  quantity,  and 
the  third  term  is  a  known  quantity,  which  is  a  perfect  square 
and  positive. 

595*  Every  affected  quadratic  equation  can  be  reduced 
so  that  the  second  member  will  become  a  known  quantity, 
and  the  first  member  will  consist  of  only  two  terms,  corre- 
sponding to  x%  and  ±  2ax,  as  above.  When  reduced  to  this 
form,  it  may  be  solved  by  adding  a  known  quantity  to  both 
members,  corresponding  to  the  a*  above,  which  will  make  a 
perfect  square  of  the  first  member.  Then,  by  extracting 
the  square  root  of  both  members  of  the  equation,  the  first 
member  will  be  in  the  form  of  x  ±  a,  containing  only  the 
first  power  of  the  unknown  quantity. 

596*  Inspection  of  the  trinomial  x*  ±  2ax  +  a  *  shows 
that  the  third  term,  or  the  quantity   to  be  added  to  both 
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members,  is  equal  to  the  square  of  half  the  coefficient  of  x. 
Adding  this  quantity  to  both  members  is  called  complet- 
ing the  square,  meaning  that  it  makes  a  perfect  square  of 
the  first  member. 

597.     Hence,  to  solve  an  affected  quadratic  equation : 

Rule. — Reduce  the  equation  to  the  form  of  x*  ±  ax  =  b ; 
tliat  is,  so  that  the  second  member  consists  of  a  known  quan- 
tity, while  the  first  member  has  but  two  terms,  the  first  being 
the  square  of  the  unknown  quantity  and  positive,  its  co- 
efficient being  1,  and  the  second  containing  the  first  power  of 
the  unknown  quantity  with  any  coefficient. 

Complete  the  square  by  adding  the  square  of  half  the 
coefficient  ofx  to  both  members. 

Extract  the  square  root  of  both  members  and  solve  for  x. 

Example  1. — Solve  the  equation,  4x*  —  16x  —  128  =  0. 

Solution. — Transposing  the  —  128, 

4**-16.r=128.     (1) 
Dividing  by  4,  x9  -  4r  =  32. 

The  equation  now  fulfils  the  conditions  of  the  rule;  namely,  the 
second  member  is  a  known  quantity,  32,  while  the  first  member  has 
but  two  terms,  the  first  being  jr*  alone,  and  positive,  and  the  second 
containing  the  first  power  of  x. 

The  coefficient  of  x  divided  by  2  is  —  2;  the  square  of  this  is  4,  the 
quantity  to  be  added  to  both  members.     Hence,  completing  the  square, 

x9-  4.r+4  =  82  +  4  =  36. 
Extracting  the  square  root  of  both  members, 

jr— 2=  ±  6. 
Transposing  —  2,  x  =  2  +  0,  or  2  —  6; 

whence,        x  =  8,  or  —  4.     Ans. 

Proof. — Substituting  8  for  x  in  equation  (1), 

4(8)*  -  16  X  8  =  4  X  64  -  128  =  128. 
Substituting  -  4  for  x,  4(-  4)*  -  16(-  4)  =  64  +  64  =  128. 

Example  2. — Solve  the  equation  —  x*+  13x=z  —  14 

Solution. — Changing  all  the  signs  to  make  the  first  term  positive 

jr»-13.r=14.     (1) 
To  complete  the  square,  (—  ^)*  or  if*  must  be  added  to  both  mem- 
bers.    To  do  this,  change  14  into  fourths,  giving  *£. 
Completing  the  square, 

•       10      ,  I69       1A    .    169        56       169       225 

.r._13.r  +  -r  =  14  +  ir  =  T  +  T-  =  _-. 


ALGEBRA.  193 

Extracting  the  square  root,  x  —  *f  =  ±  Y ; 

whence,        x  =  ^  or  —  $  =  14  or  —  1.    Ans. 

Note. — It  is  better,  as  a  rule,  to  use  common  fractions  than  to  use 
decimals,  when  solving  affected  quadratic  equations.  Until  the  student 
has  attained  considerable  proficiency  in  solving  these  equations,  he 
should  prove  the  correctness  of  his  result,  as  was  done  in  example  1. 

Example  3. — Solve  the  equation,  —  Zx*  —  Ix  =  Y- 

Solution. — Dividing  both  members  by  —  3  to  make  x*  stand  alone, 
and  positive,  x*  +  }.*■  =  —  ^. 

Completing  the  square  by  adding  (})*  =  ^f , 

•^'  +  J-r+«=-Y  +  H  =  A- 

Extracting  the  square  root,  x+  J  =  ±  f ; 

whence,        x  =  —  }  or  —  f .    Ans. 

x%  —  8 
Example  4. — Solve  the  equation  x 3 — =  =  2. 

Solution. — Clearing  of  fractions, 

x*  +  5;r  —  x*  +  8  =  2x*  +  10. 
Transposing  and  uniting  terms, 

—  2x'  +  5x  =  2. 
Dividing  by  —  2,  x *  —  f x  =  —  1. 

Completing  the  square,  x*  —  \x  +  f  |  =  ^. 
Extracting  the  square  root, 

■*-*  =  ±t; 

whence,        ;r  =  2  or  $.    Ans. 

Example  5. — Solve  the  literal  equation,  acx%  —  bcx  +  adx  •=.  bd. 

Solution. — Reducing  the  equation  so  that  the  first  member  will 
contain  two  terms,  one  with  x*  and  one  with  x, 

acx%  —  (be  —  ad)x  =  bd. 
Here,  be  —  ad  is  the  coefficient  of  jr.     Dividing  by  ac  to  make  the 

first  term  a  perfect  square, 

„      be  —  ad         bd 

x* x  =  — 

ac  ac 

Completing  the  square, 

,      be— ad         (be— ad)*      bd      b*c*  —  2abcd  +  a'd* 

x9  — x  •+• = 1 ■  — 

ac  4a*c*  ac  \a%c* 

b*c>+2abcd+a'd* 

4a*c* 

Extracting  the  square  root, 

be  —ad  be  +  ad 

X -R =    ± 


2ac  2ac 

Transposing  and  uniting, 

2ac      ±       2ac     * 

whence,        x  =  —  or  —  — .    Ana, 

a  c 
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598.  An  affected  quadratic  equation  always  contains 
three  terms :  the  first,  containing  the  square  of  the  unknown 
quantity ;  the  second,  the  first  power  of  the  unknown  quan- 
tity, and  the  third,  containing  no  power  of  the  unknown 
quantity.  Every  such  equation  may  be  solved  by  means  of 
the  rule  given  in  Art.  597. 

Example. — Solve  the  equation  (2m  4-  n)x9  —  mx  =  Am9n9. 

Solution. — According  to  the  rule,  the  coefficient  of  x9  must  be  1 ; 
hence,  dividing  both  sides  of  the  equation  by  the  coefficient  of  x9  (which 

will  not  alter  the  equality),  the  equation  becomes  x9  —  -^ x  = 

4>m  -h  ft 

Ant9  n9 

s .     According  to  the  rule,  the  square  of  one-half  of  the  coefficient 

&tn  +  n 

of  x  (the  first  power  of  the  unknown  quantity)  must  be  added  to  both 

members  of  the  equation.     In  this  example,  the  coefficient  of  x  is 

2mm+n>  and  the  square  of  one-half  of  it  is  £— ^— J .     Adding  this 
to  both  members,  the  equation  becomes 


x9 


2m  +  nX'¥  \2&m  +  n)]  ~~  2m  +  n  +  \_2{2m  +  n)  J  • 


Simplify  the  right-hand  member,  thus  : 

[m       "|a pfl m9 
2(2m  +  n)\  "~  A{Am9  +  Amn  +  n9)  ~~  16/k*  +  Umn  +  An9* 

Therefore, 

4m9n9        nfl Am9n\Hm  +  An)  •+-  m9 

2m  +  n+  16/**  +  l§mn  +  An9  ~~    10//**  +  16//*/*  +  An9  ** 
S2m*n9  +  16//*»/*8  +  m9      m*(S2mn*  +  16/*8  +  1) 
16m9  +  Umn  +  An*     ~~  A(2m  +  /*)* 

Extracting  the  square  root  of  both  sides  of  the  completed  square, 
which  is  now 

,  m  r       m       -I9      m9(Z2mn9  + 16/*'  +  1) 

*        2m  +  nX+  |_2(2w  +  n) J   ~  A(2m  +  /*)* 

we  have  x-  ^™+  //}  =  ±  ^+  ^  4/32**/**  +  16/**  +  1, 


//*  //* 

or        x  = 


H9m  +  n)  ±  2(2*,  +  ,)  ^  3  W  +  16«»  +  1  = 

//*  #-  , — 

c^m  +  /*)  *    ±  ^  32,,/w*  +  16*3  +  1)'     Ans* 

This  example  is  quite  as  complicated  as  any  the  student 
will  probably  ever  be  called  upon  to  solve.  It  is  by  no 
means  difficult,  if  each  step  is  followed  by  reference  to  the 
rule.     It  should  be  noted  that  in  all  cases  the  coefficient  of 
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the  first  power  of  the  unknown  quantity  (i.  e.,  the  quantity 
whose  value  it  is  desired  to  find)  consists  of  all  the  numbers 
and  letters  which  are  multiplied  into  the  quantity.  Thus, 
in  Za*bc%x  the  coefficient  of  x  is  Za*bc%y  and  one-half  of  it  is 

Example. — Solve  for  x  in  the  equation  80  —  %x%  —  2x  =  —  5. 

Solution. — Transposing  the  known  term  in  the  left-hand  member, 
—  3x*  —  2x  =  —  85.  Dividing  by  the  coefficient  of  x  (which  is  —  8  in 
this  case),  the  equation  becomes  x%  +  \x  =  y.  One-half  of  the  coeffi- 
cient of  x  is  \  X  £  =  i,  and  the  square  of  it  is  (£)*  =  J.  Adding  \  to 
both  members,  x*  +  \x  +  J  =  y  +  J.      But,  *f-  +  J  =  (reducing  to  a 

255  +  1 
common  denominator)  — ^ =  *|i. 

Hence,  x*  +  \x  4-  J  =  ^f1.  Extracting  the  square  root  of  both  mem- 
bers ^x*  +  tx+ 1  ==  |/IfSt  or  .r  +  i  =  ±  V.  whence,  x=  —  i  ±  V  =  5, 
or  —  Y*    Ans. 

x  b 

Example. — Find  the  value  of  x  in  the  equation = r* 

n  x+a       x  —  b 

Solution. — Clearing  of  fractions,  x(x  —  b)  =  b(x  +  a)ov  x*  —  bxr=bx 

-f  ab.    The  term  bx  in  the  right-hand  member  must  be  transposed  t« 

the  other  side,  so  that  only  the  known  term  shall  be  on  the  right.     Tue 

equation  then  becomes  x *  —  bx  —  bx  =  ab,  or  x%  —  2£r  —  ab.     Here  the 

coefficient  of  x  is  2£  and  the  square  of  one-half  of  it  is  (-jr)  =bK 

Adding  b*  to  both  sides,  x'  —  2b  x+  b*  =  ab  +  b*  =  (a  +  b)b.    Extracting 
the  square  root  of  both  members,  x—  b=±  tf{a  +  b)bt  or  x=b± 
^(a  4-  b)b.    Ans. 

When  extracting  the  square  root  of  the  left-hand  mem- 
ber, after  the  square  has  been  completed,  it  is  easier  and 
quicker  to  apply  the  rule  given  in  Art.  457,  than  the  rule 
for  square  root  given  in  Art.  523. 


EXAMPLES  FOR  PRACTICE. 

599*     Solve  the  following  equations: 

1.  x%  +  2x  =  35.  Ans.  x  —  5  or  —  7. 

2.  9x*  +  6.r  =  15.  Ans.  x  =  1  or  -  If. 

8.     6x'  —  24r=5.  Ans.  x—  5  or  —  J. 

24 

4     x-\ — y  =  3jt— 4  ^Vns.  x  =  5  or  —  2. 

6.     —  5.r*  +  9.r=2i.  Ans.  x  =  ^rorf 

«.         *  ,  +  •r+1  =y.  Ans.  ^-  =  2  or -a 
x+ 1           x           * 
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0      %x{a  —  x)      a  A  3a      a 

8-     l^T2F  =  r  An**«Torr 


EQUATIONS   IN   THE   QUADRATIC   FORM. 

600.  An  equation  is  in  the  quadratic  form  when  it  con- 
tains only  two  powers  of  the  unknown  quantity,  and  the  ex- 
ponent  of  one  power  is  twice  as  great  as  the  exponent  of  the 
other.  Such  equations  are  solved  by  the  rules  for  quad- 
ratics. 

Example. — Solve  the  equation  x*  +  Ax*  =  12. 

Solution. — Completing  the  square, 

x*  +  4x*  +  4  =  16. 
Extracting  the  square  root,  x*  4-  2  =  ±4, 

or       x9  =  2  or  —  6. 
Extracting  the  square  root  again, 

jr=  ±  4/2"or  ±  tf  —  6.    Ans. 

Example.— Solve  the  equation  jr6  +  20.r3  —  10  =  58. 

Solution. — Transposing  the  —  10, 

jr«  +  20-r3  =  G9. 
Completing  the  square,  x*  -+-  20jt*  +  100  =  169. 
Extracting  the  square  root,         x*  +  10  =  ±  13, 

or        jr8  =J^or  —  28. 
Extracting  the  cube  root,  x  =  ^3"or  —  <^23.    Ans, 

Example. — Solve  the  equation  x*  +  x*  =  756. 

Solution. — Completing  the  square, 

•         i      ,      3,025 

I      1  55 

x*  =  27  or  -28. 
Now,  to  obtain  a  value  for  xt  we  must  extract  the  cube  root  of  both 
members,  and  then  raise  both  members  to  the  5th  power.    This  wiU 
clear  x  of  its  fractional  exponent. 

Extracting  the  cube  root,  x*  =  8  or  —  ^28. 

Raising  to  the  5th  power,  x  =  243  or  —  ^28*".    Ans. 


EXAMPLES  FOR  PRACTICE. 

601*     Solve  the  following  equations: 


1.  x*  +  4x*  =  117.  Ans.  x=  ±  3  or  ±  f/-18T 

2.  ^•-2jt»  =  48.  Ans.  or  =  2or-  #E 
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a    *•  -  8*»  =  518.  Ans.  *=8or-  tfW 

4     *«-**=  56.  Ans.  *  =  4  or  (-7)* 

PROBLEMS    LEADING    TO    QUADRATIC    EQUA- 
TIONS. 

602.  In  quadratics,  where  two  answers  are  obtained  by 
solving  equations,  it  is  usually  the  case  that  only  one 
answer,  the  positive  value,  is  required.  In  some  instances, 
however,  the  negative  value  is  the  one  sought.  In  works 
treating  on  higher  mathematics,  the  negative  value  is  used 
as  frequently  as  the  positive  value. 

Example. — There  are  two  numbers  whose  sum  is  40,  and  the  sum  of 
their  squares  is  818.    What  are  the  numbers? 

Solution. — Let  *  =  one  number,  and  40  —  x  =  the  other  number. 
Then,  by  the  conditions,  **  +  (40  -  *)«  =  818; 
whence,  *•  +  1,600  —  80*  +  x%  =  818. 

Combining,  2*»  -  80*  =  -  782, 

or        *«  — 40*=  — 891. 
Completing  the  square,  x  •  —  40x  +  400  =  9. 
Extracting  the  square  root,  *—  20  =  ±8; 

whence,  x  =  28  or  17, 

and       40-*=  17  or  28. 
Both  answers  fulfil  the  conditions. 

Example. — An  iron  bar  weighs  86  pounds.  If  it  had  been  1  foot 
longer,  each  foot  would  have  weighed  £  a  pound  less.  Find  the  length 
of  the  bar. 

Solution. — Let  *  =  the  length  of  the  bar  in  feet. 

on 

Then,  —  =  the  weight  per  foot,  and 

86 

r-  =  the  weight  per  foot  if  the  bar  were  1  foot  longer. 

By  the  conditions, r-  =  \. 

J  X        x+ 1 

Clearing  of  fractions,  72*  +  72  -  72*  =**  +  *, 

or       *»  +  *  =  72. 

1      289 
Completing  the  square,    *»  +  *  +  -j  =  -j-. 

Extracting  the  square  root,      *  +  -^  =  ±  — ; 

whence,        *  =  8  f t  or  —  9  ft.    Ana. 
Pkoop.-    |  =  4i:  ^  =  4.41-4  =  1 


[}    *» 


T.    l—is 
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Only  the  positive  value  is  required,  although  both  values  will  satisfy 
the  equation. 

Example. — A  number  of  men  ordered  a  yacht  to  be  built  for  $6, 800. 
Each  man  was  to  pay  the  same  amount,  but  two  of  them  withdrew, 
making  it  necessary  for  those  remaining  to  advance  $200  more  than 
they  otherwise  would  have  done.     How  many  men  were  there  at  first  ? 

Solution. — Let  x  =  the  number  of  men  at  first 

a  QAA 

Then,  — —  =  what  each  was  to  have  paid,  and 

x 

'    ft  =  what  each  finally  paid. 

By  the  conditions,  ~ — ^ ■ —  =  200. 

J  *— 2  x 

Clearing  of  fractions  and  combining, 

200*  •  -  400*  =  12,600, 

or      *»  — 2*=68. 

Completing  the  square  and  solving, 

*»--2*+l  =  64. 

*-l=  ±8. 

x  =  9  or  —  7.    Ana 

Proof.—     2i?5?=700;  j^  =  900;  900-700  =  200. 

Or,^  =  -900;  J*^°2=-700;  -  700 -(- 900)  =  200. 
Only  the  positive  value  can  be  used. 

Example. — A  and  B  start  at  the  same  time  to  travel  160  miles.  A 
travels  8  miles  an  hour  faster  than  B,  and  finishes  his  journey  8fc  hours 
before  him.    How  many  miles  did  each  travel  per  hour  ? 

Solution. — Let  x  =  number  of  miles  A  traveled  per  hour,  and 
x  —  8  =  number  of  miles  B  traveled  per  hour. 

Then,  —  =  the  time  in  which  A  performs  the  journey,  and 

150 
— — £•  =  the  time  in  which  B  performs  the  journey. 

By  the  conditions,       = as  8k 

J  *— 8         x 

Clearing  of  fractions  and  combining, 

25**  -  75*  =  1,850, 
or      x9  —  8*  =  64. 
Completing  the  square  and  solving, 

*' -  8*  +  f  =  *t*w 

*-t=±¥; 

whence,  *  =  9  or  —  d, 

and        .r—  8  =  6  or  —  9. 


ALGEBRA.  205 

Using  the  positive  values,  A  traveled  9  miles  per  hour  and  B  traveled 
6  miles  per  hour.    Ans. 

603.  As  an  illustration  of  the  use  of  the  negative 
values,  consider  the  following  explanation,  which  refers  to 
the  preceding  example:     In  Fig.  1  let    C  be  the  starting 


c 

Fig.  1. 


point.  Call  any  advance  in  the  direction  of  the  upper  ar- 
row, or  from  C  towards  Z>,  positive,  and  in  the  opposite  di- 
rection, negative.  Let  E  and  D  be  each  150  miles  from  C. 
Suppose  that  a  train  of  cars  150  miles  long  has  one  end  at 
C  and  the  other  end  at  Dy  and  that  the  train  is  moving  in 
the  direction  from  C  to  E  at  the  rate  of  15  miles  per  hour. 
Now,  if  A  and  B  start  towards  Z>,  running  on  the  train  at  the 
rate  of  9  and  6  miles  per  hour,  respectively,  while  the  train 
moves  15  miles  per  hour  towards  is,  the  rate  of  travel  of  A 
towards  D  is  9  —  15  =  —  6  miles  per  hour,  and  of  B,  6  —  15 
=  —  9  miles  per  hour.  It  is  now  evident  that  A  is  travel- 
ing towards  D  3  miles  per  hour  faster  than  B.  When  A  has 
traveled  150  miles — in  other  words,  when  he  has  reached  the 
end  of  the  train — B  has  reached  the  point  E  ;  he  has  traveled 
negatively  farther  than  A,  but  if  he  travels  to  the  end  of 
the  train  it  will  take  him  8£  hours  longer  than  it  did  A. 

The  preceding  paragraph  is  also  an  illustration  of  the 
statement  in  Art.  380,  that  of  two  negative  values,  the 
one  which  has  the  less  value  numerically  is  the  greater. 


EQUATIONS  CONTAINING  TWO  UNKNOWN 

QUANTITIES. 

604.  In  the  third  problem  in  Art.  586  it  was  shown 
how,  under  certain  conditions,  more  than  one  unknown 
quantity  in  an  example  may  be  represented  in  an  equation^ 
by  expressing  the  value  of  each  quantity  in  terms  of  x9 
thus  producing  only  the  one  unknown  quantity  x  in  the  equa- 
tion. 

605.  Sometimes,  however,  each  quantity  is  represented 
by  a  different  letter,  as  jr,  y  or  z,  in  which  case  it  is  neces- 
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sary  to  have  as  many  equations  as  there  are  unknown  quan- 
tities, in  order  to  effect  a  solution.  For  example,  if  it  were 
required  to  find  the  value  of  x  in  the  equation  x-\-  y  =  10, 
x  and^  being  unknown  quantities,  we  should  have  x  =  10  —y> 
x  being  still  undetermined  because  its  value  is  in  terms 
of  the  unknown  quantity  y.  There  must  be  another  equa- 
tion, therefore,  expressing  some  other  relation  between  the 
unknown  quantities  x  and  y,  in  order  to  fix  their  values. 
The  equations  which  fix  the  values  of  the  unknown  quanti- 
ties must  be  independent  and  simultaneous. 

606*  Independent  equations  are  those  which  ex- 
press different  relations  between  the  unknown  quantities. 
Thus,  x~\-y=±  and  xy  =  6  express  different  relations  be- 
tween x  and  y,  and  are  independent.  But  x  -f-  y  =  4  and  3x 
-j-  3y  =  12  are  not  independent,  because,  by  dividing  both 
members  of  the  second  equation  by  3,  it  reduces  to  the  first 
equation,  and  thus  expresses  the  same  relations  between  the 
unknown  quantities. 

607*  Simultaneous  equations  are  such  as  will  be 
satisfied  (Art.  572)  by  substituting  the  same  values  for  the 
same  unknown  quantities  in  each  equation. 

608.  Equations  containing  more  than  one  unknown 
quantity  are  solved  by  so  combining  them  as  to  obtain  a 
single  equation  containing  but  one  unknown  quantity.  This 
process  is  called  elimination.  In  what  follows,  equations 
containing  two  unknown  quantities  will  be  considered. 

609.  To  Eliminate  by  Substitution  : 

Rule. — From  one  equation,  find  the  value  of  one  of  tlie  un- 
known quantities  in  terms  of  the  other.  Substitute  this  value 
for  the  same  unknown  quantity  in  the  other  equation. 

Example. — Solve  the  equations: 

2x+Sy  =  18.  (1) 

3.r-2y  =  l.  (2) 

Solution. — It  will  be  more  convenient  to  first  find  the  value  of  x  in 
(2),  since,  after  transposing  —  2y  to  the  second  member,  it  will  become 
positive. 

Transposing  -  2y  in  (2),  3x  =  1  +  2y. 
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Dividing  both  members  by  3, 

1  +  2  y  ^ 

x  =  — g-* .  (8) 

This  gives  the  value  of  x  in  terms  of  y. 
Substituting  this  value  of  x  for  the  x  in  (1), 

Removing  the  parenthesis, 

Clearing  of  fractions,       2  ■+•  4y  +  9y  =  64 
Transposing  the  2  and  uniting  the  Ay  and  9y, 

13^  =  62; 
whence,       y  =  4    Ans. 
Now,  having  the  value  of  y,  we  may  substitute  it  fory  in  any  of  the 
Above  equations  containing  both  x  and/,  and  thus  obtain  a  value  for  x. 
Substituting  this  value  in  equation  (3), 

1  +  2X4 

whence,       x  =  8.    Ans. 

610*     To  Eliminate  by  Comparison  t 

Rule. — From  each  equation  find  the  value  of  one  of  the 
unknown  quantities  in  terms  of  the  other.  Form  a  new  equa- 
tion by  placing  these  two  values  equal  to  each  other  and  solve. 

Elimination  by  comparison  depends  upon  the  principle 
that  quantities  which  are  equal  to  the  same  or  two  equal 
quantities  are  equal  to  each  other.  Thus,  if  y  =  2,  and  x  = 
2,  y  is  evidently  equal  to  x. 

Example. — Solve  the  same  equations  as  before: 

2x  +  Zy  =  18.  (1) 

8jr-2/=t  (2) 

Solution. — First  obtain  the  value  of  x  in  each  equation,  it  being 

more  convenient  to  obtain  in  this  case  than/. 

Transposing  8y  in  (1),      2x  =  18  —  8/, 

18  -  8v  _ 

or       x= g-^-.  (8) 

Transposing  —  2y  in  (2),  8jt  =  1  +  2/, 

or       ,.!  +  *  W 

Placing  the  values  of  x  in  (3)  and  (4)  equal  to  each  other, 

18  —  $y      l  +  2y 

2~ ="-8% 

Clearing  of  fractions,  54  —  9y  =  2  +  Ay. 
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Transposing  and  uniting  terms, 

-13y=-52; 
whence,  y  =  4.    Ana. 

Substituting  this  value  in  (4), 

x  =  — 5—  =  3.     Ans. 
o 

611.  To  Eliminate  by  Addition  or  Subtraction  : 
Rule. — Select  the  unknown  quantity  to  be  eliminated,  and 
multiply  the  equations  by  such  numbers  as  will  make  the  co- 
efficients of  this  quantity  equal  in  the  resulting  equations.  If 
the  signs  of  the  terms  having  the  same  coefficient  are  alike \ 
subtract  one  equation  from  the  other;  if  unlike \  add  the  two 
equations. 

It  is  evident  that  this  will  not  destroy  the  equality,  be- 
cause adding  or  subtracting  two  equations  is  equivalent  to 
adding  the  same  quantity  to,  or  subtracting  it  from,  both 
members. 

Example. — Solve  the  same  equations  as  before: 

2x  +  Sy  =  18.  (1) 

&r-2x  =  l.  (2) 

First  Solution. — Since  the  signs  of  the  terms  containing  x  in  each 
equation  are  alike,  x  may  be  eliminated  by  subtraction.  If  the  first 
equation  be  multiplied  by  3  and  the  second  by  2,  the  coefficients  of  x  in 
each  equation  will  become  equal.     Hence, 

Multiplying  (1)  by  3,         6jt  +  9y  =  54  (8) 

Multiplying  (2)  by  2,         6.r-  4y  =  2.  (4) 

Subtracting  (4)  from  (8),         13y  =  52; 

whence,  y  =  4.      Ans. 

Substituting  this  value  of  y  for  the  y  in  (2), 

8*- 8  =  1. 
Transposing,  3x  =  9, 

or       jr=3.      Ans. 
Second  Solution. —        2jr  +  3y  =  18.  (1) 

&r— 2y  =  l.  (2) 

Since  the  signs  of  the  terms  containing  j  in  each  equation  are  unlike, 
y  may  be  eliminated  by  addition. 

Multiplying  (1)  by  2,         4x  +  tiy  =  86.  (3) 

Multiplying  (2)  by  8,         9;r-6y  =  3.  (4) 

Adding  (3)  and  (4),  13x  =  89; 

whence,  x  =  8.      Ans. 

Substituting  in  (1),  6  +  9y  =  18. 

Sy  =  12. 
y  =  4.      Am, 
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MI8CBIXANBOUS  EXAMPLES. 

612*  Prom  the  foregoing  it  will  be  seen  that  any  one 
of  the  three  methods  of  elimination  can  be  applied  to  the 
solution  of  equations.  The  student  must  use  his  judgment 
as  to  which  is  the  best  one  to  apply  in  any  case. 

Example, — Solve  the  equations: 

8  ^  1       5 

!-!=-l.  (3) 

x      y  v  ' 

Solution. — Multiplying  (1)  by  3, 

9      8      15  ^ 

x      y       4  ' 

Adding  (2)  and  (8), 

11_15_         15      411 

x  ""  4  4       4  ~T# 

Clearing  of  fractions,  44  =  liar, 

or       x  •=.  4.    Ans. 

Substituting  this  value  of  x  in  (1), 

8       1__5_ 
7+y  ~"4* 
Clearing  of  fractions,         Sy  ■+•  4  =  5y, 
Transposing,  —  2/  =  —  4, 

or       ^  =  2.    Ana 

Example. — Solve  the  equations: 

x+86^  =  900.         (1) 
86-r  +  >'=1820.        (2) 
Solution.— Adding  (1)  and  (2), 

37*  +87/  =  2220.        (8) 
Dividing  by  87,  x + y  =  60.  (4) 

Subtracting  (4)  from  (1),    85/  =  840. 

/  =  24.    Ana. 
Substituting  this  value  in  (4), 

.r  +  24  =  60. 

x=36.    Ana. 
Example. — Solve  the  equations: 

tft  ft  ««t 

x     y  " 

i  +  2L=*.  (3) 

x       y 
Solution. — Multiplying  (1)  by  mf 

1 =  am.  (8) 

x        y  x ' 

Multiplying  (2)  by  /* ,  —  +  —  =  bn.        (4) 
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Subtracting  (4)  from  (3), 

m*  —  n* 


=  am  —  bn. 


Clearing  of  fractions,  m*  —  n*  =  (am  —  bn)x\ 
whence,         jr  = j— .   Ans. 


« /w  —  bn 


Multiplying  (1)  by  n,     22  +  *-  =  a*. 


(5) 


Multiplying  (2)  by  m% 
Subtracting  (0)  from  (5), 


mn 


m* 


x  +  -_  =  bm.    (6) 


»*  —  m* 


y 


-  =  an  —  bm. 


Clearing  of  fractions,  n*  —  ///*  =  (an  —bm)y; 


whence, 


y  = 


tt*  —  m* 


or 


>«'  —  n* 


an  —  bm '         bm  —  <?/* 


Ans. 


EXAMPLES   FOR   PRACTICE. 

613*     Solve  the  following  equations: 
1.    ar+7y  =  38. 


=  38.  ) 

2.    8y  + 12^=116.  ) 
2*-^=  8.         J 

8.    ax+by  =  m.) 
ex  +  dy=n.  J 


4.    a  ,  b 

V  —  =  *f . 

h  —  =  «. 

i  +  H  —  i. 


Ans. 


Ans. 


AnsJ^4 

Ans.  J  *  =  *;• 
(  ^  =  7. 

f     —  <^w""  &* 

J      ~~  ad—  be 

•^  ~~  ad—  be 

ad—  be 

dm  —  £«  " 


jr  = 


^  = 


em  —  an 


Ans.  i-r=2- 


a 


QUADRATIC      EQUATIONS     CONTAINING     TWO 

UNKNOWN    QUANTITIES. 

614.     The  methods  of  solving  will  be  illustrated  by  the 
solution  of  a  few  examples  : 

Case  I. — When  elimination  may  be  performed  by  tlte  meth- 
ods given  for  simple  equations  in  Arts.  609-61L 
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Example. — Solve  the  equations: 

jrf.h^  =  ia.  (1) 

x  +y  =1.  (2) 

Solution. — Transposing  the  x  in  (2), 

/=1-*.  (8) 

Substituting  the  value  of  y  in  (1), 

^•t  +  (i  _  x)n  _  18f 

or        jr*  +  l  —  2.r+.r»=13. 
Transposing  and  uniting  terms, 

2x'  -2x=  12, 
or       x*  —  x  =  6. 
Completing  the  square,  and  solving, 

x*-x  +  t  =  *f- 

*=3or  —2. 
Now,  two  values  must  be  found  for  ^  which  will  satisfy  the  equations 
when  x  =  3  and  x  =  —  2. 

Substituting  these  values  of  .r  in  (3),  we  have, 

when  x  =  3.  y  =  — 


=  3,.y=-2;) 
=  -2,^  =  3.   J 


.  «    .      Ans. 

when  jr 

This  is  the  form  in  which  answers  to  simultaneous  quadratic  equations 
should  always  be  written. 

-  Example. — Solve  the  equations: 

4r,-3y«  =  -ll.  (1) 

11^  +  5^=  801.  (2) 

Solution. — Multiplying  (1)  by  (5), 

20**  -  15y*  =  -  55.  (8) 

Multiplying  (2)  by  (8), 

88*,  +  15y*=  903.  (4) 

Adding  (8)  and  (4),  53**=  848, 

or        **=  16. 
Extracting  the  square  root,         x  =  ±  4 
Substituting  +  4  for  x  in  (2), 

11  X  16  +  5y  =  801. 
or        5y*  =  125. 
p  =  25. 
y  =±  5. 
Substituting  —  4  for  x  in  (2)  will  evidently  give  the  same  result,  since 
( —  4)*  =  16,  the  same  as  4*.     Hence, 

whenjr  =  4,^=  ±5;      )       A^ 
when  x=  —  4,  y=  ±5.  J 

615*     Case  II. — When  the  equations  may  be  so  combined 
or  reduced  as  to  produce  an  equation  having  for  the  first 
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member  an  expression  of  the  form  x*  +  2xy  +y*9  or  x*  —  2xy 

No  rule  can  be  given  for  solving  examples  under  this 
case.     The  student  must  depend  upon  his  own  ingenuity. 

Example. — Solve  the  equations: 

x*+y*  =  25.  (1) 

xy  =  12.  (2) 

Solution.— Multiplying  (2)  by  2, 

%xy  =  24  (8) 

Adding  (1)  and  (3),        x'  +  %xy  +  y  =  49.        (4) 
Subtracting  (3)  from  (1), 

x*  —  2xy  +y*  =  1.  (5) 

Extracting  the  square  root  of  (4), 

x+y=±1.  («) 

Extracting  the  square  root  of  (5), 

x-y=±l.  (7) 

This  gives  two  simple  equations,  from  which  either  xory  may  be 
eliminated  by  subtraction  or  addition.  Adding  (6)  and  (7),  the  first 
member  of  the  new  equation  will  be  2xt  and  the  second  member  may 
have  four  values  as  follows: 

7  +  1,  7-1,  -7  +  1  or -7-1, 
or        2;r=8,  6,  —  6  or  —8; 
whence,  x  =  4,  8,  —  3  or  —  4. 

By  substituting  these  values  in  (2),  we  have  for  the  corresponding 
values  of  yt  y  =  3,  4,-4,  or  —  3. 

These  values  may  also  be  obtained  by  subtracting  (7)  from  (6).  The 
answers  would  be  written, 

when        x=4,/  =  3;  .r=8,/  =  4;  )       . 

x=-8,^=-4;  ^=-4^  =  -8j     AnS* 

Note. — In  solving  examples  under  this  case,  the  object  is  always  to 
produce  two  equations,  one  with  x  +y  and  one  with  x — y  for  the  first 
member,  from  which  the  value  of  jror^  can  easily  be  found. 

Example. — Solve  the  equations: 

*»+/»  =  133.  (1) 

x'-xy+y*  =  19.  (2) 

Solution. — Since  both  members  of  (1)  may  be  divided  by  the  same 
quantity  without  destroying  the  equality,  they  may  be  divided  by  equal 
quantities.     Hence,  dividing  (1)  by  (2),  member  by  member, 

x  +  y  =  7.  (3) 

This  gives  at  once  an  equation  with  x +y  for  the  first  member.  To 
obtain  a  value  for  x— y%  it  will  be  noticed  that  the  first  member  of  (2) 
la^ks  only  one  —  xy  of  being  x*  —  2xy  +y*,  from  which  x— y  may  be 
obtained;  hence,  we  should  proceed  to  obtain  a  value  for  —  xy,  to  add 
to  {% 
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Squaring  (8),  x*  +  2xy+yt  =  49.  (4) 

Writing  (2)  under  (4),  x'  —xy+j*  =  19, 


(«) 


and  subtracting, 

Zxy          =  80, 

Of 

xy         =  10. 

Subtracting  (5)  from  (2), 

X* 

—  2xy+y*=  9. 

Extracting  the  square  root, 

x- y  =  ±8. 

Adding  (6)  and  (3), 

2jr=10or4 

x  =  5  or  2. 

Subtracting  (6)  from  (3), 

2y  =  4  or  10. 

y  =  2  or  5. 

Or,  solving  (5)  for  x, 

10 
x  =  — • 

» 


Substituting  the  value  of  jt  in  (8), 

Clearing  of  fractions  and  changing  signs, 

y*  -  ly  =  - 10. 
Solving  for^,  /  =  5  or  2. 

Substituting  their  values  in  (8), 

;r=2or6. 
Hence,  when  x  =  5,  y  =  2 ; ) 

jr=2,^  =  5.  ) 


Ans. 


EXAMPLES  FOR  PRACTICE. 

016*     Solve  the  following  equations: 

x+y  =  S.       )  (^=-2,^  =  5. 

2.    2jr«+y  =  9.      )  .        (x=2,y=  ±  1. 

5^«  +  6^  =  26.  )  lx=-2,y  =  ±  1. 

a    *+^  =  -M  Ans.^=7^  =  -«' 


PROBLEMS     LEADING     TO     EQUATIONS     WITH 
TWO   UNKNOWN    QUANTITIES. 

617.  A  few  examples  involving  quadratics  with  two 
unknown  quantities  will  now  be  given.  The  student  should 
pay  particular  attention  to  the  manner  in  which  the  equa- 
tions are  formed  from  the  conditions  given. 
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Example. — A  certain  fraction  becomes  equal  to  J  if  3  is  added  to  its 
numerator,  and  equal  to  f  if  8  is  added  to  its  denominator.  What  is 
the  fraction  ? 

Solution. — Let  —  =  the  required  fraction. 

x  -i-  ft 
By  the  conditions;  =  \%      and 

*  -f 


y+S 

Solving  these  equations,  x  =  6  and/  =  18. 
That  is,  the  fraction  is  TV    Ans. 

Example. — A  crew  can  row  20  miles  in  2  hours  down  stream,  and  12 
miles  in  3  hours  up  stream.     Required,  the  rate  per  hour  of  the  cur- 
rent, and  the  rate  per  hour  at  which  the  crew  would  row  in  still  water. 
Solution. — Let  x  =  rate  per  hour  of  crew  in  still  water,  and 

y  =  rate  per  hour  of  current. 
Then,  x+y  =  rate  per  hour  rowing  down  stream,  and 

jr—  y  =  rate  per  hour  rowing  up  stream. 
Since  they  row  20  miles  in  two  hours  down  stream,  in  one  hour,  they 

would  row  -jr-  =  10  miles,  or  at  the  rate  of  10  miles  per  hour.    Also,  in 

12 
rowing' up  stream,  they  would  row  at  the  rate  of  -5-  =  4  miles  per  hour. 

o 

Consequently,  jr+/  =  10.  (1) 

x-y  =  4.  (2) 

Adding,  2x  =  14, 

or        x  =  7. 

Subtracting,  2y  =  6, 

or       y  =  3. 

Hence,  the  rate  of  the  crew  is  7  miles  per  hour,  and  of  the  current,  8 

miles  per  hour.    Ans. 

Example. — A  wine  merchant  has  two  kinds  of  wine,  which  cost  72 
cents  and  40  cents  a  quart,  respectively.  How  much  of  each  must  he 
take  to  make  a  mixture  of  50  quarts  worth  60  cents  a  quart  ? 

Solution. — Let  x  =  required  number  of  quarts  at  72  cents,  and 

y  =  required  number  of  quarts  at  40  cents. 
Then,  72,r  =  cost  in  cents  of  the  first  kind ; 

40y  =  cost  in  cents  of  the  second  kind,  and 
60  X  50  =  3,000  =  cost  in  cents  of  the  mixture. 
By  the  conditions,  x  +y  =  50,  and 

72.r+40y  =  8,000. 
Solving,  x  =  31±  qts.  and/  =  18£  qts.     Ans. 


LOGARITHMS. 


EXPONENTS. 

618*  By  the  use  of  logarithms,  the  processes  of  multi- 
plication, division,  involution,  and  evolution,  are  greatly 
shortened,  and  some  operations  may  be  performed  that 
would  be  impossible  without  them.  Ordinary  logarithms 
cannot  be  applied  to  addition  and  subtraction. 

619*  The  logarithm  of  a  number  is  that  exponent 
by  which  some  fixed  number,  called  the  base,  must  be  af- 
fected in  order  to  equal  the  number.  Any  number  may  be 
taken  as  the  base.  Suppose  we  choose  4.  Then,  the  loga- 
rithm of  16  is  2,  because  2  is  the  exponent  by  which  4  (the 
base)  must  be  affected  in  order  to  equal  16,  since  4*  =  16. 
In  this  case,  instead  of  reading  4a  as  4  square,  read  it  4 
exponent  2.  With  the  same  base,  the  logarithms  of  64  and 
8  would  be  3  and  1.5,  respectively,  since  4*  =  64,  and  41  6  = 
41  =  8.  In  these  cases,  as  in  the  preceding,  read  4'  and  4I#* 
as  4  exponent  3,  and  4  exponent  1.5,  respectively. 

620*  Although  any  number  ean  be  used  as  a  base,  and  a 
table  of  logarithms  calculated,  but  two  numbers  have  ever 
been  employed.  For  all  arithmetical  operations  (except 
addition  and  subtraction),  the  logarithms  used  are  called  the 
Brigffs  or  common  logarithms,  and  the  base  used  is  10. 
In  abstract  mathematical  analysis,  the  logarithms  used  are 
variously  called  hyperbolic,  Napierian, or  natural  loga- 
rithms, and  the  base  is  2.718281828-f.  The  common  log- 
arithm of  any  number  may  be  converted  into  a  Napierian 
logarithm  by  multiplying  the  common  logarithm  by 
2.30258508+,  which  is  usually  abbreviated  to  2.3026,  and 
sometimes  to  2.3.  Only  the  common  system  of  logarithms 
will  be  considered  in  this  Course. 

For  notice  of  the  copyright,  see  page  immediately  following  the  title  pag« 


216  LOGARITHMS. 

621*  Since,  in  the  common  system,  the  base  is  10,  it  fol- 
lows that,  since  101  =  10;  10*  =  100;  10f  =  1,000,  etc.,  the 
logarithm  (exponent)  of  10  is  1;  of  100  is  2;  of  1,000  is  3, 
etc.  For  the  sake  of  brevity  in  writing,  the  words  "loga- 
rithm of,  "  are  abbreviated  to  "  log."  Thus,  instead  of  writ- 
ing logarithm  of  100  =  2,  write  log  100  =  2.  When  speak- 
ing, however,  the  words  for  which  "log"  stands  should 
always  be  pronounced  in  full. 

622.     From  the  above  it  will  be  seen  (see  Arts.  439 
and  529)  that,  when  the  base  is  10, 
Since  10°  =  1,  the  exponent  0  =  log  1; 

"      10,  =  10,  "  "     1=   "  10; 

"      10s  =  100,  "  "     2=   "   100; 

"      10' =  1,000,         "  "3=   "   1,000,  etc. 

Also, 
Since  10"1  =  -jV  =  .1  the  exponent  —  1  =  log  .1 ; 

"      10-*  =  -5^- =  .01,        "  "         -2="    .01; 

"      10-*  =  toVtt  =  -001,    "  "        -  3  =  "    .001,  etc. 

From  this  it  will  be  seen  that  the  logarithms  of  exact 
powers  of  10  and  of  decimals  like  .1,  .01,  and  .001  are  the 
whole  numbers  1,  2,  3,  etc.,  and  —1,-2,-3,  etc.,  respec- 
tively. Only  numbers  consisting  of  1  and  one  or  more  ciphers 
have  whole  numbers  for  logarithms. 

623*  Now,  it  is  evident  that  to  produce  a  number 
between  1  and  10,  the  exponent  of  10  must  be  a  fraction ;  to 
produce  a  number  between  10  and  100,  it  must  be  1  plus  a 
fraction;  to  produce  a  number  between  100  and  1,000,  it 
must  be  2  plus  a  fraction,  etc.  Hence,  the  logarithm  of 
any  number  between  1  and  10  is  a  fraction ;  of  any  number 
between  10  and  100,  1  plus  a  fraction;  of  any  number 
between  100  and  1,000,  2  plus  a  fraction,  etc.  A  logarithm, 
therefore,  usually  consists  of  two  parts,  a  whole  number, 
called  the  characteristic,  and  a  fraction,  called  the 
mantissa.  The  mantissa  is  always  expressed  as  a  decimal. 
For  example,  to  produce  20,  10  must  have  an  exponent  of 
approximately  1.30103,  or  101-80103  =  20,  very  nearly,  the 
degree  of  exactness  depending  upon  the  number  of  decimal 
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places  used.    Hence,  log  20  =  1.30103, 1  being  the  character- 
istic and  .30103  the  mantissa. 

624.  Referring  to  the  second  part  of  the  table,  Art. 
622,  it  is  clear  that  the  logarithms  of  all  numbers  less  than  1 
are  negative,  the  logarithms  of  those  between  1  and  .1 
being  —  1  plus  a  fraction.  For,  since  log.l=  —  1,  the 
logarithms  of  .2,  .3,  etc.  (which  are  all  greater  than  .1,  but 
less  than  1),  must  be  greater  than  —1;  i.  e.,  they  must 
equal  —  1  plus  a  fraction.  For  the  same  reason,  to  produce 
a  number  between  .1  and  .01,  the  logarithm  (exponent  of  10) 
would  be  equal  to  —  2  plus  a  fraction,  and  for  a  number 
between  .01  and  .001,  it  would  be  equal  to  —  3  plus  a  frac- 
tion. Hence,  the  logarithm  of  any  number  between  1  and 
.1  has  a  negative  characteristic  of  1,  and  a  positive  man- 
tissa; of  a  number  between  .1  and  .01,  a  negative  character- 
istic of  2,  and  a  positive  mantissa;  of  a  number  between  .01 
and  .001,  a  negative  characteristic  of  3,  and  a  positive  man- 
tissa; of  a  number  between  .001  and  .0001,  a  negative  char- 
acteristic of  4,  and  a  positive  mantissa,  etc.  The  negative 
characteristics  are  distinguished  from  the  positive  by  the  — 
sign  written  over  the  characteristic.  Thus,  3  indicates  that 
3  is  negative. 

It  must  be  remembered  that  in  all  cases  the  mantissa  is 
positive.  Thus,  the^  logarithm  1.30103  means  +  1  +  .30103, 
and  the  logarithm  1.30103  means  —  1  +  .30103.  Were  the 
minus  sign  written  in  front  of  the  characteristic,  it  would 
indicate  that  the  entire  logarithm  was  negative.  Thus, 
-  1.30103  =  -  1  -  .30103. 

625.  Rules  for  Characteristic. — From  Art.  624,  it 
follows  that: 

I.  For  a  number  greater  than  1  the  characteristic  is  one 
less  than  the  number  of  integral  places  in  the  number. 

By  "integral  places"  is  meant  the  figures  (including 
ciphers)  to  the  left  of  the  decimal  point. 

II.  For  a  number  wholly  decimal,  the  characteristic  is 
negative,  and  is  numerically  one  greater  than  the  number  of 
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ciphers  between  the  decimal  point  and  the  first  digit  of  the 
decimal. 

For  example,  the  characteristics  of  the  logarithms  of  256, 
31.24,  7.53,  and  1,728.0036,  are  2,  1,  0,  and  3,  respectively,  oi 
one  less  than  the  number  of  integral  places  in  each  case ;  the 
characteristics  of  the  logarithms  of  .0005,  .0674,  and  .50072, 
are  4,  2,  and  1,  respectively,  or  numerically  one  greater  than 
the  number  of  ciphers  immediately  following  the  decimal 
point.  It  will  be  noticed  that  in  the  last  number  there  are 
no  ciphers,  and  the  characteristic  is  0  +  1  =  1. 


THE  LOGARITHMIC  TABLE. 


TO   FIND   THE   LOGARITHM   OF   A   NUMBER. 

626*  To  aid  in  obtaining  the  mantissas  of  logarithms, 
tables  of  logarithms  have  been  calculated,  some  of  which 
are  very  elaborate  and  convenient.  In  the  Table  of 
Logarithms,  the  mantissas  of  the  logarithms  of  numbers, 
from  1  to  9,999,  are  given  to  five  places  of  decimals,  and  the 
mantissas  of  logarithms  of  larger  numbers  can  be  found  by 
interpolation.  The  table  contains  the  mantissas  only,  and 
the  characteristics  may  be  easily  found  by  the  rules  o£ 
Art.  625. 

The  table  depends  upon  the  principle,  which  will  be 
explained  later,  that  all  numbers  having  the  same  figures  in 
the  same  order,  have  their  mantissas  alike,  without  regard 
to  the  position  of  the  decimal  point,  which  affects  the  char- 
acteristic only.  To  illustrate,  if  log  206  =  2.31387,  then,  - 
log  20.6  =1.31387.  log  .206  =1.31387. 
log    2.06=    .31387.         log  .0206  =  2.31387,  etc. 

627*  To  find  the  logarithm  of  a  number  not  having 
more  than  four  figures: 

Rule. — Find  the  first  three  significant  figures  of  the  num- 
ber whose  logarithm  is  desired,  in  the  left-hand  column;  find 
the  fourth  figure  in  the  column  at  the  top  (or  bottom)  of  the 
page,  and  in  the  column  under  (or  above)  this  figure,  and 
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opposite  the  first  three  figures  previously  found  will  be  the 
mantissa  or  decimal  part  of  the  logarithm.  The  character- 
is  tic  being  found  as  described  in  Art.  625,  write  it  at  the  left 
of  the  mantissa^  and  the  resulting  expression  will  be  the 
logarithm  of  the  required  number. 

628.  Example.— Find  the  logarithm  (a)  of  476 ;  (b)  of  25.47 ; 
ic)  of  1.073,  and  (d)  of  .06813. 

Solution.— (a)  In  order  to  economize  space,  and  make  the  labor  of 
finding  the  logarithms  easier,  the  first  two  figures  of  the  mantissa  are 
given  only  in  the  column  headed  0.  The  last  three  figures  of  the  man- 
tissa, opposite  476  in  the  column  headed  N  (N  stands  for  number),  page 
9  of  the  tables,  are  761,  found  in  the  column  headed  0;  glancing  up- 
wards, we  find  the  first  two  figures  of  the  mantissa,  viz.,  67.  The  char- 
acteristic is  2;  hence,  log  476  =  2.67761.    Ans. 

Note. — Since  all  numbers  in  the  table  are  decimal  fractions,  the 
decimal  point  is  omitted  throughout;  this  is  customary  in  all  tables  of 
logarithms. 

(b)  To  find  the  logarithm  of  25.47,  we  find  the  first  three  figures  254, 
in  the  column  headed  N  on  page  5,  and  on  the  same  horizontal  line, 
under  the  column  headed  7  (the  fourth  figure  of  the  given  number),  will 
be  found  the  last  three  figures  of  the  mantissa,  viz.,  608.  The  first  two 
figures  are  evidently  40,  and  the  characteristic  is  1;  hence,  log  25.47  = 
1.40608.     Ans. 

(c)  For  1.073,  the  last  three  figures  of  the  mantissa  are  found  in  the 
usual  manner,  in  the  column  headed  8,  opposite  107  in  the  column 
headed  N  on  page  2,  to  be  060.  It  will  be  noticed  that  these  figures  are 
printed  *060,  the  star  meaning  that  instead  of  glancing  upwards  in  the 
column  headed  0,  and  taking  02  for  the  first  two  figures,  we  must  glance 
down  and  take  the  two  figures  opposite  the  number  108,  in  the  left- 
hand  column,  i.  e.,  03.  The  characteristic  being  0,  log  1.078  =  0.03060, 
or,  more  simply,  .03060. 

(d)  For  .06313,  the  last  three  figures  of  the  mantissa  are  found  op- 
posite 631,  in  column  headed  3  on  page  12,  to  be  024.  In  this  case,  the 
first  two  figures  occur  in  the  same  row,  and  are  80.  Since  the  charac- 
teristic is  2,  log  .  06313  =  "2. 80024.     Ans. 

629*  If  the  original  number  contains  but  one  digit  (a 
cipher  is  not  a  digit),  annex  mentally  two  ciphers  to  the  right 
of  the  digit;  if  the  number  contains  but  two  digits  (with  no 
ciphers  between,  as  in  48),  annex  mentally  one  cipher  on  the 
right,  before  seeking  the  mantissa.  Thus,  if  the  logarithm 
of  7  is  wanted,  seek  the  mantissa  for  700,  which  is  .84510 
or,  if  the  logarithm  of  48  is  wanted,  seek  the  mantissa  for 
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480,  which  is  .68124.  Or,  find  the  mantissas  of  logarithms 
of  numbers  between  0  and  100,  on  the  first  page  of  the 
tables. 

The  process  of  finding  the  logarithm  of  a  number  from 
the  table  is  technically  called  taking  out  the  logarithm. 

630*  To  take  out  the  logarithm  of  a  number  consisting 
of  more  than  four  figures,  it  is  inexpedient  to  use  more  than 
five  figures  of  the  number,  when  using  five-place  logarithms 
(the  logarithms  given  in  the  accompanying  table  are  five- 
place).  Hence,  if  the  number  consists  of  more  than  five 
figures,  and  the  sixth  figure  is  less  than  5,  replace  all  figures 
after  the  fifth  with  ciphers;  if  the  sixth  figure  is  5  or  more, 
increase  the  fifth  figure  by  one,  and  replace  the  remaining 
figures  with  ciphers.  Thus,  if  the  number  is  31,415,926, 
find  the  logarithm  of  31,416,000;  if  31,415,426,  find  the 
logarithm  of  31,415,000. 

631 .  Example.— Find  log  31,416. 

Solution. — Find  the  mantissa  of  the  logarithm  of  the  first  four 
figures,  as  explained  above.  This  is,  in  the  present  case,  .49707  (see 
page  6).  Now,  subtract  the  number  in  the  column  headed  1,  opposite 
814  (the  first  three  figures  of  the  given  number),  from  the  next  greater 
consecutive  number,  in  this  case  721,  in  the  column  headed  2.  721  — 
707  =  14 ;  this  number  is  called  the  difference.  At  the  extreme 
right  of  the  page  will  be  found  a  secondary  table  headed  P.  P.,  and  at  the 
top  of  one  of  these  columns,  in  this  table,  in  bold-face  type,  will  be  found 
the  difference.  It  will  be  noticed  that  each  column  is  divided  into  two 
parts  by  a  vertical  line,  and  that  the  figures  on  the  left  of  this  line  run 
in  sequence  from  1  to  9.  Considering  the  difference  column  headed  14, 
we  see  opposite  the  number  6  (6  is  the  last  or  fifth  figure  of  the  number 
whose  logarithm  we  are  taking  out)  the  number  8.4,  and  we  add  this 
number  to  the  mantissa  found  above,  disregarding  the  decimal  point  in 
the  mantissa,  obtaining  49707  +  8.4  =  49715.4.  Now,  since  4  is  less  than 
5,  we  reject  it,  and  obtain  for  our  complete  mantissa  .49715.  Since  the 
characteristic  of  the  logarithm  of  31,416  is  4,  log  31,416  =  4.49715.     Ans. 

632.  Example.— Find  log  380.93. 

Solution. — Proceeding  in  exactly  the  same  manner  as  above,  the 
mantissa  for  3,809  is  58081  (the  star  directs  us  to  take  58  instead  of  57 
for  the  first  two  figures),  the  next  greater  mantissa  is  58092,  found  in 
the  column  headed  0,  opposite  381  in  column  headed  N.  The  difference 
is  092  —  081  =  11.    Looking  in  the  section  headed  P.  P.,  for  column 
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headed  11,  we  find  opposite  8,  3.3;  neglecting  the  .3,  since  it  is  less  than 
5,  3  is  the  amount  to  be  added  to  the  mantissa  of  the  logarithm  of  3809 
to  form  the  logarithm  of  88093.  Hence,  68081  +  3  =  58084,  and  since 
the  characteristic  is  2,  log  380.93  =  2.58084.    Ans. 

633.     Example.— Find  log  1,296,728. 

Solution. — Since  this  number  consists  of  more  than  five  figures 
and  the  sixth  figure  is  less  than  5,  we  find  the  logarithm  of  1,296,700, 
and  call  it  the  logarithm  of  1,296,728.  The  mantissa  of  log  1,296  is 
found  on  page  2  to  be  11261.  The  difference  is  294  —  261  =  33.  Look- 
ing in  the  P.  P.  section  for  column  headed  33,  we  find  opposite  7  on  the 
extreme  left,  23.1;  neglecting  the  .1,  the  amount  to  be  added  to  the 
above  mantissa  is  23.  Hence,  the  mantissa  of  log  1,296,728  =  11261  + 
28  =  11284;  since  the  characteristic  is  6,  log  1,296,728  =  6.11284    Ans. 

634*     Example.— Find  log  89. 126. 

Solution.— Log  89.12  =  1.94998.  Difference  between  this  and  log 
89.18  =  1.95002  -  1.94998  =  4  The  P.  P.  (proportional  part)  for  the 
fifth  figure  of  the  number,  6,  is  2.4,  or  2. 

Hence,  log  89. 126  .—  1.94998  +  .00002  =  1.95000.    Ans. 

635*     Example.— Find  log  .096725. 

Solution.—  Log  .09672  ="2.98552.    Difference  =  4 

P.  P.  f  or  5  =  2 


Hence,  log  .096725  =  2. 98554.    Ans. 

636*  To  find  the  logarithm  of  a  number  consisting  of 
fire  or  more  figures: 

Rule. — I.  If  the  number  consists  of  more  than  five  figures 
and  the  sixth  figure  is  5  or  greater ■,  increase  the  fifth  figure 
by  1,  and  write  ciphers  in  place  of  the  sixth  and  remaining 
figures. 

II.  Find  the  mantissa  corresponding  to  the  logarithm  of 
the  first  four  figures y  and  subtract  this  mantissa  from  the 
next  greater  mantissa  in  the  table ;  the  remainder  is  the 
difference. 

III.  Find  in  the  secondary  table  headed  P.  P.  a  column 
headed  by  the  same  number  as  that  just  found  for  the  differ  - 
ence^  and  in  this  column  opposite  the  number  corresponding 
to  the  fifth  figure  (or  fifth  figure  increased  by  1)  of  the  given 
number  (this  figure  is  always  situated  at  the  left  of  the 
dividing  line  of  the  column\  will  be  found  the  P.  P.  (propor- 
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tional  part)  for  that  number.  The  P.  P.  thus  found  is  to  be 
added  to  the  mantissa  found  in  II,  as  in  the  preceding  ex- 
amples, and  the  result  is  the  mantissa  of  the  logarithm  of  the 
given  number,  as  nearly  as  may  be  found  with  five-place 
tables.  

EXAMPLES  FOR  PRACTICE. 

637*     Find  the  logarithms  of  the  following  numbers: 

1.  .062.  Ans.  2.79289. 

2.  620.  Ans.  2.79239. 

8.  21.4.  Ans.J..83041. 
4.  .000067.  Ans.  5.82607. 
6.    89.42.  Ans.  2-95148. 

6.  .  785398.  Ans.  L  89509. 

7.  .0010823.  Ans.  3.08485. 
a  10,000.  Ans.  4. 

9.  1,923.208.  Ans.  3.28408. 
10.  8.00026.             Ans.  .47717. 

TO   FIND    A    NUMBER   WHOSE    LOGARITHM   IS 

GIVEN. 

638*  Rule  I. — Consider  the  mantissa  first.  Glance 
along  the  different  columns  of  the  table  which  are  headed  0 
until  the  first  two  figures  of  the  mantissa  are  found.  Then 
glance  down  the  same  column  until  the  third  figure  is  found 
(or  1  less  than  the  third  figure).  Having  found  the  first 
three  figures,  glance  to  the  right  along  the  row  in  which  tliey 
are  situated  until  the  last  three  figures  of  the  mantissa  are 
found.  Then,  the  number  which  heads  the  column  in  which 
the  last  three  figures  of  the  mantissa  are  found  is  the  fourth 
figure  of  the  required  number,  and  the  first  three  figures  lie 
in  the  column  headed  N,  and  in  the  same  row  in  which  lie  the 
last  three  figures  of  the  mantissa. 

II.  If  the  mantissa  cannot  be  found  in  the  table,  find  the 
mantissa  which  is  nearest  to,  but  less  than,  the  given  mantissa, 
and  which  call  the  next  less  mantissa.  Subtract  the  next  less 
mantissa  from  the  next  greater  mantissa  in  the  table  to  obtain 
the  difference.  Also  subtract  the  next  less  mantissa  from  the 
mantissa  of  the  given  logarithm,  and  call  the  remainder  the 
P.  P.      Looking  in  the   secondary  table  headed  P.   P.  for 
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the  column  headed  by  the  difference  just  found,  find  the  num- 
ber opposite  the  P.  P.  just  found  (or  the  P.  P  corresponding 
most  nearly  to  that  just  found)  ;  this  number  is  the  fifth 
figure  of  the  required  number ;  the  fourth  figure  will  be 
found  at  the  top  of  the  column  containing  the  next  less  mantissa ', 
and  the  first  three  figures  in  the  column  headed  N  and  in  the 
same  row  which  contains  the  next  less  mantissa. 

III.  Having  found  the  figures  of  the  number  as  above 
directed,  locate  the  decimal  point  by  the  rules  for  the  character- 
istic, annexing  ciphers  to  bring  the  number  up  to  the  required 
number  of  figures  if  the  characteristic  is  greater  than  4- 

639*     Example. — Find  the  number  whose  logarithm  is  8.56867. 

Solution. — The  first  two  figures  of  the  mantissa,  56,  are  found  on 
page  7;  glancing  down  the  column,  we  find  the  third  figure,  8  (in  con- 
nection with  820),  opposite  870  in  the  N  column.  Glancing  to  the  right 
along  the  row  containing  820,  the  last  three  figures  of  the  mantissa,  867, 
are  found  in  the  column  headed  4;  hence,  the  fourth  figure  of  the 
required  number  is  4,  and  the  first  three  figures  are  87C,  making  the 
figures  of  the  required  number  3704  Since  the  characteristic  is  8,  there 
are  four  figures  to  the  left  of  the  decimal  point,  and  the  number  whose 
logarithm  is  3.56867  is  3,704     Ans. 

640*     Example. — Find  the  number  whose  logarithm  is  3.56871. 

Solution. — The  mantissa  is  not  found  in  the  table.  The  next  less 
mantissa  is  56867 ;  the  difference  between  this  and  the  next  greater 
mantissa  is  879  -  867  =  12,  and  the  P.  P.  is  56871  -  56867  =  4.  Looking 
in  the  P.  P.  section  for  the  column  headed  12,  we  do  not  find  4,  but 
we  do  find  3.6  and  4.8.  Since  3.6  is  nearer  4  than  4.8,  we  take  the 
number  opposite  8.0  for  the  fifth  figure  of  the  required  number;  this 
is  3.  Hence,  the  fourth  figure  is  4;  the  first  three  figures  370,  and  the 
figures  of  the  number  are  37048.  The  characteristic  being  3,  the 
number  is  8,704.3.     Ans. 

641.     Example. — Find  the  number  whose  logarithm  is  5.95424 

Solution. — The  mantissa  is  found  in  the  column  headed  0  on  page 
18,  opposite  900  in  the  column  headed  N.  Hence,  the  fourth  figure  is  0, 
and  the  number  is  900,000,  the  characteristic  being  5.  Ans.  Had  the 
logarithm  been  5.95424,  the  number  would  have  been  .00009. 

642*     Example. — Find  the  number  whose  logarithm  is  .93036. 

Solution. — The  first  three  figures  of  the  mantissa,  930,  are  found  in 
the  0  column  opposite  852  in  the  N  column,  but  since  the  last  two 
figures  of  all  the  mantissas  in  this  row  are  greater  than  36,  we  must  seek 
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the  next  less  mantissa  in  the  preceding  row.  We  find  it  to  be  93084  (the 
star  directing  us  to  use  93  instead  of  92  for  the  first  two  figures)  in 
the  column  headed  8.  The  difference  for  this  case  is  039  —  034  =  5, 
and  the  P.  P.  is  036  —  034  =  2.  Looking  in  the  P.  P.  section  for  the 
column  headed  5,  we  find  the  P.  P.,  2,  opposite  4.  Hence,  the  fifth  fig- 
ure is  4;  the  fourth  figure  is  8;  the  first  three  figures  851,  and  the 
number  is  8.5184,  the  characteristic  being  0.    Ans. 

643*     Example. — Find  the  number  whose  logarithm  is  2.05758. 

Solution. — The  next  less  mantissa  is  found  in  column  headed  1 
opposite  114  in  the  N  column,  page  2;  hence,  the  first  four  figures  are 
1141.  The  difference  for  this  case  is  767  -  729  =  38,  and  the  P.  P.  is 
758  —  729  =  24  Looking  in  the  P.  P.  section  for  the  column  headed  88, 
we  find  that  24  falls  between  22.8  and  26.6.  The  difference  between  24 
and  22.8  is  1.2,  and  between  24  and  26.6  is  2.6;  hence,  24  is  nearer  22.8 
than  it  is  to  26.6,  and  6,  opposite  22.8,  is  the  fifth  figure  of  the  number. 
Hence,  number  whose  logarithm  is  ¥.05758  =  .011416.    Ans, 


644. 

Find  the  nui 

rithms: 

1. 

.74429. 

2. 

438202. 

8. 

1.84510. 

4. 

1.84510. 

5. 

496047. 

6. 

8.78940. 

7. 

.50210. 

8. 

8.68491. 

9. 

1.07619. 

10. 

3.23417. 

EXAMPLES  FOR  PRACTICE. 

Find  the  numbers  corresponding  to  the  following  loga- 

Ans.  5.55. 

Ans.  24,100. 

Ans.  .7. 

Ans.  70. 

Ans.  .000918. 

Ans.  6,157.7. 

Ans.  8.1776. 

Ans.  .0048148. 

Ans.  .11918. 

Ans.  .0017146. 

645*  In  order  to  calculate  by  means  of  logarithms,  a 
table  is  absolutely  necessary.  Hence,  for  this  reason,  we  do 
not  explain  the  method  of  calculating  a  logarithm.  The 
work  involved  in  calculating  even  a  single  logarithm  is  very 
great,  and  no  method  has  yet  been  demonstrated,  of  which 
we  are  aware,  by  which  the  logarithm  of  a  number  like  121 
can  be  calculated  directly.  Moreover,  even  if  the  logarithm 
could  be  readily  obtained,  it  would  be  useless  without  a 
complete  table,  such  as  that  which  forms  a  part  of  this 
Course,  for  the  reason  that  after  having  used  it,  say  to  ex- 
tract a  root,  the  number  corresponding  to  the  logarithm  of 
the  result  could  not  be  found. 
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MULTIPLICATION   BY    LOGARITHMS. 

646.  The  principle  upon  which  the  process  is  based  may 
be  illustrated  as  follows :  Let  X  and  Y  represent  two  num- 
bers whose  logarithms  are  x  and  y.  To  find  the  logarithm 
of  their  product,  we  have,  from  the  definition  of  a  logarithm, 

10*  =  Jf,       (1) 
and  10*  =  F.        (2) 

Since  both  members  of  (1)  may  be  multiplied  by  the  same 
quantity  without  destroying  the  equality,  they  evidently  may 
be  multiplied  by  equal  quantities  like  10*  and  Y.  Hence, 
multiplying  (1)  by  (2),  member  by  member, 

10*  X  10*  =  10*+»  =  X  Y  (Art.  418); 
or,  by  the  definition  of  a  logarithm,  x  -\-y  =  log  X  Y.  But 
X  Yis  the  product  of  X  and  F,  and  x-\-y  is  the  sum  of 
their  logarithms ;  from  which  it  follows  that  the  sum  of  the 
logarithms  of  two  members  is  equal  to  the  logarithm  of  their 
product.     Hence, 

647*  To  multiply  two  or  more  numbers  by  using  log- 
arithms : 

Rule. — Add  the  logarithms  of  the  several  numbers,  and 
the  sum  will  be  the  logarithm  of  the  product.  Find  the  num- 
ber corresponding  to  this  logarithm,  and  the  result  will  be  the 
number  sought. 

Example.— Multiply  4.88,  5.217,  and  83  together. 

Solution.—       Log   4.88=  .64147 

Log  5.217=   .71742 
Log       83  =  1.91908 

Adding,  3.27797  =  log  (4. 88  X  5. 217  X  88). 

Number  corresponding  to  3.27797  =  1,896.6.  Hence,  4.88  X  5.217  X 
83  =  1,896.6,  nearly.  Ans.  By  actual  multiplication,  the  product  is 
1,896.58818,  showing  that  the  result  obtained  by  using  logarithms  was 
correct  to  five  figures. 

648*  When  adding  logarithms,  their  algebraic  sum  is 
always  to  be  found.  Hence,  if  some  of  their  numbers  multi- 
plied together  are  wholly  decimal,  the  algebraic  sum  of  the 
characteristics  will  be  the  characteristic  of  the  product.  It 
must  be  remembered  that  the  mantissas  are  always  positive. 
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Example.— Multiply  49.82,  .00248,  17,  and  .97  together. 
Solution.— Log  49.82  =jl.  69740 

Log  .00248  =  8.38661 

Log        17  =  1.23045 

Log       .97  =  1.98677 

Adding,  0.30023  =  log  (49.82  X  .00243  X  17  X  .97). 

Number  corresponding  to  0.80028  =  1.9968.  Hence,  49.82  x  .00248  X 
17  X  .97  =  1.9968.     Ans. 

In  this  case  the  sum  of  the  mantissas  was  2.30023.     The 

integral  2  added  to  the  positive  characteristics  makes  their 

sum  =  2  +  1  +  1=4;  sum  of  negative  characteristics  =  3  + 

1  =  4,  whence  4  +  (—  4 )  =  0.     If,  instead  of  17,  the  number 

had  been  .17  in  the  above  example,  the  logarithm  of  .17 

would   have  been   1.23045,  and  the  sum  of  the  logarithms 

would  have  been  2.30023;  the  product  would  then  have  been 

.019963. 

649.  It  can  now  be  shown  why,  as  stated  in  Art.  626, 
all  numbers  with  figures  in  the  same  order  have  the  same 
mantissa  without  regard  to  the  decimal  point.  Thus,  sup- 
pose it  were  known  that  log  2.06  =  .31387.  Then,  log  20. 6 
=  log  (2.06  X  10)  =  log  2.06  +  log  10  =  .31387  +  1  =  1.31387. 
And  so  it  might  be  proved  with  the  decimal  point  in  any 
other  position.  

EXAMPLES  FOR  PRACTICE. 

650.  Find  the  products  of  the  following  by  the  use  of  logarithms: 

1.  100,  32,  and  81.64.  Ans.  101,260. 

2.  23.1,  59.64,  and  7.868.  Ans.  10,888. 
8.  .00854,  .275,  and  .0198.  Ans.  .000019275. 
4.  2.763,  59.87,  .264,  and  .001702.  Ans.  .074828. 


DIVISION   BY   LOGARITHMS. 
651*     As  before,  let  X  and   Y  represent  two  numbers, 
whose  logarithms  are  x  andj.     To  find  the  logarithm  of 
their  quotient  we  have,  from  the  definition  of  a  logarithm, 

10"  =  X,  (1) 

and        10"  =  Y.  (2) 

Dividing  (1)  by  (2),  10*-"  =  y  (Art.  438),  or,  by  the  defini- 

X  X 

tion  of  a  logarithm,  x  —  y  =  log  -p.     But  -y  is  the  quotient 
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of  X-r-  F,  and  x — y  is  the  difference  of  their  logarithms, 
from  which  it  follows  that  the  difference  between  the  log- 
arithms  of  two  numbers  is  equal  to  the  logarithm  of  their 
quotient.     Hence, 

652.  To  divide  one  number  by  another  by  means  of 
logarithms: 

Rule. — Subtract  the  logarithm  of  the  divisor  from  the 
logarithm  of  the  dividend^  and  the  result  will  be  the  logarithm 
of  the  quotient. 

Example.— Divide  6,7842  by  27.42. 

Solution.—  Log  6,7842  =  8.83160 

Log     27.42  =  1.48807 

difference  =  2.89848  =  log  (6,7842  -h  27.42). 

Number  corresponding  to  2.89848  =  247.42.  Hence,  6,7842  •*-  27.42  = 
247.42.    Ans. 

653.  When  subtracting  logarithms,  their  algebraic  dif- 
ference is  to  be  found.  The  operation  may  sometimes  be 
confusing,  because  the  mantissa  is  always  positive,  and  the 
characteristic  may  be  either  positive  or  negative.  When 
the  logarithm  to  be  subtracted  is  greater  than  the  logarithm 
from  which  it  is  to  be  takeny  or  when  negative  characteristics 
appear \  subtract  the  mantissa  first ',  and  then  the  cltaracteristic^ 
by  changing  its  sign  and  adding.     (Art.  399*) 

Example.— Divide  2742  by  6,784.2. 

Solution.  —  Log    274  2  =  2. 48807 

Log  6,784.2  =  8.88160 

"2.60657. 

First  subtracting  the  mantissa  .83150  gives  .60657  for  the  mantissa 
of  the  quotient  In  subtracting,  1  had  to  be  taken  from  the  char- 
acteristic of  the  minuend  leaving  a  characteristic  of  1.  Subtract  the 
characteristic  3  from  this,  by  changing  its  sign  and  adding  1  —  3  =  2, 
the  characteristic  of  the  quotient.  Number  corresponding  to  2.60657  = 
.040418.     Hence,  274 2  +  6, 784  2  =  .040418.     Ana 

Example.— Divide  .067842  by  .002742. 
Solution.—  Log  .067842  =  &83150 

Log  .002742  =  £ 43807 

difference  =  1.3984k 
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Subtracting,  .83150  —  .48807  =  .89343  and  —  2  +  8  =  1.  Number  cor. 
responding  to  1.89843  =  24742.  Hence,  .067842-1- .002742  =  24.742.  Ans. 

654.  The  only  case  that  need  cause  trouble  in  subtract- 
ing is  where  the  logarithm  of  the  minuend  has  a  negative 
characteristic,  or  none  at  all,  and  a  mantissa  less  than  the 
mantissa  of  the  subtrahend.     For  example,  let  it  be  required 

to  subtract  the  logarithm  3.74036  from  the  logarithm  3.55145. 

The  logarithm  3.55145  is  equivalent  to  —  3  +  .55145.    Now, 
if  we  add  both  +  1  and  —  1  to  this  logarithm,  it  will  not 

change  its  value.    Hence,  3.55145  =  —  3  —  1  +  1  +  .55145  = 

4+1. 55145.     Therefore,  3. 55145  -  3. 74036  = 

4+1.55145 
8+   .74086 


difference  =  7  +   .81109  =  7.81109. 

Had  the  characteristic  of  the  above  logarithm  been  0 

instead  of  3,  the  process  would  have  been  exactly  the  same. 

Thus,  .55145  =1  +  1.55145;  hence, 

T+ 1.55145 
8+  .74086 


difference  =  4+    .81109  =  4.81109. 

Example.— Divide  .02742  by  67.842. 

Solution.— Log  .02742  =  2.48807  =  8  + 1.48807* 
Log  67.842  =  1.83150  =  1  +   .88150 

difference  =  4~  +   .60657  =  460657. 

Number  corresponding  to  4.60657  =  .00040417.     Hence,  .02742  •* 
67.842  =  .00040417.     Ans. 

Example.— What  is  the  reciprocal  of  8.1416  ? 

Solution.— Reciprocal  of  8.1416  =  0  ,,.,,-,  and  log  0  „,.,,,  =  log  1  — 

O.1410  0.1410 

log  8.1416  =  0  -  .49715.     Since  0  =  -  1  + 1, 

T+ 1.00000 
.49715 


difference  =  1  +    .50285=1.50285. 
Number  whose  logarithm  is  1.50285  =  .81881.    Ans. 
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EXAMPLES  FOR  PRACTICE. 

055*     Find  the  quotients  of  the  following  by  the  use  of  loga- 


rithms: 


1. 

56485  +  8496. 

Am 

a.  16.148. 

2. 

9643 +  200.04 

Ans. 

.048204 

8. 

.16071  +  76.8. 

Ans. 

.0020926. 

4. 

.00624  +  3.096. 

Ans. 

.0020155. 

5. 

.000119  +  .0719. 

Ans. 

.0016551. 

6. 

1.19  +  719. 

Ans. 

.0016551. 

7. 

1  + 1,728. 

Ans. 

.0005787. 

INVOLUTION   BY   LOGARITHMS. 

656.  If  X  represents  a  number  whose  logarithm  is  xy 
we  have,  from  the  definition  of  a  logarithm, 

10*  =  X. 
Raising  both  numbers  to  some  power,  as  the  »th,  the 
equation  becomes,  by  Art.  511, 

lO3"1  =  Xn. 
But  Xn  is  the  required  power  of  X,  and  xn  is  its  logarithm, 
from  which  it  follows  that  the  logarithm  of  a  number  multi- 
plied by  the  exponent  of  the  power  to  which  it  is  raised  is 
equal  to  the  logarithm  of  the  power.     Hence, 

657.  To  raise  a  number  to  any  power  by  the  use  of 
logarithms : 

Rule. — Multiply  the  logarithm  of  the  number  by  the  ex- 
ponent which  denotes  the  power  to  which  the  number  is  to  be 
raised,  and  the  result  will  be  the  logarithm  of  the  required 
power. 

Example.— What  is  the  square  of  (a)  7.92  ?  (6)  the  cube  of  94.7  ?  (c) 
the  1.6  power  of  512,  that  is,  5121-*  ? 

Solution. — (a)  Log  7. 92  =  .89873;  the  exponent  of  the  power  is  2. 
Hence,  .89873  x2  =  1.79746  =  log  7. 92*.  Number  corresponding  to 
1. 79746  =  62. 727.     Hence,  7. 92*  =  62. 727,  nearly.    Ans. 

(d)  Log  94.7  =  1.97635;  1.97635  X  8  =  5.92905  =  log  94.7s.  Number 
corresponding  to  5.92905  =  849,280.  Hence,  94.73  =  849,280,  nearly. 
Ans. 

(c)  Log  612* ••  =  1.6X  log  512  =  1.6  X  2.70927  =  4.834832,  or  4.38483 
(when  using  five-place  logarithms)  =  log  21,619.  Hence,  5121  ••  =  21,619. 
nearly.    Ans. 
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658.  If  the  number  is  wholly  decimal,  so  that  the  char- 
acteristic is  negative,  multiply  the  two  parts  of  the  logarithm 
separately  by  the  exponent  of  the  number,  ff  after  multiply- 
ing the  mantissa,  the  product  has  a  characteristic,  add  it, 
algebraically,  to  the  negative  characteristic,  multiplied  by  the 
exponent,  and  the  result  will  be  the  negative  characteristic  of 
the  required  power. 

Example. — Raise  .0751  to  the  fourth  power. 

Solution.-— Log  .0751*  =  4  x  log  .0751  =  4  x  & 87564.  Multiplying  the 
parts  separately,  4x2=8  and  4  X  .87564  =  3J50256.  Adding  the  3  and 
8,  3  + (-8)= -5;  therefore,  log  . 075 14  =  5.50256.  Number  corre- 
sponding to  this  =  .00003181.     Hence,  .0751*  =  .00003181.     Ans. 

659.  A  decimal  may  be  raised  to  a  power  whose  ex- 
ponent contains  a  decimal  as  follows : 

Example. — Raise  .8  to  the  1.21  power. 

Solution.— Log  .8'  •"  =  1.21  xT. 90309.  There  are  several  ways  of 
performing  the  multiplication. 

First  Method. — Adding  the  characteristic  and  mantissa  algebraically, 
the  result  is  -.09691.  Multiplying  this  by  1.21  gives  —  .1172611,  or 
—  .11720,  when  using  5-place  logarithms.  To  obtain  a  positive  mantissa, 
add  +  1  and  -  1 ;  whence,  log  .81-*1  =  -  1  +  1  -  .11726  =1.88274. 

Second  Method. — Multiplying  the  characteristic  and  mantissa  sepa- 
rately gives  —  1.21  +  1.09274.  Adding  characteristic  and  mantissa  alge- 
braically gives  -  .11726;  then,  adding  +  1  and  -  1,  log  .81-*'  =1.88274. 

Third  Method. — Multiplying  the  characteristic  and  mantissa  sepa- 
rately gives  —  1.21  +  1.09274.  Adding  the  decimal  part  of  the  charac- 
teristic to  the  mantissa  gives  —  1  +  (—  .21  +  1.09274)  =1.88274  =  log 
.8,J1.  The  number  corresponding  to  the  logarithm!.  88274  =  .  76338.  Ans. 

Any  one  of  the  above  three  methods  may  be  used,  but  we 
recommend  the  first  or  the  third.  The  third  is  the  most  ele- 
gant, and  saves  figures,  but  requires  the  exercise  of  more 
caution  than  the  first  method  does.  Below  will  be  found 
the  entire  work  of  multiplication  for  both  .81*1  and  ,8'21. 

1.90309  1.90309 

1.21  .21 

90309  90309 

180618  180618 

90309  -t- 1.1896489 


1.09  2  7  389         —  1  —  .2  1 


-1.21  _        1.9  7  9  6489,  or  1.97965. 

1.88  2  7  38  9,  or  1.88274. 
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In  the  second  case,  the  negative  decimal  obtained  by 
multiplying  —  1  and  .21  was  greater  than  the  positive  deci- 
mal obtained  by  multiplying  .90309  and  .21 ;  hence,  +  1  and 
—  1  were  added  as  shown. 


'             EXAMPLES  FOR    PRACTICE. 

660»     Find  the  values  of  the  following  by  logarithms: 

1.  1,728*.  Ans.  2,985,900. 

2.  2.491*  Ans.  8.0995. 
8.  82.16-".  Ans.  42961. 

4.  .64*.  Ans.  .16777. 

5.  .64-*.  Ans.  .8865. 

6.  .0241»*  Ans.  .000029489. 


EVOLUTION   BY   LOGARITHMS. 

661.  If  X  represents  a  number  whose  logarithm  is  x 
we  have,  from  the  definition  of  a  logarithm, 

10*  =  X. 
Extracting  some  root  of  both  members,  as  the  «th,  the 
equation  becomes,  by  Art.  521, 

But  YX  is  the  required  root  of  X,  and  ~  is  its  logarithm, 
from  which  it  follows  that  the  logarithm  of  a  number,  di- 
vided by  the  index  of  the  root  to  be  extracted,  is  equal  to 
the  logarithm  of  the  root.     Hence, 

662.  To  extract  any  root  of  a  number  by  means  of 
logarithms: 

Rule. — Divide  the  logarithm  of  the  number  by  the  index 
of  the  root;  the  result  will  be  the  logarithm  of  the  root. 

Example. — Extract  (a)  the  square  root  of  77,851 ;  (b)  the  cube  root 
of  698,970;  (c)  the  2.4  root  of  8,964,800. 

Solution.— (a)  Log  77,851=4.89127;  the  index  of  the  root  is  2; 

hence,  log  ^77,851  =  4.89127  -*-  2  =  2.44564;  number  corresponding  to 

this  =  279.02.     Hence,  ^777851=  279.02,  nearly.     Ans. 

0)  Log  $  698,970  =  5.84446  +  3  =  1.94815  =  log  88.746;  or,  #  698,970 
=  88.747,  nearly.     Ans. 
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(c)  Log  y  8,964,800  =  6.95261  +  2.4  =  2.89688  =  log   788.64;  or 
^f/ 8, 964, 300  =  788.64,  nearly.    Ans. 

663.  If  it  is  required  to  extract  a  root  of  a  number 
wholly  decimal,  and  the  negative  characteristic  will  not  ex- 
actly contain  the  index  of  the  root,  without  a  remainder, 
proceed  as  follows: 

Separate  the  two  parts  of  the  logarithm;  add  as  many  units 
{or  parts  of  a  unit)  to  the  negative  cJiaracteristic  as  will  make 
it  exactly  contain  the  index  of  the  root.  Add  the  same  num- 
ber to  the  mantissa^  and  divide  both  parts  by  the  index.  The 
result  will  be  the  characteristic  and  mantissa  of  the  root. 

Example. — Extract  the  cube  root  of  .0008181. 

log  .0003181  _  1. 50256 


Solution.— Log  ^.0003181  =  — — g =  -^-3- 

(4  +  2  =  6)  +  (2  +  .50256  =  2.50256). 
(6-4- 8  =  2)  +  (2.50256 h-  3  =  .83419 ;  or, 
log  ^.0003181  ="2.83419  =  log  .06826a 
Hence,  -^.0003181  =  .068263.    Ans. 

Example.— Find  the  value  of  1*V-0003181. 

o                     t      '^/Annoioi       log  .0003181      7.50256 
Solution.— Log    y. 0003181  =  — &  „  . . —     A  ^ — . 

1.41  1.41 

If  —  .28  be  added  to  the  characteristic,  it  will  contain  1.41  exactly  8 
times.     Hence, 

[-  4  +  (-  .23)  =  -  4.23]  +  [.23  +  .50256  =  .73256]. 

(_  4.23  -4- 1.41  =  3)  +  (.73256  -j-  1.41  =  .51955);  or, 

log  l '4|/^003181  =  &51955  =  log  .0033079. 

Hence,  1-4|/.0003181  =  .0033079.     Ans. 


EXAMPLES  FOR  PRACTICE. 

664*     Find  the  values  of  the  following  by  logarithms: 

1.  -{/9(0.  Ans.  5.4876. 

2.  |/IT.  Ans.  1.6154. 
8.  .0497*.  Ans.  .36766. 
4.     .128*.  Ans.  .7099. 


5.  f.0227.  Ans.  .21999. 

6.  {/7T56.  Ans.  .62738. 
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005*     Example. — Solve  this  expression  by  logarithms: 

497  X  .0181  X  762 
3,800  X  .6517     - 

Solution.—  Log         497  =  2.69636 

Log  .0181  =  2.25768 
Log  762  =  2.88195 

Log  product  =  8.83599 

Log  3,800  =  8.51851 
Log  .6517  =  1.81405 
Log  product  =  3.83256 

a  88599  -  3.83256  =  .50348  =  log  8.1874. 

„  497  X  .0181  X  762      0  HanA       . 

Hcnce'  8,300  X. 6517      =8'1874'    An& 


l^  o  i        V  504,203x507    .     t 

hXAMPLB.— Solve,  y  1.75  x  71.4  x  87  bv  logarithm! 

Solution.—  Log   504,203  =  5.70260 

Log  507  =  2.70501 

Log  product  =  8.40761 

Log  1.75=  .24304 
Log  71.4=1.85370 
Log  87  =  1.93952 

Log  product  =  4.03626 

8. 40761  -  4. 08626      -  ,  -~  0      ,      00  ~ 
5 =1.45712  =  log  28.65. 


w*«™  »/   504,203x507        ^  aK      . 

HenCC'  V  1.75  X  71.4  X  87  =  ^     *** 


666.     Logarithms  can  often  be  applied  to  the  solution 

of  equations. 

Example. — Solve  the  equation  2.43.r5  =  I'.  0648. 
Solution.—  2.43jt»  =  f  ."0648. 

Dividing  by  2.48,  x*  =  ^^. 

Taking  the  logarithm  of  both  numbers, 

ir  v.i              lo2  0648 
5xlog;r=— ^ log  2.48; 

or,        5  log x  =  281158  -  . 88561. 

=  7.80193 -.38561 
=  1.41632. 
Dividing  by  5,  log  x  =  1. 88326 ; 

whence,  jr=.7643.    An*. 
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EXAMPLES  FOR  PRACTICE. 

(MJ7.     Find  the  values  of  the  following: 
89  X  753  X  .0097 


1. 
2. 


36, 709  X.  08497* 

.00657  x  .80464 


»/ 7,932  X-C 
r  .0327 


4  X  .6428 


y     32. 


X  53.429  X  .77542* 


.769  X  .000371* 

Find  the  value  of  x  in  the  following: 
129.*  x  .71 


4.    5*i  =: 


5.    88jt"  =  ' 


80 
129.4  X.71* 


4^80 


Ans.  .2064a 
Ans.  12.583. 

Ans.  83.085. 


Ans.  jr=. 93287. 


Ans.  jr  =  .  068188 
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GEOMETRY. 

1  •    Geometry  is  that  branch  of  mathematics  which  treats 
of  the  properties  of  lines,  angles,  surfaces,  and  volumes. 


LINES  AND  ANGLES. 

2.  A   point   indicates   position    only.     It   has    neither 
length,  breadth,  nor  thickness. 

3.  A  line  has  only  one  dimension:  length. 

4.  A  straight  line,  Fig.  1,  is  one  that 

does  not  change  its  direction  throughout  

its  whole  length.     A  straight  line  is  also 
frequently  called  a  right  line. 

5.  A  curved    line,  Fig.   2,  changes 

its  direction  at  every  point. 

J  r  Fig.  8. 

6.  A  broken  line,  Fig.  3,  is  one  made 
up  wholly  of  straight  lines  lying  in  differ- 
ent directions.  fig.  a. 

7.  Parallel  lines,  Fig.  4,  are  those 

which  are  equally  distant  from  each  other    

throughout  their  whole  length,  both  lines    


being    considered     indefinite    in    extent.  fig.  a. 

When  every  point  of  a  line  is  the  same  dis- 
tance from  another  line  (or  surface),  it  is  said  to  be  parallel 
to  the  line  (or  surface). 

For  notice  of  copyright,  see  page  immediately  following  the  title  page. 

7\    /.-/; 
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8.    A  line  is  perpendicular  to  another  when  it  meets 

that  line  so  as  not  to  incline  towards  it 
on  either  side,  Fig.  5. 


9*  A  horizontal  line  is  a  line 
parallel  to  the  horizon,  or  water  level, 
Fig.  6. 


Pio.  ft. 


HoriMoniaT 

Pio.  6. 


lO.  A  vertical  line,  Fig.  6,  is  a  line 
perpendicular  to  a  horizontal  line ;  conse- 
quently, it  has  the  direction  of  a  plumb- 
line. 


11.  When  two  lines  cross  or  cut  each 
other,  as  in  Fig.  7,  they  are  said  to  in- 
tersect, and  the  point  at  which  they 
intersect  is  called  the  point  of  inter- 
section, as  at  A. 

1 2.  An  angle,  Fig.  8,  is  the  opening 
between  two  lines  that  intersect  or  meet ; 
the  point  of  meeting  is  called  the  vertex 
of  the  angle. 


FlO.  7. 


Fig.  8. 


3 
Fig.  9. 


1 3.  In  order  to  distinguish  one  line  from  another,  two 
of  its  points  are  given  if  it  is  a  straight  line,  and  as  many 

more  as  are  considered  necessary  if  it 
is  a  broken  or  curved  line.  Thus,  in 
Fig.  9,  the  line  A  B  would  mean  the 
straight  line  included  between  the 
points  A  and  B.  Similarly,  the  straight 
line  between  £7 and  D  would  be  called  the  line  CD. 

The  broken  line  made  up  of  the  lines  A  B  and  B  D  would 
be  called  the  broken  line  A  B  D  or  D  B  Ay  according  to  the 
point  started  from.  The  line  C  D  may  be  regarded  as  a 
single  line  or  as  made  up  of  two  lines  C  B  and  B  D.  B  D 
may  be  regarded  as  C  B  extended,  in  which  case  it  would  be 
called  C  B  produced  to  Dy  or  simply  C  B  produced.  Simi- 
larly, C  B  is  D  B  produced.     One  line,  however,  cannot  be 
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said  to  be  another  line  produced,  unless  it  is  an  extension  of 
the  line  in  a  constant  direction ;  i.  e. ,  A  B  cannot  be  referred 
to  as  C  B  produced  or  as  D  B  produced. 

14.  To  distinguish  angles,  name  a  point  on  each  line, 
and  the  point  of  their  intersection,  or  vertex  of  the  angle. 
Thus,  in  Fig.  9,  the  angle  formed  by  the  lines  A  B  and  C  B 
is  called  the  angle  A  B  C  or  the  angle  C  B  A,  the  letter  at 
the  vertex  being  placed  between  the  other  two.  The  angle 
formed  by  the  lines  A  B  and  B  D  is  called  the  angle  A  B  D 
or  the  angle  DBA. 

When  an  angle  stands  alone  so  that  it  cannot  be  mistaken 
for  any  other  angle,  only  the  vertex  letter  need  be  given  ; 
thus,  the  angle  E,  Fig.  20,  the  angle  B9  Fig.  21,  etc. 

15.  If  one  straight  line  meets  another  straight  line 
at  a  point  between  its  ends  (see  Figs.  9  and  10),  two 
angles  ABC  and  A  B  D  are  formed,  which  are  called 
adjacent  angles. 


16.  When  adjacent  angles  are 
equal,  as  A  B  C  and  A  B  Z>,  Fig.  10, 
they  are  called  right  angles* 


FlO.  10. 


1 7.  An  acute  angle  is  less  than 
a  right  angle.  ABC,  Fig.  11,  is  an 
acute  angle. 


FlO.  11. 


18.  An  obtuse  angle  is  greater 
than  a  right  angle.  A  B  D,  Fig.  12, 
is  an  obtuse  angle. 


PIG.  12. 
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Fig.  13. 


19.  When  two  straight  lines  intersect  they  form  four 
angles  about  the  point  of  intersection.    Thus,  in  Fig.  13,  the 

lines  A  B  and  C  Dy  intersecting  at  the 
point  O,  form  four  angles  B  O  D,  D  OA, 
A  O  C,  and  COB  about  the  point  O. 
The  angles  that  lie  on  the  same  side 
of  one  straight  line,  as  DOB  and 
D  O  A7  are  adjacent  angles.  The 
angles  that  lie  opposite  each  other  are  called  opposite 
angles.  Thus,  A  O  C  and  D  O  By  also  D  O  A  and  B  O  C, 
are  opposite  angles. 

20.  When  one  straight  line  intersects  another  straight 
line,  as  in  Fig.  13,  the  opposite  angles  are  equal.  Thus, 
DOB  =  AO  C,  and  DO  A  =  B  O  C. 

21.  When  one  straight  line  meets 
another  straight  line  at  a  point  between 
its  ends,  the  sum  of  the  two  adjacent 
angles  A  B  D  and  ABC,  Fig.  14,  equals 
two  right  angles. 

22.  If  a  number  of  straight  lines  on  the  same  side  of  a 

given  straight  line  meet  at  the  same 
point,  the  sum  of  all  the  angles  formed 
is  equal  to  two  right  angles.  Thus, 
in  Fig.  15,  COB  +  DOC+EOJJ 
+  FOE  +  A  OF  =  two  right  angles. 

23.  If  a  straight  line  intersects  another  straight  line,  so 
that  the  adjacent  angles  are  equal,  the 

lines  are  said  to  be  perpendicular  to  each 
other.  In  such  a  case,  four  right  angles 
are  formed  about  the  point  of  intersec- 
tion. Thus,  in  Fig.  16,  B  O  C  =  C  OA ; 
hence,  B  O  C,  CO  A,  A  O  D%  and  D  O  B 
are  right  angles.  From  this  it  is  seen 
that/b/zr  right  angles  are  all  that  can  be 
formed  about  a  given  point. 


D 

PlO.  16. 
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24.  Through  a  given  point  any  number  of  straight 
lines  may  be  drawn;  and  the  sum  of 

all  the  angles  formed  about  the  point 
of  intersection  equals  four  right  an- 
gles. Thus,  in  Fig.  17,  HOF+FOC 
+  C O A +A  O G  +  GOB + EOD 
+  D0  B  +  BOH  =  four  right  angles. 

Example. — In  a  flywheel  with  12  arms,  what 
part  of  a  right  angle  is  included  between  the 
center  lines  of  any  two  adjacent  arms,  the 
arms  being  spaced  equally  ? 

Solution. — Since  there  are  12  arms,  there  are  12  angles.  The  sum 
of  all  the  angles  equals  four  right  angles.  Hence,  one  angle  equals 
^  of  4  right  angles,  or^x4  =  ^  =  iofl  right  angle.     Ans. 

25.  A  perpendicular  drawn  from  a  point  over  or  under 

a  given  straight  line  is  the  shortest  dis- 
tance from  the  point  to  the  line,  or  to 
the  line  produced.  Thus,  if  A,  Fig.  18, 
is  the  given  point  and  C  D  the  given 

-£ x>   line,  then  the  perpendicular  A  B  is  the 

pio.  ig.  shortest  distance  from  A  to  CD. 

26.  An  angle  is  said  to  be  the  complement  of  another 
when  the  sum  of  the  two  angles  is  one  right  angle.  In  Fig.  17, 
if  F  E  is  perpendicular  to  A  B,  F O  H  is  the  complement  of 
BOH,  and  B  OH  is  the  complement  of  FO  H  When  refer- 
ring to  both  angles,  they  are  said  to  be  complementary. 
Thus,  BOH  and  F  O  H  are  complementary  angles. 

27.  When  the  sum  of  two  angles  is  equal  to  two  right 
angles,  the  angles  are  said  to  be  supplementary,  and  each 
is  the  supplement  of  the  other.  In  Fig.  14,  A  B  C  is  the 
supplement  of  A  B  D,  and  A  B  D  is  the  supplement  of  A  B  C. 
From  this  definition,  it  follows  that  adjacent  angles  are  sup- 
plementary; also,  that  if  one  side  of  an  angle,  as  B  D,  Fig.  14, 
be  produced  through  the  vertex,  the  angle  between  the  side 
produced  and  the  other  side,  i.e.,  the  angle  CBA9  is  the 
supplement  of  the  original  angle  DBA. 
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28.  If  two  angles  have  their  sides  parallel  and  both 
the  corresponding  sides  lie  in  the  same  or  in  opposite 
directions,  they  are  equal.  Thus,  if  the  side  A  B,  Fig.  19, 
is  parallel  to  the  side  D  E,  and  if  the  side  B  C  is  parallel 
to  the  side  E  Fy  then  the  angle  E  =  the  angle  B.  But  if 
one  of  the  sides  of  one  angle  lies  in  the  same  direction  and 


FIG.  19. 

the  other  in  the  opposite  direction  to  the  corresponding  sides 
of  the  other  angle,  the  angles  are  supplementary.  Thus,  in 
Fig.  20,  G  H  is  parallel  to  and  lies  in  the  same  direction  as 
D  E,  and  H  I  is  parallel  to  but  lies  in  the  opposite  direc- 
tion to  E  F ;  hence,  angle  G  H I  is  the  supplement  of  D  £  F. 

29.  If  two  sides  of  an  angle  are  perpendicular  to  two 
sides  of  another  angle,  the  two  angles  are  equal  or  supple- 
mentary. Thus,  if  D  E  and  G  H9  Fig.  20,  are  perpendicular 
to  B  A,  and  E F  and  H K  are  perpendicular  to  B  C,  then  will 
angle  E  =  angle  B  =  angle  H\  also  G  HI  is  the  supplement 
of  A  B  C. 


EXAMPLES  FOR  PRACTICE. 

1.  In  a  pulley  with  five  arms,  what  part  of  a  right  angle  is  included 
between  the  center  lines  of  any  two  arms  ?         Ans.  £  of  a  right  angle. 

2.  If  one  straight  line  meets  another  straight  line  so  as  to  form  an 
angle  equal  to  If  right  angles,  what  part  of  a  right  angle  does  its  adja- 
cent angle  equal  ?  Ans.  {  of  a  right  angle. 
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3.  If  a  number  of  straight  lines  meet  a  given  straight  line  at  a 
given  point,  all  being  on  the  same  side  of  the  given  line,  so  as  to  form 
six  equal  angles,  what  part  of  a  right  angle  is  contained  in  each  angle  ? 

Ans.  i  of  a  right  angle. 


PLANE  FIGURES. 

30.  A  surface  has  only  two  dimensions:  length  and 
breadth,  A  plane  surface,  usually  called  a  plane,  is  a  flat 
surface.  If  a  straightedge  be  laid  on  a  plane  surface,  every 
point  along  the  edge  of  the  straightedge  will  touch  the  sur- 
face, no  matter  in  what  direction  it  is  laid. 

31.  A  plane  figure  is  any  part  of  a  plane  surface 
bounded  by  straight  or  curved  lines. 

32.  When  a  plane  figure  is  bounded  by  straight  lines 
only,  it  is  called  a  polygon.  The  bounding  lines  are  called 
the  sides,  and  the  broken  line  that 
bounds  it  (or  the  whole  distance  around 
it)  is  called  the  perimeter  of  the 
polygon. 

The  angles  formed  by  the  sides  are 
called  the  angles  of  the  polygon.    Thus, 
AB  CD  E,  Fig.  21,  is  a  polygon.    A  B, 
B Cy  etc.  are  the  sides;  E  A  By  A  B  C,  etc.  are  the  angles; 
and  the  broken  line  A  B  C  D  E  A  is  the  perimeter. 

33.  Polygons  are  classified  according  to  the  number  of 
their  sides:  One  of  three  sides  is  called  a  triangle;  one 
of  four  sides,  a  quadrilateral ;  one  of  five  sides,  a  penta- 
gon ;  one  of  six  sides,  a  hexagon ;  one  of  seven  sides,  a 
heptagon ;  one  of  eight  sides,  an  octagon ;  one  of  ten 
sides,  a  decagon  ;  one  of  twelve  sides,  a  dodecagon  ;  etc. 

34.     Equilateral   polygons    are 

those  in  which  the  sides  are  all  equal. 
Thus,    in  Fig.  22,    AB=BC=CD 
=  D A;  hence,  A  B C D  is  an  equilat- 
pio.  «.  eral  polygon. 
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35.     An  equiangular  polygon  is 

one  in  which  all  the  angles  are  equal. 
Thus,  in  Fig.  23,  angle  A=z  angle  B 
=  angle  D  =  angle  C;  hence,  A  B  D  C 
is  an  equiangular  polygon. 


Pig.  23. 


36.     A    regular    polygon    is   one    in   A 

which  all  the  sides  and  all  the  angles 
are  equal.  Thus,  in  Fig.  24,  AB  —  BD 
—  DC  —  C  Ay  and  angle  A  =  angle  B 
=  angle  D  =  angle  C;  hence,  A  B  D  C  is  a 
regular  polygon. 


PIO.  94. 


37.     Some  regular  polygons  are  shown  in  Fig.  25. 


S~\ 


Pentagon       Hexagon         Heptagon        Octagon  Decagon        Dodecagon 


Fig.  25. 


38.  The  sum  of  all  the  interior  angles  of  any  polygon 
equals  two  right  angles,  multiplied  by 
a  number  which  is  two  less  than  the 
number  of  sides  of  the  polygon.  Thus, 
ABCDEF,  Fig.  26,  is  a  polygon  of 
six  sides  (hexagon),  and  the  sum  of  all 
the  interior  angles  A  -\-  B  +  C  +  D  -\-E 
+  F=  2  right  angles  x  4  (  =  6  —  2), 
or  8  right  angles. 


Flo.  26. 


Example. — If  the  above  figure  is  a  regular  hexagon  (has  equal  sides 
and  equal  angles),  how  many  right  angles  are  there  in  each  interior 
angle  ? 

Solution. —  6—2  =  4.  Two  right  angles  X  4  =  8  right  angles  =  the 
total  number  of  right  angles  in  the  polygon ;  and  as  there  are  6  equal 
angles,  we  have  8  -*-  6  =  1£  right  angles  =  the  number  of  right  angles 
in  each  interior  angle.     Ans. 
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THE  TRIANGLE. 

39.     Triangles  are   named   according  to  their  sides  as 
isosceles,  equilateral,  and  scalene  triangles,  and  according  to 
their  angles  as  right-angled  and  oblique-angled 
triangles. 

40.     An  isosceles  triangle,  Fig.  27,  is  one 
having  two  of  its  sides  equal. 


Pig.  ar. 

41.  When  the  three  sides  are  equal,  as 
in  Fig.  28,  it  is  called  an  equilateral  tri- 
angle. An  equilateral  triangle  is  also 
isosceles. 


Fig.  28. 


Pig.  29. 


42.     A  scalene  triangle,  Fig.  29,  is  one 
having  no  two  of  its  sides  equal. 


43.     A  right-angled  triangle,  Fig.  30,  is  any  triangle 
having  one  right  angle.     The  side  opposite 
the  right  angle  is  called  the  hypotenuse. 
For  brevity,  a  right-angled  triangle  is  now 

termed  a  right  triangle. 

Pig.  80. 

44.     An  oblique  triangle,  Fig.  31,  is 
one  that  has  no  right  angle. 

Pig.  81. 

45.  The  base  of  any  triangle  is  the  side  upon  which  the 
triangle  is  supposed  to  stand ;  any  side  may  be  considered 
to  be  the  base.     In  Figs.  82,  33,  and  34,  A  C  is  the  base. 

46.  The  altitude  of  any  triangle  is  a  line  drawn  from 

the  vertex  of  the  angle 
opposite  the  base  per- 
pendicular to  the  base 
or  to  the  base  produced. 
Thus,  in  Figs.  32and33, 

^C  B  D  is  the   altitude  of 
the  triangles  A  B  C. 
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47.  In   an   isosceles   triangle,   the  angles  opposite  the 

equal  sides  are  equal.  Thus,  in  Fig.  34, 
A  B  =  BC;  hence,  angle  C  =  angle  A. 
Therefore,  if  two  angles  of  any  triangle  are 
equal,  the  triangle  is  isosceles. 

In  any  isosceles  triangle,  if  a  perpendicu- 
lar be  drawn  from  the  vertex  opposite  the 
unequal  side  to  that  side,  it  bisects  (cuts  in 
halves)  the  side.  Thus,  A  C,  Fig.  34,  is  the 
unequal  side  in  the  isosceles  triangle  ABC;  hence,  the  per- 
pendicular B  D  from  the  vertex  opposite  A  C  bisects  A  Cy 
or  AD  =  DC 

48.  In  any  triangle,  the  sum  of  the  three  angles  equals 
two  right  angles.  Thus,  in  Fig.  35,  the  sum  of  the  angles 
at  A,  By  and  C=two  right  angles;  that  is,  A  +  B+C 
=  two  right  angles.  Hence,  if  any 
two  angles  of  a  triangle  are  given,  the 
third  may  be  found  by  subtracting  the 
sum  of  the  two  from  two  right  angles. 
Suppose  *  that  A  +  B  =  1TV  right 
angles;  then,  C  must  equal  2  —  1TV  =  A  of  a  right  angle. 

49.  In  any  right  triangle  there  can  be  but  one  right 
angle,  and  since  the  sum  of  all  the  angles  equals  two  right 

angles,  it  is  evident  that  the  sum  of  the 
two  acute  angles  must  equal  one  right 
angle.  Therefore,  if  in  any  right  tri- 
angle one  acute  angle  is  known,  the 
other  can  be  found  by  subtracting  the 
known  angle  from  a  right  angle.  Thus, 
in  Fig.  36,  A  B  C  is  a  right  triangle, 
right-angled  at  C  Then,  the  angles  A  +  B  =  one  right 
angle.  If  A  =  \  of  a  right  angle,  i?  =  1  —  ^  =  4  of  a  right 
angle.  The  two  acute  angles  of  a  right  triangle  are  there- 
fore complementary. 

50.  In  any  right  triangle,  the  square  described  upon  the 
hypotenuse  is  equal  to  the  sum  of  the  squares  described 
upon   the   other   two   sides.     If  ABC,  Fig.  37,  is  a  right 


Fig.  86. 


Pig.  86. 
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triangle,  right-angled  at  B,  then  the  square  described 
upon  the  hypotenuse  A  C  is  equal  to  the  sum  of  the 
squares   described   upon  the  f 

sides  A  B  and  B  C;  conse- 
quently, if  the  lengths  of  the 
sides  A  B  and  B  C  are  known, 
the  length  of  the  hypotenuse 
can  be  found  by  adding  the 
squares  of  the  lengthsof  the 
sides  A  B  and  B  C  and  then 
extracting  the  square  root  of 
the  sum. 

Example.— If  A  B  =  8  inches 
and  B  C  =  4  inches,  what  is  the 
length  of  the  hypotenuse  AC?  p 

Solution.—  8*  =  9;  4'  =  16. 

Adding,  9  +  16  =  25. 

4^35  =  5. 

Therefore,  A  C  —  5  in.    Ans. 


\S\7\8\b\iq 
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SI.     If  the  hypotenuse  and  one  side  are  given,  the  other 

side  can  be  found  by  subtracting  the  square  of  the  given  side 
from  the  square  of  the  hypotenuse,  and  then  extracting  the 
square  root  of  the  remainder. 

Example  1. — The  side  given  is  3  inches,  the  hypotenuse  is  5  inches; 
what  is  the  length  of  the  other  side  ? 

Solution.—  3*  =  9;  5'  =  35.  35  -  9  =  16,  and  ^10  =  4  in.  Ans. 
Example  3. — If,  from  a  church  steeple  which  is  150  feet  high  a 
rope  is  to  be  attached  at  the  top  and  to  a  stake  in 
the  ground  80  feet  from  its  foot  (the  ground  being 
supposed  to  be  level),  what  must  I*  the  length  of 
the  rope  ? 

Solution.— -In  Fig.  3M.  A  /I  represents  the  steeple, 
150  feet  high;  C,  a  stake  85  feet  from  the  foot  of 
the  steeple ;  and  A  C,  the  rope.  Here  we  have  a 
right  triangle,  right-angled  at  B,  and  A  C  is  the 
hypotenuse. 

The  square  of  A  C  =  Kf  +  150'  =  7,335  +  33,500 
=  29,735: 
Therefore.      AC=  f 29,725  =  172.4  ft.,  nearly.    Ans. 


UG 


GEOMETRY  AND   TRIGONOMETRY. 


Fig.  89. 


&2.  Two  triangles  are  equal  when  the  sides  of  one  are 
equal  to  the  sides  of  the  other. 

53.  Two  triangles  are  similar 
when  the  angles  of  one  are  equal  to 
the  angles  of  the  other.  The  corre- 
sponding sides  of  similar  triangles 
are  proportional. 

For  example,  in  the  triangles 
ABC  and  a  be,  Fig.  39,  side  ac  is 
perpendicular  to  A  C>  side  ab  is 
perpendicular  to  A  B,  and  side  b  c 
is  perpendicular  to  B  C.  Hence, 
angle  A  =  angle  a,  since  the  sides 
of  one  are  perpendicular  to  the  sides  of  the  other.  In  like 
manner,  angle  B  =  angle  by  and  angle  C  =  angle  c.  The  two 
triangles  are  therefore  similar  and  their  corresponding  sides 
are  proportional.  That  is,  any  two  sides  of  one  triangle  are 
to  each  other  as  the  two  corresponding  sides  of  the  other 
triangle ;  or,  one  side  of  one  triangle  is  to  the  corresponding 
side  of  the  other  as  another  side  of  the  first  triangle  is  to 
the  corresponding  side  of  the  second.  The  following  are 
examples  of  the  many  proportions  that  may  be  written. 
In  this  case,  the  corresponding  sides  of  the  two  triangles  are 
the  ones  that  are  perpendicular  to  each  other: 

AB  :  BC=ab  :  b  c, 
A  B  :  A  C=a  b  vac, 
B  C  :  be  =AB;ab, 
A  C  :  ac    =  B  C   :  be,  etc. 

Example. — The  sides  of  a  triangle  are  18  inches  and  21  inches  and 
the  base  is  24  inches  long;  what  are  the  lengths  of  the  sides  of  a 
similar  triangle  whose  base  is  8  inches  long  ? 

Solution. — Since  the  sides  are  proportional,  we  have  the  proportions 
24  :  8  =  21  :  x,  and  24  :  8  =  18  :  x.  From  the  first,  x  =  7  in.,  and  from 
the  second,  x  =  6  in.     Ans. 


54.     If  a  straight  line  is  drawn  through  two  sides  of  a 
triangle  parallel   to   the  third   side,  it  divides  those  sides 
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proportionally.    Thus,  in  Fig.  40,  let  the  line  D  E  be  drawn 
parallel   to   the   side   B  C  in    the   tri- 
angle ABC.     Then, 

AD  :  DB  =  AE  :  EC. 

It  is  to  be  noticed,  also,  that  the  tri- 
angles ADE  and  ABC  are  similar 
and  their  sides  are  proportional.  The 
proportion  A  D  :  D  E  =  A  B  :  B  C  is  a 
useful  one. 

Example  1. — In  the  last  figure,  if  A  E  =  14,  Flo#  40 

A  D  =  12,  and  E  C  =  9,  what  does  D  B  equal  ? 

Solution. — From  the  proportion  A  D  :  D  B  =  A  E :  E  C,  we  have 
12  :  D  B  =  14  :  9,  whence  D  B  =  7J.     Ans. 

Example  2.— The  base  of  a  right  triangle  is  12  inches  and  its  alti- 
tude 40  inches.     How  wide  is  the  triangle  24  inches  from  the  base  ? 

Solution. — Since  the  triangle  is  right-angled,  the  length  of  the 
perpendicular  side  equals  the  altitude,  or  40  inches.  By  drawing  a  line 
parallel  to  the  base  and  24  inches  above  it,  a  second  and  similar  tri- 
angle will  be  found  whose  corresponding  side  =  40  —  24,  or  16  inches, 
and  the  length  of  whose  base  is  the  required  width.  Hence,  40  :  12 
=  16  :  jt,  or  x  =  4.8  in.     Ans. 


EXAMPLES  FOR   PRACTICE. 

1.  How  many  right  angles  are  there  in  one  of  the  interior  angles 
of  a  regular  heptagon  ?  Ans.   If  right  angles. 

2.  The  angle  at  the  vertex  of  an  isosceles  triangle  equals  ^  of  a  right 
angle.     What  do  the  other  angles  equal  ?  Ans.  f  of  a  right  angle. 

8.  One  of  the  acute  angles  of  a  right  triangle  equals  J  of  a  right 
angle.  What  is  the  size  of  the  other  acute  angle  ?  Ans.  }  of  a  right  angle. 

4.  If  the  two  sides  about  the  right  angle  in  a  right  triangle  are  52 
and  39  feet  long,  how  long  is  the  hypotenuse  ?  Ans.  65  ft. 

5.  A  ladder  65  feet  long  reaches  to  the  top  of  a  house  when  its  foot 
is  25  feet  from  the  house.  How  high  is  the  house,  supposing  the 
ground  to  be  level  ?  Ans.  60  ft. 

6.  In  a  triangle  A  B  C,  side  A  B  =  32  feet,  B  C  =  34  feet,  and  A  C 
=  48  feet.  If  side  A  B  of  a  similar  triangle  is  72  feet  long,  what  are  the 
lengths  of  the  other  two  sides  ?  Ans.  A  C  =  108  ft. ;  B  C~  76.5  ft. 

7.  The  base  of  a  right  triangle  is  24  inches  and  its  altitude 
72  inches.  At  what  distance  from  the  top  is  the  triangle  16  inches 
wide  ?  Ans.  4b  in. 
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THE  CIRCLE. 


55.  A  circle,  Fig.  41,  is  a  plane  figure 
bounded  by  a  curved  line,  called  the  circum- 
ference, every  point  of  which  is  equally  dis- 
tant from  a  point  within,  called  the  center. 


PIO.  41. 


56.     The  diameter  of  a  circle  A  B9  v 

Fig.  42,  is  a  straight  line  passing  through   Al . \b 

the  center  and  terminated  at  both  ends  \                    / 

by  the  circumference.  \x           / 

Fig.  42. 

57.     The    radius    of    a    circle,    OA, 
Fig.  43,  is  a  straight  line  drawn  from  the 

A\ o         j    center  to  the  circumference.     It  is  equal  in 

length  to  one-half  the  diameter.    The  plural 
of  radius  is  radii.     All  radii  of  any  circle 

fig.  48.  are  e(lual  *n  length. 
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58.     An  arc  of  a  circle,  as  a  eb,  Fig.  44, 
is  any  part  of  its  circumference. 
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Fig.  44. 


Fig.  46. 


59.  A  chord  is  a  straight  line  joining 
any  two  points  in  a  circumference;  or,  it  is 
a  straight  line  joining  the  extremities  of  an 
arc. 

Thus,  in  Fig.  45,  a  b  is  the  chord  of  the 
arc  a  e  b. 


60.     A  segment  of  a  circle  is  the  space  included  between 
an  arc  and  its  chord. 
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Thus,  in  Fig.  45,  the  portion  of  the  circle  included  between 
the  chord  a  b  and  arc  a  e  b  is  a  segment. 

61.  A  sector  of  a  circle  is  the  space 
included  between  an  arc  and  two  radii 
drawn  to  the  extremities  of  the  arc. 

Thus,  in  Fig.  46,  the  space  included 
between  the  arc  A  B  and  the  radii  O  A  and 
OB  is  a  sector  of  the  circle.  Flo 

62.  Two  circles  are  equal  when  the  radius  or  diameter 
of  one  equals  the  radius  or  diameter  of  the  other. 

Two  arcs  are  equal  when  the  radius  and  chord  of  one 
equal  the  radius  and  chord  of  the  other. 

63.  UADBC,  Fig.  47,  is  a  circle 
in  which  two  diameters  A  B  and  CD 
are  drawn  at  right  angles  to  each  other, 
then,  A  O  D,  DOB,  B  O  C,  and  CO  A 
are  right  angles.  The  circumference 
is  thus  divided  into  four  equal  parts; 
each  of  these  parts  is  called  a  quad- 
rant. 

Fig.  47. 

64.  In  geometry,  angles  are  measured  by  the  number 
of  right  angles,  or  parts  of  a  right  angle,  which  they  contain ; 
since  in  the  circle,  a  right  angle  intercepts  a  quadrant,  an 
angle  is  also  measured  by  the  number  of  quadrants,  or  parts 
of  a  quadrant,  that  it  intercepts.  The  word  "  intercept"  as 
here  used  means  the  arc  cut  off  by  the  sides  of  the  angle. 

65.  An  angle  at  the  center  is  measured  by  its  inter- 
cepted arc. 

Example. — If  a  circle  is  divided  into  six 
equal  sectors,  how  many  quadrants,  or  parts 
of  a  quadrant,  are  contained  in  the  angle  of 
each  sector  ? 

Solution.— In    Fig.   48,    A  C  F  B  D  E   is 

a  circle  divided  into  six  equal  sectors.     The 

sum  of  all  the  quadrants  in  the  circle   is  4. 

Hence,    4  -*-  6  =  \    of    a    quadrant    in    each 

Fig.  48.  sector.    Ans. 
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66.  An  inscribed  angle  is  one  whose  vertex  lies  on 

the  circumference  of  a  circle  and  whose 
sides  are  chords.  It  is  measured  by 
one-half  the  intercepted  arc.  Thus,  in 
Fig.  49,  ABC  is  an  inscribed  angle 
and  it  is  measured  by  one-half  the 
arc  ADC 

Example. — If  in  the  figure  the  arc  ADC 
=  {  of  the  circumference,  what  is  the  measure 
of  the  inscribed  angle  A  B  CI 

Solution. — Since  the  angle  is  an  inscribed  angle,  it  is  measured  by 
one-half  the  intercepted  arc,  or  f  X  \  —  \  of  the  circumference.  The 
whole  circumference  contains  four  quadrants;  hence,  4  X  i  =  J  of  a 
quadrant,  or  \  of  a  right  angle.  Therefore,  the  measure  of  the 
angle  A  B  C  is  |  of  a  quadrant.     Ans. 

67.  If  a  circle  is  divided  into  halves,  each  half  is  called 
a  semicircle,  and  each  half  circumference  is  called  a 
semi-circumference. 

68.  Any  angle  that  is  inscribed  in  a  semicircle  and 
intercepts  a  semi-circumference,  as  A  B  C,  or  A  D  C9 
Fig.  50,  is  a  right  angle,  since  it  is  measured  by  one-half  a 
semi-circumference,  that  is,  by  a  quadrant. 


Fin.  60.  Fig.  51.  Fig.  68. 

* 

69.  An  inscribed  polygon  is  one  whose  vertexes  lie 
on  the  circumference  of  a  circle,  and  whose  sides  are  chords, 
zsABCDE,  Fig.  51. 

70.  If,  in  any  circle,  a  radius  be  drawn  perpendicular 
to  any  chord,  it  bisects  (cuts  in  halves)  the  chord.  Thus, 
if  the  radius  O  C,  Fig.  52,  is  perpendicular  to  the  chord  A  By 

<\n  =  DB. 


GEOMETRY  AND  TRIGONOMETRY. 


251 


Example. — If  a  regular  pentagon  is  inscribed  in  a  circle  and  a 
radius  is  drawn  perpendicular  to  one  of  the  sides,  what  are  the  lengths 
of  the  two  parts  of  the  side,  the  perimeter  of  the  pentagon  being 
27  inches? 

Solution. — A  pentagon  has  five  sides,  and  since  it  is  a  regular 
pentagon,  all  the  sides  are  of  equal  length ;  the  perimeter  of  the  pen- 
tagon, which  is  the  distance  around  it,  equals  the  sum  of  all  the  sides, 
or  27  inches.  Therefore,  the  length  of  one  side  =  27  -f-  5  =  5|  inches. 
Since  the  pentagon  is  an  inscribed  pentagon,  its  sides  are  chords,  and 
as  a  radius  perpendicular  to  a  chord  bisects  it,  we  have  5|  -!-  2 
=  2T7ff  inches  for  the  length  of  each  of  the  parts  of  the  side,  cut  by  a 
radius  perpendicular  to  it.     Ans. 


Fig.  68. 


71.  If  a  straight  line  be  drawn  perpendicular  to  any 
chord  at  its  middle  point,  it  must  pass  through  the  center  of 
the  circle. 

Through  any  three  points  not  in  the  same  straight  line,  a 
circumference  can  be  drawn.     Let  A,  />,  and  Cf  Fig.  53,  be 
any   three   points.     Join   A  and   B}    and 
B  and  C,  by  straight  lines.     At  the  middle 
point   of   A  B  draw   //  K  perpendicular 
to   A  B;    at    the    middle    point   of    B  C 
draw  E  F  perpendicular  to  B  C.     These 
two   perpendiculars   intersect   at  O.     All 
points  on  H  K  are  equally  distant  from 
A  and  Bt  and  all  points  on  EF  are  equally 
distant  from  B  and  C  ;  their  intersection  0  is  equally  dis 
tant  from  A,  B,  and  C.     Then,  with  O  as  a  center  and  0  B 
as  a  radius,  describe  a  circle ;  it  will  pass  through  A,  B,  and  C. 

72.  A  tangent  to  a  circle  is  a  straight  line  that 
touches  the  circle  at  one  point  only;  it  is  always  perpen- 

A  dicular  to  a  radius  drawn  to  that  point. 
Thus,  in  Fig.  54,  A  B  drawn  perpendic- 
ular to  the  radius  O  E  at  its  extremity  E 
is  a  tangent  to  the  circle. 

If  a  straight  line  is  perpendicular  to  a 
radius  at  its  extremity,  it  is  tangent  to 
the  circle.  Thus,  in  Fig.  54,  if  A  B  is 
perpendicular  to  the  radius  0  E  at  E, 
A  B  is  tangent  to  the  circle. 


Fig.  54. 


T.    I.—J8 
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73. 


If  two  circles  intersect  each  other,  the  line  joining 

their  centers  bisects  at  right  angles 
the  line  joining  the  two  points  of 
intersection.  If  the  two  circles, 
whose  centers  are  O  and  P9  Fig.  55, 
intersect  at  A  and  B,  the  line  O  P 
bisects  at  right  angles  the  line  A  B ; 
or  AC  —  B  C.  A  B  is  thus  per- 
pendicular to  O  P. 


Pig.  55. 


74.  One  circle  is  said  to  be 
tangent  to  another  circle  when 
they  touch  each  other  at  one  point 
only,  as  in  Fig.  56.  This  point  is 
called  the  point  of  tangency, 
or  the  point  of  contact. 


PlO.  66. 


75.  When  two  or  more  circles  are 
described  from  the  same  center,  as  in 
Fig.  57,  they  are  called  concentric 
circles. 


Fig.  57. 


76.  If,  from  any  point  on  the  circumference  of  a  circle, 
a  perpendicular  be  let  fall  upon  a  given  diameter,  this 
perpendicular  will  be  a  mean  proportional  between  the 
two  parts  into  which  it  divides  the  diameter. 

If  A  B,  Fig.  58,  is  the  given  diameter 
and  C  any  point  on  the  circumference, 
then  is  the  perpendicular  C D  a  mean 
proportional  between  A  D  and  DB,  or  ^ 

AD:  CD=CD:  DB. 


Therefore, 
and 


CD  =ADx  DB, 
CD  =  \/A  DxDB. 


PIG.  68. 
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Example  1. — If  H K=  30  feet  and  IB  =  8  feet,  what  is  the  diameter 
of  the  circle,  H  K  being  perpendicular  to  A  B  ? 

Solution.—  80  feet  -*-  2  =  15  feet  =  1 H. 

BI  :  IH=IH  :  I  A%  or  8  :  15  =  15  :  I  A. 

Therefore,  IA  =  ^r  =  ^  =  28$  feet, 

o  o 

and  I A  +  /^  =  28J  +  8  =  36fr  ft.  =  A  B,  diameter  of  circle.    Ans. 

Example  2. — The  diameter  of  the  circle  A  B  is  86£  feet  and  the  dis- 
tance B  /is  8  feet;  what  is  the  length  of  the  line  H Kl 

Solution. — As  the  diameter  of  the  circle  is  36£  feet  and  as  B I  is 
8  feet,  /^isequal  to  36i  -  8  =  28*  feet.  Hence,  B  I :  IH=  IH\  I  A, 
or  8:IH=fff:28i.  Therefore,  IH=  +/$  X  28*  =  15  feet,  and  as 
HK=  IH+ I  Kt  or*  I H,  HK=15  x2  =  S0  it.    Ans. 


EXAMPLES  FOR  PRACTICE. 

1.  If  a  circle  is  divided  into  ten  equal  sectors,  what  part  of  a  quad- 
rant is  contained  in  the  angle  of  each  sector  ?       Ans.  J  of  a  quadrant. 

2.  An  angle  inscribed  in  a  circle  intercepts  one-fourth  of  the  cir- 
cumference.    What  is  the  size  of  the  angle  ?      Ans.  i  of  a  right  angle. 

3.  The  perimeter  of  a  regular  inscribed  octagon  is  100  inches  long. 
If  a  radius  is  drawn  perpendicular  to  one  of  the  sides,  what  are  the 
lengths  of  the  two  parts  of  the  side  ?  Ans.  6£  in. 

4.     If,  in   Fig.  58,  the  diameter  A  B  =  32^  feet  and  the  distance 
IB  =  8  feet,  what  is  the  length  of  the  chord  H  Kl  Ans.  28  ft. 

5.  In  Fig.  58,  if  the  distance  B I  is  6  inches  and  H K  18  inches, 
what  is  the  diameter  of  the  circle  ?  Ans.  19.5  in. 


TRIGONOMETRY. 

77.  Trigonometry  is  that  branch  of  mathematics  which 
treats  of  the  solution  of  triangles. 

Every  triangle  has  six  parts  —  three  sides  and  three 
angles.  If  any  three  of  the  parts  are  given,  one  of  them 
being  a  side,  the  other  three  can  be  found.  The  process  of 
finding  the  unknown  parts  from  the  given  parts  is  called  the 
solution  of  the  triangle. 

78.  In  trigonometry,  the  circumference  of  every  circle  is 
supposed  to  be  divided  into  360  equal  parts,  called  degrees ; 
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every  degree  is  subdivided  into  60  equal  parts,  called  min- 
utes; and  every  minute  is  again  divided  into  60  equal  parts, 
called  seconds.     Degrees,  minutes,  and  seconds  are  denoted 

by  the  symbols  °,  ',  ".  Thus,  the  expres- 
sion 37°  14'  44",  is  read  37  degrees  14 
minutes  44  seconds. 

Since  one  degree  is  ^T  of  any  cir- 
cumference, it  follows  that  the  length  of 
an  arc  of  one  degree  will  be  different  in 
circles  of  different  diameters,  but  the 
proportion  of  the  length  of  an  arc  of  one 
degree  to  the  whole  circumference  will  always  be  the  same, 

viz->  -jriir  °f  tne  circumference. 

Hence,  in  two  given  circles  the  length  of  an  arc  of  1°  will 
be  proportional  to  the  two  radii.  Thus,  if  A  O  By  Fig.  59, 
is  an  angle  of  1°  on  the  larger  circle,  it  is  also  1°  on  the 
smaller  concentric  circle,  and  the  length  of  the  arc  A  B  is  to 
the  length  of  the  arc  CD  as  the  radius  OB  is  to  the  radius 
OD;  or,        •    arc  A  B  :  arc  CD=  OB  :  O  D. 

Example. — If  the  arc  C  D  =  2  inches,  radius  O  D  —  5  inches,  and 
radius  O  B  =  9  inches,  what  is  the  length  of  the  arc  A  B  ? 

9  2^  =  3!  in.    Ans. 


Solution.—    A  B  :  2  =  9  :  5t  or  A  B  = 

o 

79*  In  trigonometry,  the  arcs  of 
circles  are  used  to  measure  angles.  All 
angles  are  supposed  to  have  their  ver- 
texes  at  the  center  O  of  the  circle  (see 
Fig.  60),  one  side  of  the  angle  lying  to 
the  right  of  O,  and  coinciding  with  the 
horizontal  diameter,  as  O  B. 

The  point  B  on  the  arc  is  the  starting 
point  in  measuring  an  angle;  the  angle 
is  supposed  to  increase  by  moving  around  the  circumference 
in  the  direction  indicated  by  the  arrow  until  the  number  of 
degrees,  minutes,  and  seconds  in  the  angle  have  been  meas- 
ured off  on  the  arc.  Suppose  that  it  stops  at  the  point  //; 
draw  O  //,  and  //  O  B  will  be  the  angle.  If  K  had  been  the 
stopping  point,  K  O  B  would  have  been  the  angle. 
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In  practice,  angles  are  most  conveniently  laid  off  by  using 
a  protractor  (see  Geometrical  Drawing),  which  is  usually 
graduated  to  degrees  and  half  degrees,  minutes  being 
estimated  by  the  eye. 

80«  Since  a  quadrant  is  a  fourth  part  of  a  circle,  the 
number  of  degrees  in  a  quadrant  is  one-fourth  of  360°,  or 
90°.     Hence,  a  right  angle  always  contains  90°. 

Example. — The  earth  turns  completely  around  on  its  axis  once  every 
day ;  through  how  many  degrees  does  it  turn  in  1  hour  ? 

Solution. — In  1  day  there  are  24  hours,  and  since  the  earth  turns 
through  300°  in  24  hours,  in  1  hour  it  will  turn  through  360°  -*-  24 
=  15°.    Ans. 

81.  In  adding  two  angles  together,  seconds  are  added 
to  seconds,  minutes  to  minutes,  and  degrees  to  degrees;  so, 
also,  in  subtracting  two  angles,  seconds  are  subtracted  from 
seconds,  minutes  from  minutes,  and  degrees  from  degrees. 

Example  1.— Add  75°  46'  17"  and  14°  27'  34". 

Solution.—  75°  46'  17" 

14°  27'  84" 


89°  73'  51" 

Since  73'  =  1°  13',  the  1°  is  added  to  the  89°,  and  the  sum  is  then 
written  90°  13'  51".     Ans. 

Example   2.  —  What    is    the  difference    between   126°  14'  20"  and 
45°  28'  18"  ? 

Solution.—  126°  14'  20" 

45°  28'  13" 


7" 

Since  28'  cannot  be  taken  from  14',  1°  (=  60)  is  taken  from  126°  and 
added  to  the  14',  and  the  above  is  written: 

125°  74'  20" 
45°  28'  13" 


80°  46'    7".     Ans. 

Example  3.— Subtract  49°  36'  14"  from  90°. 

Solution.— Since  1°  =  60'  and  1'  =  60",  we  can  write  90°  =  89°  59'  60", 
and  89o  59,  gQ,, 

49°  36'  14" 

40°  23'  46".    Ans. 
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Example  4.— Add  83°  15'  39"  and  96°  44'  21". 

Solution.—  83°  15'  39" 

96°  44' 21" 


179°  59'  60" 


Since  60"  =  1',  add  1'  to  59',  making  it  60' ;  since  60'  =  1°,  add  1 16 179°t 
making  it  180°. 

Therefore,        83°  15'  39"  +  96°  44'  21"  =  180°.    Ans. 


1. 
2. 
8. 


EXAMPLES   FOR   PRACTICE. 

Add  43°  0'  59"  and  10°  59'  40".  Ans.  549  0'  39". 

From  180°  12'  20"  subtract  3°  12'  56".  Ans.  176°  59'  24". 

From  84°  take  83°  14'  10",  and  to  the  result  add  14'  10".    Ans.  1°. 


THE    TRIGONOMETRIC    FUNCTIONS- 

82.  A  function  of  a  quantity  is  another  quantity 
depending  on  the  first  one  for  its  value.  The  circumference 
of  a  circle,  for  example,  is  a  function  of  the  diameter, 
because  the  length  of  the  circumference  depends  on  the 
length  of  the  diameter. 

83.  In  the  right  triangle  ACS, 
Fig.  61,  right-angled  at  C,  the  size  of 
the  angle  A  (and  consequently,  also, 
of  angle  B)  depends  on  the  relative 
lengths  of  the  sides  A  C,  A  B,  and 
B  C.  No  one  of  the  sides  can  be 
changed  without  altering  the  length  of  at  least  one  other 
side,  and  consequently  changing  the  angles  A  and  B,  the 
angle  C  remaining  a  right  angle.  For  this  reason  the  sides 
are  functions  of  the  angles. 

84.  In  Fig.  62,  A  CB  is  a  right 
triangle,  right-angled  at  C.  The 
sides  A  B  and  A  C  have  been  pro- 
duced to  B'  and  C\  respectively, 
B'  C  being  perpendicular  to  A  C 
and  therefore  parallel  to  B  C.  The 
two  triangles  A  C  B  and  A  C  B'  are  fig.  «. 


Fig.  61. 
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similar,  since  their  corresponding  angles  are  equal;  hence, 
their  corresponding  sides  are  proportional,  and  we  have  the 
proportions 

BC      B'C  BC      B'  C 


AB~  AB 


I  » 


A  C~  AC 


It  is  evident  that,  no  matter  what  the  lengths  of  the  sides 

of  these  similar  triangles  may  be,  the  ratios  -t~b,  ~A~T5n  ~A~n 

B'  C1 
A  r,  will  always  have  the  same  value  so  long  as  the  angles 

remain  the  same.     Therefore,  if  we  knew  what  the  values 

were  for  all  angles,  we  could  lay  off  any  angle  whatever. 

B  C  1 

For,  suppose  that  the  ratio  -^—n  was  known  to  be  - ;  then, 

^  =  ior  BC=$AB.     If  we  call  AB,  1,  then  BC=i 

and  the  angle  can  be  constructed  as  shown  in  Fig.  63.  Take 
A  B  as  a  radius  and  describe  a  circle; 
draw  the  two  diameters  D  H  and  EF 
at  right  angles  to  each  other.  Lay  off 
A  G  =  \  (A  B  being  1),  and  draw  GB 
parallel  to  D  C,  intersecting  the  circle  in 
B.  Then  draw  A  By  and  B  A  C  is  the  re- 
quired angle,  since  B  C=  A  G  =  \A  B. 
In  a  similar  manner  we  can  construct 

B  C       B'  C1 
an  angle  when  the  ratio  -j-^.  or     .  r,  is  known.     Suppose 

this  ratio  is  f  and  that  A  C  be  taken  equal  to  1.     With  A  Cy 

Fig.  64,  as  a  radius  describe  a  circle  and  erect 
a  perpendicular  at  C.  Make  C  B  =  f  (A  C 
being  1)  and  draw  A  B.  Then,  B  A  C  is  the 
required  angle. 


Fig.  64. 


85.  Suppose,  in  Fig.  62,  the  distances 
A  C  and  B'  C  were  known,  but  that  they 
were  so  great  that  it  was  impossible  to  lay  them  off  on  a 
drawing  so  that  A  B'  could  be  drawn  and  measured;  also, 
that  it  was  necessary  to  know  the  direction  of  the  line  A  B\ 
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i.  e.,  the  angle  A.  Of  course,  a  drawing  could  be  made  to  a 
reduced  scale ;  the  angle  A  could  be  measured  with  a  pro- 
tractor ;  and  the  length  of  A  B'  could  be  measured  with  a 
scale.  The  results  obtained  in  this  manner  would  not,  in 
general,  be  accurate ;  the  method  would  be  long  and  very 
inconvenient,  and  facilities  for  doing  this  might  not  be  at 
hand.     If,  however,  we  had  a  table  giving  the  values  of  the 

R  C 
ratio  —r-f  f°r  a^   angles,  we  could   find   the  value  of   the 

ratio     .  r,  i  which  equals  the  value  of  the  ratio  -X7O,  and 

then  by  looking  in  the  table,  find  what  angle  had  this  value; 
this  angle  would  be  the  angle  A.  The  length  of  A  B'  could 
be  found  by  adding  the  squares  of  A  C  and  B'  C  and 
extracting  the  square  root  (see  Art.  SO) ;  an  easier  way 
would   be   to   look   in  a   table   giving    the   values   of    the 

ratios  -r-r>  and  divide  B'  C  by  the  ratio  corresponding  to 

B  C 
angle  A.     For  representing  the  value  of  the  ratio  -r—r>  by  Ry 

we  have 

BC  _B'C  _R  nr      n,_B'C> 

From  the  foregoing,  it  will  be  perceived  that  the  ratios 
mentioned  are  extremely  important — they  constitute,  in  fact, 
the  foundations  of  trigonometry.  These  ratios,  together 
with  several  others  not  yet  described,  are  called  the  trigo- 
nometric functions. 

86.  There  are  eight  trigonometric  functions,  the  four 
principal  ones  being  the  sine,  cosine,  tangent,  and  cotangent. 
The  remaining  four  are  the  secant,  cosecant,  vcrsedsine,  and 
coversedsine. 

In  some  works  on  trigonometry  and  engineering,  the  trig- 
onometric functions  are  treated  as  lines,  while  in  others  they 
are  treated  as  ratios.  We  shall  therefore  define  them  both 
ways,  so  the  student  will  have  no  difficulty  in  understanding 
either  method.     These  functions  will  now  be  defined. 
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87.  In  any  right  triangle,  as  O  C  A,  Fig.  65,  right- 
angled  at  C,  considering  the  angle  Oy  the 
side  A  C  is  called  the  side  opposite  and 
the  side  O  C  the  side  adjacent ;  O  A 
is,  of  course,  the  hypotenuse.  Similarly, 
O  C  is  the  side  opposite  and  A  C  the 
side  adjacent  for  the  angle  A.  The 
ratio  of  the  side  opposite  to  the  hypote- 
nuse is  called  the  sine ;   that  is,  for  the 

angle  A  O  C9 

~.  side  opposite      A  C 

Sine  =  -,  —    - =  -^—7, 

hypotenuse        O  A' 

which  is  equal  to  A  C,  when  O  A  is  taken  as  equal  to  1.  In 
other  words,  if  a  circle  whose  center  is  O  is  described  with 
a  radius  of  unit  length,  the  perpendicular  dropped  from  the 
point  where  one  side  of  the  angle  (whose  vertex  is  at  the  cen- 
ter of  the  circle)  cuts  the  circle  to  the  other  side  is  the  sine. 

88.  The  cosine  of  an  angle,  as  O,  Fig.  65,  is  the  ratio 
of  the  side  adjacent  to  the  hypotenuse ;  therefore, 

p    .      __  side  adjacent  __0  C 
~~   hypotenuse    "~  OA' 

which  is  equal  to  O  C>  when  the  radius  O  A  =  1.  In  other 
words,  the  cosine  is  the  distance  from  the  foot  of  the  sine  to 
the  center  of  the  circle,  when  the  radius  is  unity. 

89.  The  tangent  of  an  angle,  as  A  OB,  Fig.  66,  is  the 
ratio  of  the  side  opposite  to  the  side  adjacent;   therefore, 

Taneent  =  side  opposite  =  DB_ 
s  side  adjacent       O  By 

which  is  equal  to  D  B,  when  the  radius 
O  B  =  1.  In  other  words,  if  a  tangent  is 
drawn  at  the  right  extremity  of  the  hori- 
zontal diameter  of  a  circle  (described  with 
a  unit  radius),  which  forms  one  side  of  an 
angle,  and  the  other  side  of  the  angle  is 
prolonged  to  meet  it,  the  distance  intercepted  by  the  two 
sides  of  the  angle  is  called  the  tangent  of  that  angle. 


fig.  66. 
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90.  The  cotangent  of  an  angle,  as  A  O  B,  Fig.   669 
is  the  ratio  of  the  side  adjacent  to  the  side  opposite ;  there- 

'  ^  side  adjacent      O  B 

Cotangent  =  -7-5 r—  =  ~  p. 

side  opposite      D  B 

The  cotangent  is  represented  by  the  line  £  F9  which  is 

tangent  to  the  circle  at  £,  for  the  triangles  F E  O  and  D  B  O 

are  similar,  since  they  both  have  a  right  angle;  the  angles 

EFO  and  DOB  are  equal  (see  Art.  28),  and  the  angles 

FOE  and  O  D  B  are  also  equal,  being  complements  of  the 

same  angle  DOB   (see  Arts.   26  and  49).     Therefore, 

OB      £  F 

-tt-b  =  -j^-^.     But  E  O  is  the  radius,  which  we  assumed  to 

DB      £  O 

O  R 
be  1,  and-~-~  is  the  cotangent  oi  D  OB;  hence, 

n  .  .       OB      EF      „„ 

Cotangent  =  ^-g  =  -^  =  EF9 

when  the  radius  O  £  =  1.  In  other  words,  if  a  tangent  is 
drawn  from  the  upper  extremity  of  a  vertical  diameter  of  a 
circle,  whose  horizontal  diameter  forms  one  side  of  an  angle, 
and  the  other  side  of  the  angle  is  produced  until  it  meets 
this  tangent,  the  distance  intercepted  on  this  tangent 
between  the  extremity  of  the  vertical  diameter  and  the  pro- 
duced line  is  called  the  cotangent  of  that  angle,  when  the 
radius  =  1. 

91.  The  secant  of  an  angle  is  the  ratio  of  the  hypote- 
nuse to  the  side  adjacent;  therefore,. referring  to  Fig.  67, 

Secant  =    hyPotenuse  =  °A  =  9J>  =  OD 
side  adjacent       O  C        OB  ' 

when  the  radius  O  B  =  1.  In  other  words,  the  secant  is  the 
line  included  between  the  point  of  intersection  of  the  tangent 
with  the  inclined  side  of  the  angle  and  the  center  of  a  circle, 
when  the  radius  =  1.     O  D  is  also  the  secant  in  Fig.  66. 

92.  The  cosecant  is  the  ratio  of  the  hypotenuse  to  the 
side  opposite.     Therefore,  referring  to  Fig.  67, 


Fig.  67. 
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_  hypotenuse        OA 

Cosecant  =  -—*- r-~  =  -r-^. 

side  opposite      A  C 

But,  since  O  R  N  and  OCA  are  similar  right  triangles, 
the  side  O  R  corresponding  to  side  A  C, 

Cosecant  =  -^rr  =  ~n~p  =  O  N, 

■ 

when  the  radius  O  B  =  1.  In  other  words,  the  cosecant  is  the 
line  included  between  the  point  of  intersection  of  the  cotan- 
gent with  the  inclined  side  of  the  angle 
and  the  center  of  a  circle,  when  the 
radius  =  1.  In  Fig.  66,  O  F  is  the 
cosecant. 

93.  The  versedsine  and  coversed- 
sine  are  not  generally  treated  as  ratios. 
The  versedsine  is  defined  as  1  minus 
the  cosine.     In  Fig.  67, 

O  C 
Versedsine  =  1  —  cosine  =  1  —  -y-r  =  l-OC=  CBt 

when  radius  O  A  =1. 

The  versedsine  might  be  defined  as  the  ratio  of  C  B  to 
O  A  (Fig.  67),  C  B  being  in  all  cases  the  distance  from  the 
foot  C  of  the  sine  to  the  right  extremity  B  of  the  horizontal 
diameter. 

The  coversedsine  is  equal  to  1  minus  the  sine.  In 
Fig.  67,  A  E  is  parallel  to  OB;  hence,  E  O  =  A  C=  sine  of 
angle  A  O  Ct  when  radius  O  A  =  1.     Therefore, 

Coversedsine  =  1  —  sine  =  1  —  -y-j 

=  1-A  C=l-EO  =  ER, 
when  radius  0  A  =  1. 

94.  The  four  functions  last  defined  are  but  little  used 
except  for  special  purposes;  if  required,  they  can  be  readily 
found  from  a  table  giving  the  values  of  sines,  cosines, 
tangents,  and  cotangents ;  hence,  we  shall  here  treat  only  of 
the  four  functions  first  named. 
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In  Art.  87,  the  sine  was  defined  as  -: — or  as 

hypotenuse 

A  C 
equal   to  yyii'    in   ^rt*  ^^*  tne   cosecant  was  defined  as 

. ,    : — ,  or  as  equal  to  -r-^.    It  will  be  noticed  that  these 

side  opposite  ^  AC 

two  ratios  are  reciprocals*  of  each  other,  -^-^  =  -tt— 7  =  -^— r. 

v  '  CM       OA_      O A 

A~C 

In  other  words,  the  cosecant  =  — — ,  and,  hence,  to  find  the 

sine 

cosecant  of  an  angle,  all  that  is  necessary  is  to  divide 
1  by  the  sine  of  the  angle.  From  this  it  follows  that 
dividing  by  the  sine  is  the  same  as  multiplying  by  the 
cosecant. 

Similarly,  the  secant  is  the  reciprocal  of  the  cosine;  that  is, 

secant  = : — .     Hence,  if  it  is  required  to  find  the  secant 

cosine 

of  some  angle,  the  secant  may  be  found  by  dividing  1  by 

the  cosine  of  the  angle.     Therefore,  dividing  by  the  cosine 

is  equivalent  to  multiplying  by  the  secant. 

To  find  the  versedsine  of  angle,  find  its  cosine  and  sub- 
tract it  from  1 ;  to  find  the  coversedsine,  find  the  sine  of  the 
angle  and  subtract  it  from  1. 

By  comparing  the  ratios  of  the  tangent  and  cotangent,  it 
will  be  noticed  that  the  cotangent  is  the  reciprocal  of  the  tan- 
gent ;  likewise,  the  tangent  is  the  reciprocal  of  the  cotangent. 

It  may  be  readily  shown  that,  by  dividing  the  ratio  for  the 

sine 

sine  by  that  for  the  cosine,  the  tangent  is  equal  to : — . 

J  cosine 

cosine 
Similarly,  the  cotangent  is  equal  to  — -.- .     Hence,  having 

given  the  sine  and  cosine  of  any  angle,  its  tangent  and 
cotangent  are  easily  found. 


#The  reciprocal  of  a  number  is  1  divided  by  the   number.     The 
reciprocal  of  4  is  j,  and  4  and  \  are  said  to  be  reciprocals  of  each  other. 
The  reciprocal  of  a  fraction  is  the  fraction  inverted;  thus,  the  recipro 
cal  of  I  is  f . 
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95.  The  words  cosine,  cotangent,  cosecant,  and  coversed- 
sine  are  abbreviations  for  complement  sine,  complement 
tangent,  etc.,  which  in  turn  are  abbreviations  for  the 
expressions  "sine  of  complement,"  "  tangent  of  comple- 
ment," etc.  In  other  words,  the  cosine  of  an  angle  is  equal 
to  the  sine  of  the  complement  of  that  angle ;  the  cotangent 
of  an  angle  is  equal  to  the  tangent  of  its  complement,  etc. 

That  the  cosine  is  equal  to  the  sine  of  the  complement  is 
readily  seen  by  referring  to  Fig.  67.  Here,  A  O  B  is  the 
given  angle  and  A  OR  is  its  complement  (see  Art.  26); 
A  Cis  its  sine  and  O  C  is  its  cosine.  It  is  evident,  from  the 
definition  of  the  sine,  that  E  A  is  the  sine  of  the  angle  A  O  R. 
But  E A  is  equal  to  O  Cy  since  E A  CO  is  a  rectangle; 
therefore,  the  cosine  of  A  O  B  is  equal  to  the  sine  of  its 
complement  A  O  R. 

Similarly,  R  N  is  the  tangent  of  A  O  R  and  the  cotangent 
of  A  O  B,  and  ON  is  the  secant  of  A  OR  and  the  cosecant 
of  A  OB.  The  cosine  of  A  O  R  is  O  E,  which  is  equal  to  A  Cy 
the  sine  of  A  O  B.  Therefore,  the  versedsine  of  A  O  R  is 
E  Ry  the  coversedsine  of  A  O  B.  In  other  words,  the 
coversedsine  of  A  O  B  is  equal  to  the  versedsine  of  A  O  /?, 
the  complement  of  A  OB. 

96.  In  order  to  save  time  and  space  in  writing,  the  names 
of  the  functions  are  abbreviated  as  follows:  Sin  for  sine; 
cos  for  cosine ;  tan  for  tangent ;  cot  for  cotangent ;  sec  for 
secant ;  esc  or  cosec  for  cosecant ;  vers  for  versedsine ;  and 
cvs  or  covers  for  coversedsine.  These  abbreviations  are 
used  only  when  referring  directly  to  angles;  when  the  names 
are  used  in  a  general  sense,  they  are  written  out  in  full. 
Let  A  represent  some  angle;  then,  if  it  were  desired  to 
refer  to  the  sine,  tangent,  etc.  of  this  angle,  it  would  be 
written  sin  A,  tan  A,  etc.,  and  these  expressions  would  be 
read  "  sine  A,"  "  tangent  A"  etc. 

These  abbreviations  must  always  be  pronounced  in  full. 
Thus,  cos  14°  22'  40"  is  pronounced  cosine  fourteen  degrees 
twenty-two  minutes  forty-six  seconds;  tan  45°  is  pronounced 
tangent  forty -five  degrees. 
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97.  To  facilitate  calculations,  tables  of  the  trigonometric 
functions  are  employed.  These  tables  give  the  sine,  cosine, 
tangent,  and  cotangent  of  the  degrees  and  minutes  in  a 
circle  whose  radius  is  1.  There  are  two  kinds  of  tables 
giving  the  trigonometric  functions;  viz.,  the  table  of  natural 
functions  and  the  table  of  logarithmic  functions.  The  table 
of  natural  functions  gives  the  actual  values  of  the  ratios, 
while  the.  table  of  logarithmic  functions  gives  the 
logarithms  of  the  natural  functions.  Only  the  table  of 
natural  functions  is  described  in  the  present  text. 

98.  From  the  definitions  of  the  various  trigonometric 
functions  we  derive  the  following  very  useful  rules  for  right 

triangles : 

~ .         side  opposite    A .       t 

Sine  =  —. r£ ;  therefore, 

hypotenuse 

Rule  1. — Side  opposite  =  hypotennse  x  sine* 

_  TT  side  opposite 

Rule  2. — Hypotenuse  = 4^- . 

^r  sine 

~    .  side  adjacent      .        t 

Cosine  =  —. ~- ;  therefore, 

hypotenuse 

Rule  3. — Side  adjacent  =  hypotenuse  X  cosine. 

n  TT  side  adjacent 

Rule  4. — Hypotenuse  =  - — .  —   . 

r  cosine 

~  ,       side  opposite      t        t 

Tangent  =  — r-= — ^-. ;  therefore, 

°  side  adjacent  f 

Rule  5. — Side  opposite  =  side  adjacent  X  tangent. 

~  ^  _,      side  adjacent      .        . 

Cotangent  =  — .  ,       -      .-  ;  therefore, 
d  side  opposite  ' 

Rule  6. — Side  adjacent  =  side  opposite  X  cotangent. 


*  Since  the  quotient  equals  the  dividend  divided  by  the  divisor,  the 
dividend  equals  the  product  of  the  divisor  and  quotient. 
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TRIGONOMETRIC    TABLES. 

99.  We  shall  now  explain  how  to  find  the  sine,  cosine, 
tangent,  and  cotangent  of  an  angle  by  means  of  the  table 
of  natural  trigonometric  functions  that  accompanies  this  text. 
It  may  here  be  remarked  that  the  values  of  the  functions  are 
never  calculated  directly  (except  in  making  a  table),  because 
the  process  is  so  long  and  laborious  that  it  would  require 
considerable  time  to  calculate  even  the  value  of  one  function 
of  a  single  angle,  and  there  is  no  simple  method  of  determi- 
ning the  angle  corresponding  to  a  given  function,  except  by 
aid  of  a  table.  As  they  are  not  necessary,  the  secants,  cose- 
cants, versedsines,  and  coversedsines  are  omitted  entirely. 

100.  Given  an  angle,  to  find  its  sine,  cosine, 
tangent,  and  cotangent : 

Example  1. — Let  it  be  required  to  find  the  sine,  cosine,  tangent,  and 
cotangent  of  an  angle  of  37°  24'. 

Solution. — Look  in  the  table  of  natural  sines  along  the  tops  of  the 
pages  and  find  37°.  The  left-hand  column  is  marked  ('),  meaning  that 
the  minutes  are  to  be  sought  in  that  column,  and  begin  with  0,  1,  2,  3, 
etc.,  to  60.  Glancing  down  this  column  until  24'  is  found,  find  opposite 
this  24'  in  the  column  marked  sine,  and  headed  37°,  the  number  .60738; 
then,  .60738  =  sin  37°  24'.  In  exactly  the  same  manner,  find  opposite 
24'  in  the  column  marked  cosine,  and  headed  87°,  the  number  .79441, 
which  corresponds  to  cos  37°  24' ;  or  cos  37°  24'  =  .79441.  So,  also,  find 
in  the  column  marked  tangent,  and  headed  37°,  and  opposite  24',  the 
number  .76456;  whence,  tan  37°  24' =.76456.  Finally,  find  in  the 
column  marked  cotangent,  and  headed  37°,  and  opposite  24',  the  num- 
ber 1.30795;  whence,  cot  37°  24'  =  1.30795. 

In  most  of  the  tables  published,  the  angles  run  only  from 
0°  to  45°,  at  the  heads  of  the  columns ;  to  find  an  angle  greater 
than  45°,  look  at  the  bottom  of  t lie  page  and  glance  upwards  y 
using  the  extreme  right-hand  column  to  find 
minutes,  which  begin  with  0  at  the  bottom  and  run  upwards, 
1,  2,  3,  etc.,  to  60. 

Example  2.  —  Find  the  sine,  cosine,  tangent,  and  cotangent  of 
77°  43'. 

Solution. — Since  this  angle  is  greater  than  45°,  look  along  the 
bottom  of  the  tables,  until  the  column  marked  sine  at  the  bottom, 


266         GEOMETRY   AND   TRIGONOMETRY. 

and  having  77°  under  it,  is  found.  Glancing  up  the  column  of  minutes 
on  the  right,  until  43'  is  found,  find  opposite  43'  in  the  column  marked 
sine  at  the  bottom,  and  having  77°  under  it,  the  number  .97711;  this  is 
the  sine  of  77°  43',  or  sin  77°  43'  =  .97711.  Similarly,  in  the  column 
•marked  cosine,  and  having  77°  under  it,  find  opposite  43',  in  the  right- 
hand  column,  the  number  .21275;  this  is  the  cosine  of  77°  43',  or 
cos  77°  43'  =  .21275.  So,  also,  find  that  4.59283  is  the  tangent  of 
77°  43 ,  or  tan  77°  43'  =  4.59283.  Finally,  in  the  same  manner,  find 
that  the  cotangent  of  77°  43'  or  cot  77°  43'  =  .21773. 

101.  Let  it  be  required  to  find  the  sine  of  14°  22'  26". 

Explanation. — The  sine  of  14°  22'  26"  lies  between  the 
sine  of  14°  22'  and  the  sine  of  14°  23'.  For  a  difference  of 
1  minute  or  less  between  two  or  more  angles,  it  is  correct  to 
assume  that  the  differences  in  the  values  of  the  sine,  cosine, 
etc.  of  the  angles  are  proportional  to  the  differences  in  the 
number  of  seconds  in  these  angles.  The  difference  in  the 
number  of  seconds  between  14°  22'  and  14°  22'  26"  is  26", 
and  between  14°  22'  and  14°  23'  is  60".  The  sine  of  14°  22' 
is  .24813  ;  sine  of  14°  23'  is  .24841.  The  difference  between 
the  value  of  the  sine  of  14°  22'  and  the  sine  of  14°  22'  26"  is 
not  known;  hence,  represent  it  by  x.  The  difference 
between  the  value  of  the  sine  of  14°  22'  and  the  sine  of 
14°  23'  is  .24841  -  .24813  =  .00028,  or  28  parts.  Therefore, 
we  have  the  proportion 

26"  :  CO"  =  x  parts  :  28  parts,  or  gj  =  JjLEgL, 

26 
from  which        x  parts  =  —  x  28  =  12.1  parts. 

Neglecting  the  .1,  since  .1  is  less  than  .5,  we  must  add 
12  parts,  or  .00012,  to  .24813  to  obtain  the  sine  of  14°  22'  26". 
Hence,  sin  14°  22'  26"  =  .24813  +  .00012  =  .24825. 

1 02.  By  referring  to  the  table  of  sines,  cosines,  tangents, 
and  cotangents,  it  will  be  observed  that,  as  the  angles 
increase  in  size,  the  sines  and  tangents  increase,  while  the 
cosines  and  cotangents  decrease.  In  the  above  example,  there- 
fore, had  it  been  required  to  find  the  cosine  or  the  cotangent 
of  14°  22'  26",  the  correction  for  the  26"  would  have  been 
subtracted  from  the  cosine  or  the  cotangent  of  14°  22'  instead 
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of  added  to  it.  The  reason  for  this  will  be  made  apparent 
on  referring  to  Fig.  67.  Here  it  will  be  seen  that  as  the 
sine  and  tangent  increase,  the  cosine  and  cotangent  decrease, 
and  vice  versa.  From  the  foregoing  we  have,  to  find  the 
sine,  cosine,  tangent,  or  cotangent  of  an  angle  containing 
seconds,  the  following  rule  : 

Rule  7. — Find  in  the  table  the  sine,  cosine,  tangent,  or 
cotangent  corresponding  to  the  degrees  and  minutes  of  the 
angle. 

For  the  seconds,  find  the  difference  betxveen  this  value  and 
the  value  of  the  sine,  cosine,  tangent,  or  cotangent  of  an  angle 
1  minute  greater;  multiply  this  difference  by  a  fraction  whose 
numerator  is  the  number  of  seconds  in  the  given  angle  and 
whose  denominator  is  60. 

If  the  sine  or  tangent  is  sought,  add  this  correction  to  the 
value  first  found ;  if  the  cosine  or  cotangent  is  sought,  subtract 
the  correction. 

Example.— Find  the  sine,  cosine,  tangent,  and  cotangent  of  56° 43' 17". 

Solution.— Sin  50°  43' =  .83597.  Sin  56"  44'  =  .83613.  Since  56°  43'  17" 
is  greater  than  56*  43' and  less  than  56 '  44',  the  value  of  the  sine  of  the 
angle  lies  between  .83597  and  .83613;  the  difference  =  .83613  —  .83597 
=  .00016.  Multiplying  this  by  the  fraction  JJ,  .00016  X  H  =  .00005, 
nearly,  which  is  to  be  added  to  .83597,  the  value  first  found,  or  .83597 
+  .00005  =  .83602.     Hence,  sin  56 '  43  17"  =  .83602.     Ans. 

Cos  56°  43  =  .54878;  cos  56°  44'  =  .548.r4  ;  the  difference  =  .54878 
-  .54854  =  .00024,  and  .00024  X  iJ  =  .00007,  nearly.  Now,  since  the 
cosine  is  sought,  we  must  subtract  this  correction  from  cos  56°  43'  or 
.54878;  subtracting,  .54878  -  .00007  =  .54871.  Hence,  cos  56°  43'  17" 
=  .54871.     Ans. 

Tan  56°  43'  =  1.52332;  tan  56°  44'  =  1.52429;  the  difference  =  .00097, 
and  .00097  X  J  J  =  .00027,  nearly.  Since  the  tangent  is  sought,  we 
must  add,  giving  1.52332  +  .00027  =  1.52359.  Hence,  tan  56°  43'  17" 
=  1.52359.     Ans. 

Cot  56°  43'  =  .65646;  cot  56°  44'  =  .65604;  the  difference  =  .00042,  and 
.00042  X  \l  =  .00012,  nearly.  Since  the  cotangent  is  sought,  we  must 
subtract,  giving  .65646  -  .00012  =  .65634.  Hence,  cot  56°  43'  17" 
=  .65634.     Ans. 

103.  Given  the  sine,  cosine,  tangent,  or  cotan- 
gent, to  find  the  angle  corresponding : 

T.    I.—W 
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Example  1. — The  sine  of  an  angle  is  .47486 ;  what  is  the  angle  ? 

Solution. — Consulting  the  table  of  natural  sines,  glance  down  the 
columns  marked  sine  until  .47480  is  found  opposite  21',  in  the  left-hand 
column,  and  under  the  column  headed  28 \  Therefore,  the  angle 
whose  sine  =  .47486  is  28°  21',  or  sin  28 °  21'  =  .47486.    Ans. 

Example  2. — Find  the  angle  whose.cosine  is  .27032. 

Solution. — Looking  in  the  columns  marked  cosine,  at  the  top  of  the 
page,  it  is  not  found;  hence,  the  angle  is  greater  than  45°.  Conse- 
quently, looking  in  the  columns  marked  cosine  at  the  bottom  of  the 
page,  it  is  found  opposite  19',  in  the  right-hand  column  of  minutes, 
and  in  the  column  having  74°  at  the  bottom.  Therefore,  the  angle 
whose  cosine  is  .27032  is  74°  19',  or  cos  74°  19'  =  .27032.    Ans. 

Example  8. — Find  the  angle  whose  tangent  is  2.15925. 

Solution. — On  searching  the  table  of  natural  tangents,  the  given 
tangent  is  found  to  belong  to  an  angle  greater  than  45°,  so  it  must  be 
looked  for  in  the  column  marked  tangent  at  the  bottom.  It  is  found 
opposite  9',  in  the  right-hand  column  of  minutes  and  in  the  column 
having  65°  at  the  bottom.     Therefore,  tan  65°  9'  =  2.15925.     Ans. 

Example  4. — Find  the  angle  whose  cotangent  is  .43412. 

Solution. — From  the  table  of  natural  cotangents,  it  is  found  that 
this  value  is  less  than  the  cotangent  of  45°,  so  it  must  be  found  in  the 
column  marked  cotangent  at  the  bottom.  Looking  there,  it  is  found 
in  the  column  having  66°  at  the  bottom,  and  opposite  32',  in  the  right- 
hand  column  of  minutes.  Therefore,  the  angle  whose  cotangent  is 
.43412  is  66°  82',  or  cot  66°  32'  =  .43412.     Ans. 

104.  Let  it  be  required  to  find  the  angle  whose  sine  is 
.42531. 

Explanation. — Referring  to  the  table  of  sines,  this  num- 
ber is  found  to  lie  between  .42525,  the  sine  of  25°  10',  and 
.42552,  the  sine  of  25°  IT.  The  difference  between  these 
two  numbers  is  .42552  —  .42525  =  .00027,  or  27  parts;  the 
difference  between  .42525,  the  sine  of  25°  10',  and  .42531, 
the  sine  of  the  given  angle,  is  .42531  —  .42525  =  .00006,  or 
6  parts.  Representing  by  x  the  number  of  seconds  that  the 
angle  whose  sine  is  .42531  exceeds  25°  10',  we  have  the 
proportion  x"  :  00"  =  6  parts  :  27  parts, 


x     __  6  parts  ^ 
°r  607"'  ~~  27  parts ; 
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from  which  .r  =  60  X  0~  =  13.3".     Hence,  the  angle  whose 

Ail 

sine  is  .42531  is  25°  10'  13.3". 

The  angle  is  found  from  the  cosine,  tangent,  and  cotan- 
gent in  exactly  the  same  manner. 

105.  To  find  the  angle  corresponding  to  a  given  sine, 
cosine,  tangent,  or  cotangent,  whose  exact  value  is  not 
contained  in  the  table: 

Rule  8. — Find  the  difference  of  the  two  numbers  in  the 
table  between  which  the  given  sine,  cosine,  tangent,  or  cotan- 
gent falls,  and  use  the  number  of  parts  in  this  difference  as 
the  denominator  of  a  fraction. 

Find  the  difference  between  the  number  belonging  to  the 
smaller  angle  and  the  given  sine,  cosine,  tangent,  or 
cotangent,  and  use  the  number  of  parts  in  the  difference  just 
found  as  the  numerator  of  the  fraction  mentioned  above. 
Multiply  this  fraction  by  60,  and  the  result  will  be  the  num- 
ber of  seconds  to  be  added  to  the  smaller  angle. 

Example  1. — Find  the  angle  whose  sine  is  .57698. 

Solution. — Looking  in  the  table  of  natural  sines,  in  the  columns 
marked  sine,  it  is  found  between  .57691  =  sin  85°  14'  and  .57715  =  sin 
35°  15'.  The  difference  between  them  is  .57715  -  .57691  =  .00024,  or 
24  parts.  The  difference  between  the  sine  of  the  smaller  angle,  or  sin 
85°  14'  =  .57691,  and  the  given  sine,  or  .57698,  is  .57698  -  .57691  =  .00007, 
or  7  parts.  Then,  ft  X  60  =  17.5 ",  and  the  required  angle  is  35°  14'  17.5", 
or  sin  35°  14'  17.5"  =  .57698.     Ans. 

Example  2.— Find  the  angle  whose  cosine  is  .27052. 

Solution. — Looking  in  the  table  of  cosines,  it  is  found  to  belong  to 
a  greater  angle  than  45°  and,  hence,  must  be  sought  for  in  the  columns 
marked  cosine,  at  the  bottom  of  the  page.  It  is  found  between  the 
numbers  .27060  =  cos  74°  18'  and  .27032  =  cos  74°  19'.  The  difference 
between  xhe  two  numbers  is  .27060  -  .27032  =  .00028,  or  28  parts.  The 
cosine  of  the  smaller  angle,  or  74°  18',  is  .27060,  and  the  difference 
between  this  and  the  given  cosine  is  .27060  -  .27052  =  .00008,  or  8  parts. 
Hence,  ft  X  60  =  17.1",  nearly,  and  the  angle  whose  cosine  is  .27052 
=  74°  18'  17.1",  or  cos  74°  18'  17.1"  =  .27052.     Ans. 

Example  3.— Find  the  angle  whose  tangent  is  2.15841. 

Solution.—  2.15841  falls  between  2.15760=  tan  65°  8'  and  2.15925 
=  tan  65°  9'.   The  difference  between  these  numbers  is  2. 15925  —  2. 15760 
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=  .00165,  or  165  parts.  2. 15841  -  2.15760  =  .00081,  or  81  parts.  Hence, 
AV  X  60  =  29.5",  nearly,  and  the  angle  whose  tangent  is  2.15841 
=  65°  8'  29.5",  or  tan  65°  8'  29.5"  =  2.15841.     Ans. 

Example  4. — Find  the  angle  whose  cotangent  is  1.26342. 

Solution.—  1.26342  falls  between  1.26395  =  cot  38°  21'  and  1.26319 
=  cot  38°  22'.  The  difference  between  these  numbers  is  1.26395 
-  1.26319  =  .00076.  1.26395  -  1.26342  =  .00053.  f  J  X  60  =  41.9,  nearly, 
and  the  angle  whose  cotangent  is  1.26342  =  38°  21'  41.9",  or  co> 
38°  21'  41.9"  =  1.26342.     Ans. 


EXAMPLES    FOR  PRACTICE. 

1.  Find  the  (a)  sine,  (b)  cosine,  and  {c)  tangent  of  48°  17'. 

i  (a)    .74644. 
Ans.  hb)    .66545. 
( (c)     1.12172. 

2.  Find  the  (a)  sine,  (b)  cosine,  and  (c)  tangent  of  13°  11'  6". 

((a)    .22810. 

Ans.  ■](£)     .97364. 

( (c)     .23427. 

3.  Find  the  (a)  sine,  (b)  cosine,  and  (c)  tangent  of  72°  0'  1.8". 

i  (a)    .95106. 
Ans.  i  (b)     .80901. 
( (c)     3.07777. 

4.  (a)  Of   what  angle  is  .26489  the  sine  ?      (b)  Of  what  is  it  the 
cosine?  .        ( (a)    15°  21'  37.2". 

( (b)    74°  38'  22.8". 

5.  (a)  Of  what  angle  is  .68800  the  sine?    (b)  Of  what  the  cosine? 
(c)  Of  what  the  tangent  ?  <  (<i)    43°  28'  20". 

Ans.  •]  (b)    46°  81'  40". 
( (c)     34°  31'  40.5". 

THE    SOLUTION    OF    TRIANGLES, 


RIGHT    TRIANGLES. 

106.  As  previously  stated,  every  triangle  has  six  parts, 
three  sides  and  three  angles,  and  if  any  three  parts  are  given, 
one  of  them  being  a  side,  the  other  three  may  be  found. 

In  right  triangles,  it  is  only  necessary  to  know  two  parts 
in  addition  to  the  right  angle,  one  of  which  must  be  a  side. 
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Rules  1  to  8  and  the  definitions  of  sine,  cosine,  tangent^ 
and  cotangent  are  sufficient  for  solving  all  cases  of  right 
triangles.  The  method  is  best  illustrated  by  examples. 
There  are  two  cases. 

107.     Case  I. —  When  the  two  given  parts  are  a  side  and 
an  angle: 

Example  1. — In  Fig.  68,  the  length  of  the  hypotenuse  A  B  of  the 
right  triangle   A  C  B,  right-angled  at   (7,    is 
24  feet,  and  the  angle  A   is  29°  81';    find  the 
sides  A  C  and  B  C  and  the  angle  B. 


Note. — When  working  examples  of  this 
kind,  construct  the  figure  and  mark  the  known 
parts.     This  is  a  great  help  in  solving  the  ex-  p      m 

ample.     Hence,  in  the  figure,  draw  the  angle  A 

to  represent  an  angle  of  29'  81'  and  complete  the  right  triangle  A  C  Bt 
right-angled  at  C,  as  shown.  Mark  the  angle  A  and  the  hypotenuse, 
as  is  done  in  the  figure. 

Solution.— Referring  to  Art.  49,  angle  B  =  90°  -  29°  81'  =  60°  29'. 
To  find  A  C,  use  rule  3;  viz.,  A  C,  or  side  adjacent  =  hypotenuse 
X  cosine  =  24  X  cos  29°  81'  =  24  X  87021  =  20.89  feet,  nearly. 

To  find  B  C,  use  the  same  rule;  thus,  B  C  =  24  X  cos  60°  29'  =  24' 
X  .49268  =11.82  feet,  nearly.  To  find  B  C,  rule  1  could  also  have  been 
used,  viz.,  side  opposite  =  hypotenuse  X  sine,  or  B  C  =  24  X  sin  29^  31' 
=  24  X  .49268  =  11.82  feet,  nearly.  /  Angle  B  =  60°  29'. 

Ans.  •]  Side  A  C  =  20.89  ft. 
(Side  BC=  11.82  ft. 

Example  2. — One  side  of  a  right  triangle  A  C  B,  right-angled  at  C, 

B     Fig.  69,  is  37  feet  7  inches  long;    the  angle 
opposite  is  25°  83'  7 ".     What  are  the  lengths 
V.    of  the  hypotenuse  and  the  side  adjacent,  and 
$5    what  is  the  other  angle  ? 

C  Solution.  — Angle    B  -  90°  —  25°   33'   7" 

Fig.  CO.  =  64°  26'  53". 

To  find  the  hypotenuse,  use  rule  2, 


tt        .  side  opposite 

Hypotenuse  =  . 


sine 

Since  the  side  opposite  is  given  in  feet  and  inches,  both  must  be 
reduced  to  feet  or  both  to  inches. 

7  inches  =  T»f  foot  =  .583+  foot;  hence,  BC~  37.583  feet. 

Therefore,  the  hypotenuse  is  equal  to 

37.583  37.583       ,_  <0    e 

sin  25  33  ^~  =    43133  =  8<.133  feet  =  87  feet  2  inches,  nearly. 
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To  find  the  side  A  C,  use  rule  3 ;  side  adjacent  =  hypotenuse 
X  cosine  =  87.188  X  cos  25°  88'  7"  =  87.183  X  .90219  =  78.61  feet  =  78  feet 
7i  inches,  nearly.  /  Angle  B  =  64°  26'  58". 

Ans.  \A  C  =  78  f t.  7*  in. 
(  A  B=  87  ft.  2  in. 

The  work  involved  in  finding  the  sine  and  cosine  of  25°  38'  7",  in  the 
above  example,  is  as  follows:  Sin  25°  38'  =  .43130;  sin  25°  34'  =  .43156; 
difference  =  .00026;  .00026  X  *V  =  -00003.  Hence,  sin  25°  88'  7"  =  .43130 
+  .00003  =  .43183. 

Cos  25°  38'  =  .90221;  cos  25°  84'  =  90208;  difference  =  .00018; 
.00018  XA  =  .00002,  nearly.  Hence,  cos  25°  83'  7"  =  .90221  -  .00002 
=  .90219. 

108*     Case  11.— rW/ien  two  sides  are  given: 

Example  1. — In  the  right  triangle  A  CB, 
Fig.  70,  right-angled  at  C,  A  C  =  18  and 
2?C=15;  find  AB  and  the  angles  A 
and  B. 

Solution. — As  neither  of  the  two  acute 
angles  is  given,  one  of  the  angles  must  be 
found  by  making  use  of  the  definition  of 
*S  u     one  of  the  functions  of  the  angle.     Con- 

FlG-  70.  sidering  the  angle  A,  we  have  :   side  oppo- 

site equals  15  and  the  side  adjacent  equals  18 ;  hence,  we  may  use  the 
definition  of  either  the  tangent  or  cotangent.  Using  the  definition 
of  the  tangent, 

ta„  A  =  ^e  °PP°sitt  =  "  =  .88838. 
side  adjacent      18 

To  find  the  angle  whose  tangent  is  .83333,  we  have:  Tangent  of  next 
less  angle  is  .83317  =  tan  89°  48';  tangent  of  the  next  greater  angle  is 
.83366;  difference  is  .00049.  The  difference  between  .83317,  the  tan- 
gent of  the  smaller  angle,  and  .83333,  the  given  tangent,  is  .83333 
-  .83317  =  .00016.  Hence,  £$  X  60  =  19.6",  and  the  angle  whose  tan- 
gent is  .83333  =  39°  48'  19.6"  =  angle  A. 

Angle  B  =  90°  -  39°  48'  19.6"  =  50°  11'  40.4". 

To  find  the  hypotenuse  A  Bt  use  rule  2  or  4  ;  using  rule  2, 

„  side  opposite  15  15  fto  AQ 

Hypotenuse  = f^ =    .    ono  .Q,  in  _„  =    a4MO  =  23.48. 

Jtr  sine  sin  89  48  19.6         .64018 

(  Angle  A  =  89c  48'  19.6". 
Ans.    ]  Angle  B  =  50°  11'  40.4". 
(A  B  =  23.48. 

Example  2.— In  the  right  triangle  A  C  B,  Fig.  71  right-angled 
at  C  A  C=  .024967  mile  and  A  B  =  .04792  mile;  find  the  other  parts. 
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Solution. — Here  the  hypotenuse  and  the 
side  adjacent  are  given ;  hence,  using  the  defi- 
nition of  the  cosine, 


cos 


.      side  adjacent   .024967   „MM 

A  =  -r r* =    A.rwwx   =  .52101. 

hypotenuse         .04792 


The  angle  whose  cosine  is  .52101  =  58°  36' 
=  angle  A.    Angle  B  =  90°  -  58°  36'  =  31°  24'. 
To  find  side  B  C,  use  rule  5. 
Side  opposite  A  =  side  adjacent  X  tan  A,  or 
B  C  -  .024967  X  1.63826  =  .0409  mile. 

(  Angle  A  =  58°  86'-    A 
Ans.  \  Angle  B  =  31  °  24'. 
(BC=.  0409  mi. 


.024967 

PlO.  71. 


Example  3. — In  the  right  triangle  A  C  B, 
Fig.  72,  right-angled  at  C,  A  B  =  308  feet 
and  B  C  =  234  feet;  find  the  other  parts. 

Solution. — Here  the  hypotenuse  and  the 
side  opposite  are  given ;  hence,  using  the  defi- 
nition of  sine, 

sin  A  =  sWeopposite  =  ^  = 
hypotenuse        308 

The  angle  whose  sine  is  .75974  =  49°  26'  28", 
_t     ^  nearly,  =  angle  A.   Angle  B  =  90°  -  49°  26'  28" 

FI°-  TO'  =  40°  33'  82". 

To  find  A  C  rule  1 ,  3,  5,  or  6  may  be  used.     Using  rule  6, 

side  adjacent  angle  A  =  side  opposite  X  cot  A,  or  AC  -=.  234  X  .85586 

=  200.27  feet. 

/  Angle  A  =  49°  26'  28' . 

Ans.  \  Angle  B  =  40°  33'  82". 

[AC=  200.27  ft. 


EXAMPLES  FOR  PRACTICE. 

1.  In  the  right  triangle  A  C  ft,  right-angled  at  C,  the  hypotenuse 
A  B  =  40  inches  and  angle  A  =  28°  14'  14".     Solve  the  triangle. 

r  Angle  B  =  61°  45'  46". 
Ans.  \A  C=  35.24  in. 
(BC=  18.92  in. 

2.  In  a  right  triangle  A  C  B,  right-angled  at  (7,  the  side  B  C 
=  10  feet  4  inches.  If  angle  A  =26°  59'  6",  what  do  the  other  parts 
equal  ?  /  Angle  B  =  63°  0'  54". 

Ans.  \  A  B  =  22  ft.  9±  in.,  nearly. 
(  A  C  =  20  ft.  8*  in.,  nearly. 
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3.  In  a  right  triangle  A  C  /?,  the  hypotenuse  A  B  =  60  feet  and 
the  side  A  C  =  22  feet.     Solve  the  triangle. 

(  Angle  A  =  68°  29'  22.2". 
Ans.  •]  Angle  /?  =  21°  30'  37.8". 
(  /?C=  55.82  ft. 

4.  In  a  right  triangle  A  C  B%  right-angled  at   C,  side  AC—  .864 
foot  and  side  B  C  =  .216  foot.    Solve  the  triangle. 

(  Angle  A  =  30°  41'  7.5". 
Ans.  ]  Angle  B  =  59°  18'  5l5". 
I  A  B  =  .423  f  t. 


OBLIQUE  TRIANGLES. 

109.  When  three  parts  of  any  triangle  are  given,  one 
being  a  side,  the  remaining  parts  can  be  found  by  drawing  a 
perpendicular  from  one  angle  to  the  opposite  side,  thus 
forming  two  right  triangles.  The  parts  of  these  right  tri- 
angles can  then  be  computed,  and  from  them  the  parts  of 
the  required  triangle  can  be  found. 

110.  Caution. — When  dividing  the  triangle  into  two 
right  triangles,  care  must  be  taken  that  the  perpendicular  be 
so  drazvn  that  one  of  the  right  triangles  will  have  two  known 
parts  besides  the  right  angle;  otherwise  the  triangle  cannot 
be  solved. 

111.  Case  I. —  When  the  three  known  parts  are  a  side 
and  two  angles,  or  tivo  sides  and  the  included  angle; 

Example    1.— In   Fig.    73,    the   angle   A  =  40°  14',  the   angle    B 

=  8r  24    11",   and  the  side  A  B  =  21 
.  inches ;  find  AC,  B  C,  and  the  angle  C. 

Solution. — Since  the  sum  of  all  the 
A^_«  "f.4A  angles  of  any  triangle  is  2  right  angles, 

or  180  (Art.  48),  we  can  find  the  angle  C 
by  adding  the  two   known  angles  and 
^  *         X> ^Cf  subtracting  their  sum  from  180°. 

88°  24'  11"  +  46°  14'  =  134°  38'  11". 

180°  -  134°  38'  11"  =  45°  21'  49"  =  angle  C. 

From  the  vertex  //,  draw  /?  D  perpendicular  to  A  C.  The  tri- 
angle A  B  C  is  now  divided  into  two  right  triangles  A  D  B  and  B  D  G 
both  right-angled  at  D. 
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In  the  right  triangle  A  D  B,  the  angle  A,  the  right  angle  D,  and  the 
hypotenuse  A  B  are  known;  find  B  D  and  A  D.  Using  rule  1,  side 
opposite,  or  B  D,  =  21  X  sin  46°  14'  =  21  X  .72216  =  15.17  inches,  nearly. 

Using  rule  3,  side  adjacent,  or  A  D%  =  21  X  cos  46°  14'  =  21  x  .69172, 
or  A  D  =  14.53  inches,  nearly. 

In  the  right  triangle  B  D  C,  the  angle  C  and  the  side  opposite, 
or  B  D%  are  known ;  find  B  C  and  D  C. 

Using  rule  2,  hypotenuse,  or 

B  D  15  17 

BC=  sin45°2r49"  =  TtTISS  =  21'82  ^^  """^ 

Using  rule  3,  side  adjacent,  or  C  D,  =  21.32  X  cos  45°  21'  49"  =  21.32 
X. 70261  =  14.98  inches. 

Since  AD  +  DC  =  AC,we  have  14.53  4- 14.98  =  29.51  inches  =  A  C. 

rAC  =  29.51  in. 
Atis.]bC=  21.32  in. 

(  Angle  C=  45°  21'  49". 

If,  in  the  above  example,  the  angle  C  had  been  given 
instead  of  the  angle  A,  the  dividing  line  should  have  been 
drawn  from  the  angle  A  to  the  side  B  C,  as  in  the  following 
example : 

Example  2.— In  the  triangle  ABC,  Fig.  74,  given  A  B  =  18  inches, 
angle  B  =  60°,  and  angle  C  =  38°  42' ;  find  the 
other  three  parts. 

Solution— In  the  triangle  A  B  Ct  we  have 
angle  A  =  180°  -  (60°  +  38° 42)  =  81°  18'. 

From  the  vertex  A,  draw  the  line  A  D  per- 
pendicular to  B  C,  thus  forming  the  right  tri- 
angles A  D  B  and  ADC. 

In    the    triangle    A  D  B%    two    parts   (the  F,G'  74> 

side  A  i?and  angle  B)  are  known  besides  the  right  angle.  To  find  B  D, 
use  rule  3.  B  D  =  18  X  cos  60°  =  18  X  -5  =  9  inches.  To  find  A  D% 
use  rule  1.     A  D  -  18  X  sin  60°  =  18  X  .86603  =  15.59  inches. 

In  the  right  triangle  A  DC,  A  D  and  the  angle  C are  known. 

To  find  A  Ct  use  rule  2. 

An      AD        15.59  fto  . 

A  C  =    . — ^  =  -xriKiTj  =  24.93  inches, 
sin  C      .62524 

To  obtain  D  C,  use  rule  3. 

D  C  -  A  C  X  cos  C  =  24.93  X  .78043  =  19.46  inches. 

Since  BC=BD  +  DC,  BC=9  +  19.46  =  28.46  inches. 

(AC=  24.93  in. 
Ans.  <BC=  28.46  in. 

(  Angle  A  =  81°  18'. 
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Example  3.— In  Fig.  75,  A  B  =  19  inches,  A  C  =  28  inches,  and  the 

included  angle  A  =  86°  8'  29" ;  find  tne 
other  two  angles  and  the  side  B  C. 

Solution. — From  the  vertex  B,  draw 
B  D  perpendicular  to  A  C,  forming  the 
two  right  triangles  A  D  B  and  B  D  C 
>C  In  the  right  triangle  A  D  Bt  A  B  is 
known  and  also  the  angle  A.  Hence, 
by  rule  1 , 

B  D  =  19  X  sin  86°  3'  29"  =  19  X  58861  =  11.18  inches,  nearly. 
By  rule  3,  A  D  =  19  X  cos  36°  3'  29"  =  19  X  .80842  =  15.36  inches. 

AC-  A  D-  23  -  15.36  =  7.64  inches  =  D  C. 

In  the  right  triangle  B DC,  the  two  sides  B D  and  D  C,  about  the 
right  angle,  are  known ;  hence,  from  the  definition  of  tangent, 


tan  C  = 


BD  _  11.18 
DC  7.64 


=  1.46385,  and  angle  C  =  55°  39'  10". 


Applying  rule  2, 
BC  = 


BD 


11.18 


sin  55°  89' 10"  ~  .82564 


=  18.54  inches. 


Angle  B  =  180°-  (86°8'  29" +55° 89' 10")  =  180°  -  91°42'89"=  88°  17'  21". 

(  Angle  C  =  55°  39'  10". 
Ans.    ■]  Angle  B  =  88°  17'  21". 
(SideBC=  18.54  in. 

112.     Case  II. — When  the  three  known  parts  are  two 
sides  and  an  angle  opposite  one  of  them : 

For  this  case  there  are,  in  general,  two  solutions.  This 
is  readily  seen  by  referring  to  Fig.  76.  Suppose  the  given 
parts  are  the  sides  A  B  and 
B  C  and  the  angle  A  opposite 
the  side  B  C.  We  construct 
the  triangle  by  first  draw- 
ing the  lines  A  E  and  A  F  in 
such  a  manner  that  the  angle 
A  shall  be  of  the  required 
size,  and  then  lay  off  the  dis- 
tance A  B  along  A  E  to  rep- 
resent the  length  of  the  side  A  B.  To  draw  the  side  BCy 
we  take  the  point  B  as  a  center,  and  with  a  radius  equal  to 
the  length  of  B  C,  we  describe  the  arc  C  C  and  draw  B  C 
and  BC.     The  required  triangle  may  be  either  A  B  C  or 
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A  B  C.  In  practice,  the  conditions  will  indicate  to  us  which 
triangle  to  select;  but  when  the  two  sides  and  thfe  angle 
opposite  one  of  them  only  are  given  and  no  other  condition 
is  stated,  it  is  necessary  to  solve  both  triangles,  which  is 
readily  done  as  follows: 

First  solve  the  triangle  ABC  To  do  this,  find  the  length 
of  the  perpendicular  B  D  by  applying  rule  1  to  angle  A 
(B D  =  A  B  x  sin  A) ;  find  angle  BCD  by  applying  defini- 
tion of  sine  to  angle  BCD  I  sin  B  CD  =  t^tt)  ;  find  CD  by 

applying  rule  3  (CD  =  CB  x  cos  B  CD);  find/*  D  by  apply- 
ing rule  3  (A  D  =  A  B  x  cos  A).  We  now  know  all  that  is 
necessary  to  determine  the  unknown  parts  of  both  triangles. 
For,  the  angle  A  CB  is  the  supplement  (see  Art.  27)  of  the 
angle  B CD,  and  is  therefore  equal  to  180°  —  angle  BCD; 
the  angle  ABC=  180°  -  (angle  BAC+  angle  ACB);  the 
side  A  C=  A  D  —  CD;  since  CB  C  is  an  isosceles  triangle, 
ang\eBCD=BC'D2LndC'D=CD;  AC'  =  AD+C'D; 
and,  finally,  angle  ABC  =  180°  -  (angle  A  +  angle  C). 

113.  While,  in  general,  there  are  two  solutions  to 
examples  falling  under  Case  II,  there  may  be  no  solution  or 
only  one  solution,  depending  on  the  length  of  the  side  B  C. 

a.  If  B  C  is  less  than  the  perpendicular  B  D,  the  arc  C  C 
will  not  touch  the  side  A  F  of  the  angle,  and  no  triangle  can 
be  formed ;  hence,  in  this  instance  there  is  no  solution. 

b.  If  B  C  is  just  equal  to  B  D,  the  arc  C  C  will  touch 
A  F at  only  one  point;  only  one  triangle  can  be  formed — a 
right  triangle — and  there  is  one  solution. 

c.  If  B  C  is  greater  than  B  D  and  less  than  A  By  the  arc 
CO  will  cut  A  ^between  A  and  D,  and  also  to  the  right  of 
D;  this  gives  two  triangles  and  two  solutions. 

d.  If  B  C  is  just  equal  to  A  By  the  arc  C  C  will  cut  A  F 
at  A  and  at  a  point  at  a  distance  A  Dto  the  right  of  D;  this 
gives  one  triangle  and  one  solution. 

e.  If  B  C  is  greater  than  A  B,  the  arc  C  C  will  not  cut 
A  F  between  A  and  Z>,  but  will  cut  A  F  at  a  point  to  the 
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right  of  D\  hence,  but  one  triangle  can  be  formed  and  there 
is  but  one  solution. 

Example. — In  Fig.  76,  A  B  =  88  feet  6  inches,  /?C=57  feet,  and 
angle  A  =  35°  0'  38" ;  find  the  other  parts. 

Solution. — Applying  the  various  steps  in  the  order  given  in 
Art.  1 12,  we  have  by  rule  2,  B  D  =  88  feet  6  inches  X  sin  85°  0'  38" 
=  88.5  X  .57373  =  50.78  feet. 

BD      50.78 


Sin  B  CD  = 


=  .89088 ;  whence,  angle  BCD  =  62°  59'  4.3". 


Ans.  -< 


BC~    57 

By  rule  3,  CD  =  57  X  cos  62°  59'  4.3"  =  57  X  .45423  =  25.89  feet. 
By  rule  3,  A  D  =  88.5  X  cos  35°  0'  38"  =  88.5  X  .81905  =  72,49  feet. 
We  now  have  the  data  necessary  for  obtaining  the  required  parts  of 
the  triangle  ABC.  Since  the  angle  /?  C  D  =  62°  59'  4.3",  the  adjacent 
angle  A  CB  =  180°  -  62°  59'  4.3"  =  117°  0'  55.7".  Also,  angle  A  B  C 
=  180°  -  (35°  0'  38"  +  117°,  0'  55.7")  =  180°  -  152°  1'  33.7"  =  27°  58'  26.3". 
Since  A  D  =  72.49  feet  and  CD  =  25.89  feet,  A  C  =  72.49  -  25.89 
=  46.6  feet. 

For  the  triangle  A  B  C\  angle  C  =  62°  59'  4.3"  and  angle  ABC 
=  180°  -  (35°  0'  38"  +  62°  59'  4.3")  =  82°  0'  17.7".  A  C  =  72.49  +  25.89 
=  98.38  feet.  r  Angle  C  =  117°  0'  55.7". 

Angled  =27°  58' 26.3". 
Side  AC  =  46.6  ft. 
Angle  A  B  C  =  82°  0'  17.7". 
Angle  C  =  62°  59'  4.3". 
I  Side  ,4  C  =  98.38  ft. 

* 

114.  Case  III. —  When  the  three  sides  are  given,  to  find 
the  angles: 

This  case  is  solved  by  drawing  a  line 
from  the  vertex  of  the  angle  opposite 
the  longest  side,  perpendicular  to  that 
side,  as  B  D  in  Fig.  77.  The  parts  ;;/ 
and  ;/  of  the  side  A  C  are  then  deter- 
fig.  rr.  mined  from  the  following  proportion: 

;;/  +  n  (or  AC):  a-\-b  =  a  —  b  \  m  —  n. 

This  gives  the  value  of  ;//  —  n.  The  value  of  m  +  n  =  A  C 
is  already  known,  and  from  the  two,  ;;/  and  ;/  may  be  deter- 
mined by  the  principles  of  arithmetic,  as  explained  below. 
Having  ;;/  and  ;/,  therefore,  the  right  triangles  A  B  D  and 
C  B  D  may  be  solved. 
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Having  found  the  value  of  ;;/  —  n  and  knowing  the  value 
of  ;;/  +  ;/,  the  values  of  ;//  and  ;/  may  be  determined  as  fol- 
lows: It  is  a  principle  of  arithmetic  that  if  the  sum  of  two 
numbers  and  their  difference  be  given,  the  greater  of  the 
two  numbers  is  equal  to  one-half  the  sum  of  their  sum  and 
their  difference ',  and  the  less  of  tivo  numbers  is  equal  to  one-half 
the  difference  between  their  sum  and  their  difference.  For 
example,  suppose  that  the  sum  of  two  numbers  is  22  and 
their  difference  is  8.  Then,  the  greater  number  is  (22  +  8) 
-5-  2  =  15,  and  the  less  number  is  (22  —  8)  -r-  2  =  7.  There- 
fore, letting  m  be  the  greater  number  and  n  the  less 
number,  ;//  +  n  represents  their  sum  and  in  —  n  their  dif- 
ference; whence, 

('*  +  ft)  +  (*n  -  n) 

2 

_  (m  +  n)  -  (m  -  n) 
n-  -  . 

Example. — Given,  a  triangle  whose  sides  are  17  feet  8  inches,  21  feet, 
and  32  feet  long.     Find  the  angles. 

Solution. —    ;//  +  «,  the  longest  side,  =  32  feet. 

a  -+-  b,  the  sum  of  the  two  shorter  sides;  =  21  -+-  17.25  =  38.25  feet. 

a—  b,  the  difference  of  the  two  shorter  sides,  =  3.75  feet.     Hence, 

32  :  38.25  =  3.75  :  m  +  «,  or  m  -  n  =  38'2°  *  375  =  4.48  feet 

Then,     m  = —~ = ^ =  18.24  feet; 

.                        (m  +  n)  —  {m—n)      32  —  4.48       <0  no  ,    ^ 
and  n  = '-j-± = - =  1&76  feet. 

Now,  referring  to  the  last  figure,  we  have,  in  the  triangle  A  D  B% 
side  a  =  21  feet  and  m  =  18.24  feet;  whence,  by  definition  of  cosine, 

cos  A  =  —^  =  .86857,  or  A  =  29°  42'  25.7". 

til 

In  triangle  C '//  Z\  side  b  =  17.25  feet  and  n  =  13.76  feet;  whence, 
cos  C=  ^^  =  .79768,  or  C=  37°  5  26.7". 

1 1 .  2.) 

Angle  A  &C=  180°  -  (29°  42'  25.7"  +  37°  5'  26.7)  =  113'  12'  7.6". 

e  Angle  A  =  293  42'  25.7". 
Ans.  •]  Angle  li  -  113°  12'  7.6". 
(Angle  C=37°5  26.7". 
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EXAMPLES  FOR  PRACTICE. 

1.  Given,  an  oblique  triangle  ABC,  in  which  side  A  B  =  21  feet, 
angle  A  =  22°  10'  16",  and  angle  B  =  78°  24'  24".    Find  the  other  parts. 

(  Angle  C  =  79°  25'  20". 
Ans.lAC  =  20.93  ft. 
KB  C=  8.06  ft. 

2.  Given,  a  triangle  ABC,  in  which  A  B  =  82  inches,  angle   B 
=  54°  16',  and  angle  C  =  58°  18'  9".     Find  the  other  parts. 

(  Angle  A  =  67°  25'  51". 
Ans.  <  A  C  =  30.58  in. 
(BC=  34.73  in. 

8.     In  a  triangle  A  BC,  A  B  =  20  feet  6  inches,  Z?  C  =  16  feet,  and 
angle  B  =  46°  40'  42".     Find  the  values  of  the  other  parts. 

/  Angle  A  =  50°  42'  51". 
Ans.  i  Angle  C  =  82°  36'  27". 
KA  C=  15.04  ft 


=  20°.    Solve  the  triangle. 

Ans. 


4.  In  a  triangle  A  B  Ct  A  C  =  100  feet,  B  C  =  60  feet,  and  angle  A 

Angle  B  =  84°  45'  7.5",  or 

angle/?  =  145°  14'  52.5". 
Angle  C=  125°  14' 52.5". 
AB  =  148.268  ft.,  or  A  B 

=■  44.67  ft. 

5.  In  a  triangle  A  B  C,  A  B  =  98  inches,  B  C  =  140  inches,  and  ^  C 

=  210  inches.     Compute  the  angles  A,  B,  and  C. 

A  =  M°  2'  52  5". 

Ans.  -!  Z?  =  122°  52'  40.2". 

C  =  23°  4'  27.3". 


MENSURATION. 

115.     Mensuration  is   that  part  of   geometry   which 
treats  of  the  measurement  of  lines,  surfaces,  and  solids. 


MENSURATION    OF    PLANE    SURFACES. 

116.  The  area  of  a  surface  is  expressed  by  the  number 
of  unit  squares  it  will  contain. 

117.  A  unit  square  is  the  square  whose  side  is  equal 
in  length  to  the  unit.  For  example,  if  the  unit  is  1  inch,  the 
unit  square  is  the  square  whose  sides  measure  1  inch  in 
length,  and  the  area  would  be  expressed  by  the  number  of 
square  inches  that  the  surface  contains.     If  the  unit  were 
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1  foot,  the  unit  square  would  measure  1  foot  on  each  side,  and 
the  area  would  be  the  number  of  square  feet  that  the  surface 
contains,  etc.  The  square  that  measures  1  inch  on  a  side  is 
called  a  square  inch,  and  the  one  that  measures  1  foot  on  a 
side  is  called  a  square  foot.  Square  inch  and  square  foot 
are  abbreviated  to  sq.  in.  and  sq.  ft.,  or  are  indicated 
by  d  "  and  D '.  

THE   TRIANGLE. 

118.  Rule. — The  area  of  any  triangle  equals  one-half  the 
product  of  the  base  and  the  altitude. 

Letting  b  be  the  base,  h  the  altitude,  and  A  the  area, 

a      bh 

If  the  triangle  is  a  right  triangle,  one  of  the  short  sides 
may  be  taken  as  the  base,  and  the  other  short  side  as  the 
altitude ;  hence,  the  area  of  a  right  triangle  is  equal  to  one-half 
the  product  of  the  two  short  sides. 

Example. — What  is  the  area  of  a  triangle  whose  base  is  18  feet  and 
altitude  7  feet  9  inches  ? 

Solution. —    9  inches  =  ^  foot  =  £  foot ;  hence, 

^=^  =  18x^f  =  69fsq  £t     Ans 

119.  The  area  of  any  triangle  may  be  found,  when  the 
length  of  each  side  is  known,  by  means  of  the  following  for- 
mula, in  which  a,  b,  and  c  represent  the  lengths  of  the  sides, 
s  half  the  sum  of  the  lengths,  and  A  the  area  of  the  triangle: 

A  =  |/i  (s  —  a)  (s  —  b)  (s  —  c),  where  s  =  —  . 

At 

Example. — What  is  the  area  of  a  triangle  having  two  sides  19.8  feet 
long  and  one  side  28  feet  long  ? 

Solution. — It  is  immaterial  which  side  is  called  a,  b,  or  c.    Apply- 

•       +u    c  i  a  +  b  +  c      28  +  19.8  +  19.8      QQ  Q  .,     .    ., 

ing  the  formula,  s  — - = - =  33.8,  the  half  sum; 

taking  b  and  c  as  the  short  sides,  s  —  a  =  33.8  —  28  =  5.8  and  s  —  b 
and  s  —  c  are  each  33.8  -  19.8  =  14.     Then, 


A  =  |/j  (s  -a){s-  b)  {s  -  c)  =  |/33.8  X  5.8  X  14  X  14 

=  196+  sq.  ft.    Ans. 
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THE  QUADRILATERAL. 

1 20.  A  parallelogram  is  a  quadrilateral  whose  oppo- 
site sides  are  parallel.  There  are  four  kinds  of  parallelo- 
grams: the  square y  the  rectangle \  the  rhombus,  and  the 
rhomboid. 


121.     A  rectangle,  Fig.  78,  is  a  paral- 
lelogram whose   angles  are  all  right  angles. 


Fig.  78. 


1 22.     A   square,  Fig.  79,    is  a   rectangle, 
all  of  whose  sides  are  equal. 


Fig.  79. 


Fig.  80. 


1 23.  A  rhomboid,  Fig.  80,  is 
a  parallelogram  whose  opposite 
sides  only  are  equal  and  whose 
angles  are  not  right  angles. 


1 24.  A  rhombus,  Fig.  81,  is 
a  parallelogram  having  equal 
sides  and  whose  angles  are  not 
right  angles. 


Fig.  81. 


Fig.  88. 


125.  A  trapezoid,  Fig.  82, 
is  a  quadrilateral  which  has  only 
two  of  its  sides  parallel. 


1 26.  A  trapezium,  Fig.  83, 
is  a  quadrilateral  having  no  two 
sides  parallel. 


Fig.  88. 


GEOMETRY  AND   TRIGONOMETRY.  283 

127.  The  altitude  of  a  parallelogram,  or  of  a  trape- 
zoid, is  the  perpendicular  distance  between  the  parallel  sides. 
See  dotted  line  in  Figs.  80,  81,  and  82. 

1 28.  A  diagonal  is  a  straight  line  drawn  from  the  ver- 
tex of  any  angle  of  a  quadrilateral  to  the  vertex  of  the  angle 
opposite;  a  diagonal  divides  a  quadrilateral  into  two  tri- 
angles.    See  Figs.  78  and  83. 

A  diagonal  divides  a  parallelogram  into  two  equal  and 
similar  triangles. 

1 29.  To  find  the  area  of  a  parallelogram  : 

Rule. — The  area  of  any  parallelogram  equals  the  product 
of  the  base  and  the  altitude. 

Let  b  be  the  base,  h  the  altitude,  and  A  the  area ;  then, 

A  =  b  h. 

Example. — What  is  the  area  of  a  parallelogram  whose  base  is  12  feet 
and  altitude  7£  feet  ? 

Solution.— Applying  the  formula,  A  =  bh  =  12  X  7*  =  90  sq.  ft.  Ans. 

If  the  area  and  one  dimension  are  given,  the  other  may  be 
found  by  dividing  the  area  by  the  known  dimension.  If  the 
parallelogram  is  a  square,  and  its  area  is  given,  the  length 
of  a  side  is  found  by  extracting  the  square  root  of  the  area  ; 
that  is,  b  =  \/A. 

1 30.  To  find  the  area  of  a  trapezoid  : 

Rule. — The  area  of  a  trapezoid  equals  one-half  the  sum  of 
the  parallel  sides  multiplied  by  the  altitude. 

Let  a  and  b  represent  the  lengths  of  the  parallel  sides  and 
h  the  altitude;  then, 


-  m*- 


Example. — What  is  the  area  of  a  trapezoid  whose  parallel  sides  are 
9  feet  and  15  feet  and  whose  altitude  is  6  feet  7  inches  ? 

Solution. —    6  feet  7  inches  =  6  r7f  feet.     Using  the  formula, 
A  =  ( -——- )  h  =  m  2      x  «A  =  79  sq.  ft.    Ans. 


T.    L—%0 
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THE  CIRCLE. 

131.  To  find  the  circumference,  diameter,  or  radius  of 
a  circle : 

Rule. —  The  circumference  of  a  circle  equals  the  diameter 
multiplied  by  8.  H16. 

Rule. —  The  diameter  of  a  circle  equals  the  circumference 
divided  byS.lIf.16;  the  radius  equals  the  circumference  divided 
by  2XS.H16. 

Let  d  be  the  diameter,  r  the  radius,  and  c  the  circum- 
ference, c  =  nd=  %nr; 

c  c 

and  d=~:  or  r  =  27—. 

Example  1. — What  is  the  circumference  of  a  circle  whose  diameter 
is  15  inches  ? 

Solution.— Using  the  formula,  c  =  ird  =  8.1416  X  15  =  47.12  in. 

Ans. 

Example  2. — What  is  the  diameter  of  a  circle  whose  circumference 

is  65.973  inches  ? 

c      65  973 
Solution. — Using  the  formula,  d=-  =  ,  '     _  =  21  in.    Ans. 

if       O.1410 

The  number  3.1416  is  the  ratio  of  the  circumference  of  a 
circle  to  its  diameter ;  it  is  represented  very  frequently  by 
the  Greek  letter  w,  pronounced  "pi."  Its  value  has  been 
calculated  to  over  700  decimal  places,  but  the  value  here 
given  is  the  one  most  generally  used,  four  decimal  places 
being  sufficient  for  all  practical  purposes.  The  values  £  *, 
or  .7854,  and  |tt,  or  .5236,  are  frequently  used  farther  on. 

1 32.  To  find  the  length  of  an  arc  of  a  circle : 

Rule. —  The  length  of  an  arc  of  a  circle  equals  the  circum- 
ference of  the  circle  of  which  the  arc  is  a  part  multiplied  by  the 
number  of  degrees  in  the  arc  and  the  product  divided  by  860. 

Let  /  be  the  length  of  arc,  c  the  circumference,  d  the 

diameter  of  the  circle,  and  ;/  the  number  of  degrees  in  the 

arc  ;  then, 

._  Tzdn 

"360"' 


GEOMETRY  AND  TRIGONOMETRY.  285 

Example. —What  is  the  length  of  an  arc  of  24°,  the  radius  of  the 
circle  being  18  inches  ? 

Solution. —    18  X  2  =  86  inches,  the  diameter  of  the  circle.     Using 

..     ,          %     ,      ndn      8.1416x86x24      „  K.  .      .       A.     .  A 

the  formula,  /  =  -5^^-  = ^^ =7.54  in. ,  length  of  arc.    Ans. 

1 33.  When  only  the  chord  of  the  arc  and  the  height  of 
segment  (that  is,  A  B  and  C  D,  Fig.  84)  are  given,  the  fol- 
lowing closely  approximate  formula  may  be  used  : 

Let  c  be  the  length  of  chord,  //  the  height  of  segment, 
and  /  the  length  of  arc  ;  then, 


7_4^9  +  4^'-r 

'~  3  • 

Example.— If  A  B,  Pig.  84,  is  5  feet  and  CD  is  1  foot,  what  is  the 
length  of  sltc  A  BB? 

Solution. — Applying  the  formula. 


/  m  IVS  +  IV-c  =  4J/25  +  4  -  5  =  5  M  ft     Ans 
o  o 

When  the  quotient  obtained  by  dividing  the  chord  by  the 

height  is  less  than  4.8,  that  is,  when  -7  is  less  than  4.8,  the 

formula  does  not  work  well,  the  results  not  being  sufficiently 
exact.  In  such  a  case,  bisect  the  arc  and  then  apply  the 
formula. 

1 34.  To  find  the  area  of  a  circle  : 

Rule. — Square  the  diameter  and  multiply  by  ,785b;  or> 
square  the  radius  and  multiply  by  8.  H16. 

Let  A  be  the  area  ;  then, 

A  =  ±nd*  =  .7854^';  or,  A  =  n  r*  =  3.1416  r\ 

'  Example. — What  is  the  area  of  a  circle  whose  diameter  is  15  inches  ? 

Solution.—    15*  =  225.     Using  the  formula,  A  =  .7854  d>  =  .7854 
X  225  =  176.72  sq.  in.     Ans. 

135.  Given  the  area  of  a  circle,  to  find  its  diameter: 

Rule. — Divide  the  area  by  .7854  and  extract  the  square 
root  of  the  quotient. 
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Expressed  as  a  formula,  the  rule  is 

</=V/^4=1-1284^=V/?- 

Example. — The  area  of  a  circle  =  17,671.5  square  inches.     What  is 
its  diameter  in  feet  ? 

Solution. — Using  the  formula, 


d=  iZ-KSKA  =  i/17^'5  =  11284  <•  17,671.5  =  150  inches. 

150 

— —  =  ISty  ft.  diameter.    Ans. 
1« 

136*    To  find  the  area  of  a  flat  circular  ring: 

Rule. — Subtract  the  area  of  the  smaller  circle  from  that 
of  the  larger;  the  difference  is  the  area  of  the  ring. 

Let  d  equal  the  longer  diameter,  dx  the  shorter  diameter, 
and  A  the  area  of  ring ;  then, 

A  =  .7854  dx  -  .7854  4"  =  .7854  (</*-</,"). 

Example. — What  is  the  area  of  a  ring  whose  longer  and  shorter 
diameters  are  6.5  feet  and  4  feet,  respectively  ? 

Solution. — Applying  the  formula, 

A  =  .7854  (6.5*  -  4*)  =  .7854  X  26.25  =  20.62  sq.  ft.     Ans. 

If  one  diameter  and  the  area  of  the  ring  are  known,  the  * 
other  diameter  may  be  found  by  adding  to  or  subtracting 
from  the  area  of  the  given  circle  that  of  the  ring,  and  finding 
the  diameter  corresponding  to  the  resulting  area. 

137.     To  find  the  area  of  a  sector: 

Rule. — Divide  the  number  of  degrees  in  the  arc  of  the 
sector  by  S60.  Multiply  the  result  by  the  area  of  the  circle  of 
which  the  sector  is  a  part. 

Let  ;/  be  the  number  of  degrees  in  the  arc,  A  the  area  of 
circle,  d  the  diameter  of  circle,  and  A'  the  area  of  sector; 
then, 

^' =  ^  =  .  002 1817  </•*. 
ooO 
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Example. — The  number  of  degrees  in  the  angle  formed  by  drawing 
radii  from  the  center  of  a  circle  to  the  extremities  of  the  arc  of  the 
circle  is  75.  The  diameter  of  the  circle  is  12  inches;  what  is  the  area 
of  the  sector  ? 

Solution. —  12*  x  .7854  =  113.1  square  inches,  nearly,  area  of  circle. 
Applying  the  formula, 


A  = 


n  A      75  X  113.1 


360 


860 


=  23.56  sq.  in.     Ans. 


138.     If   the  length  of  arc  and  radius  of  a  sector  are 
given,  the  following  rule  may  be  used: 

Rule. —  The  area  of  a  sector  is  equal  to  one-half  the  product 
of  the  radius  and  length  of  arc. 

Let  /  be  the  length  of  arc,  r  the  radius,  and  A'  the  area; 
then, 


A'  = 


Ir 


Example. — If  the  radius  of  an  arc  is  5  feet  and  the  length  of  arc  is 
4  feet,  what  is  the  area  of  the  sector  ? 

Solution. — Applying  the  formula, 

A  =  ^  =  ^~  =  10  sq.  ft.     Ans. 


139.     To  find  the  area  of  a  segment  of  a  circle: 

Rule. — Draw  radii  from  the  ce?tter  of  the  circle  to  the 
extremities  of  the  arc  of  the  segment;  find  the  area  of  the 
sector  thus  formed,  subtract  from  this  the  area  of  the  triangle 
formed  by  the  radii  a  fid  the  chord  of  the 
arc  of  the  segment;  the  result  is  the  area 
of  the  segment. 

In  problems  requiring  the  area  of  the 
segment,  the  chord  A  B,  Fig.  84,  may  be 
given,  or  the  height  of  the  segment  C  D, 
or  the  angle  V;  if  any  one  of  these  three 
is  given  and  the  radius  of  the  circle  is 
known,  the  area  can  be  found. 


PlO.  84. 


Also,  if  any  two  are  given,  the  radius  can  be  found. 
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Example  1.— If  the  diameter  of  the  circle  is  10  inches  and  the  chord 
of  the  segment  is  7  inches,  what  is  the  area  of  the  segment  ? 

Solution. — In  the  above  figure,  suppose  that  the  chord  A  B 
=  7  inches  and  the  diameter  =  10  inches;  draw  O  A,  O  B,  and 
a  radiu3  perpendicular  to  the  chord,  thus  dividing  A  B  into  two 
equal  parts  (see  Art.  70).  The  triangle  A  O  B  is  now  divided 
into  two  equal  right  triangles  A  CO  and  B  CO,  in  which  the  hypot- 
enuse =  radius  =  *f-  =  5  inches,  and  one  side  A  C=  B  C  =  %,  or 
3  J  inches. 

SinC0^  =  |ri5  =  ^  =  .70000,  and  angle  CO  B  =  44°  26',  nearly. 

Angle  A  O  B  =  44°  26'  X  2  =  88°  52\  CO  =  0  B  X  cos  CO  B  =  5 
X  .71407  =  8.57  inches. 

Area  of  sector  =  10*  X  .7864  X  -^  =  19.39  sq.  in.,  nearly. 

Area  of  triangle  = ^ —  =  12.5  sq.  in.,  nearly. 

19.89  —  12.5  =  6.89  sq.  in.,  the  area  of  segment.    Ans. 

Example  2. — Given  the  chord  of  the  arc  of  a  segment  =  7  inches 
and  the  height  of  the  segment  =  1.43  inches,  to  find  the  radius. 

Solution. — Suppose  that  in  Fig.  85,ACBE 
is  a  circle  struck  with  the  required  radius,  that 
the  chord  A  B  =  7  inches,  and  that  the 
height  CD  of  the  segment  =  1.43  inches. 
Join  C  with  A  and  B%  and  the  right  tri-. 
angle  A  D  C  -  B  D  C. 

*Tan  CB  D  =  ^  =  ^?  =  .40857. 

Angle  CBD  =  22°  13f,  nearly. 

Since  CB  D  or  its  equal  C B  A  is  an  inscribed  angle  (see  Art.  66), 
it  is  measured  by  one-half  the  intercepted  arc  A  C;  hence,  the  number 
of  degrees  in  arc  A  C  =  22°  13f  X  2  =  44°  27',  or  the  number  of  degrees 
in  the  angle  A  O  C. 

In  the  right  triangle  ADO, 

j.~      side  opposite  AD  8.5         ^ ,  ,         . 

AO  =  — . — rrr-rr  =  " — tttt^  =  -  c/^on  =  5  in.,  nearly.    Ans. 
sin  A  O  D        smAOC      .70029  J 

Note. — The  principles  explained  in  the  two  preceding  examples 
may  be  used  in  solving  problems  relating  to  length  of  radius,  chord, 
sub-chord  (chord,  as  A  C,  of  half  the  arc  A  B\  height  of  segment,  etc 
These  all  involve  the  principle  of  the  right  triangle. 
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REGULAR   POLYGONS. 

140«  A  regular  polygon  may  be  divided  into  as 
many  equal  isosceles  triangles  as  there  are  sides,  by  drawing 
lines  from  the  center  to  the  angles.  Each  of  the  angles 
formed  at  the  center  is  equal  to  360°  divided  by  the  number 
of  sides. 

To  find  the  area  of  a  regular  polygon : 

Rule. — Multiply  together  the  number  of  sides \  the  square 
of  the  length  of  a  side,  and  the  cotangent  of  one-half  the 
central  angle \  and  divide  the  product  by  £.  The  result  will 
be  the  area  of  the  regular  polygon. 

Let  A  be  the  area,  n  the  number  of  sides,  /  the  length  of 
a  side,  and  x  one-half  the  central  angle  included  between  two 
lines  drawn  from  the  center  to  the  extremities  of  a  side; 

then, 

A      nl%  cot  x 
A  = . 


Example. — What  is  the  area  of  a  regular  decagon  having  sides 
5  feet  long  ? 

Solution.— Here  n  is  10;  /  is  5  feet;  jr. is  *ffi  -*-  2  =  18°;  cot  18° 
=  3.07768;  whence, 

nPcotx     10  X  5  X  5  X  8.07768 


A  = 


=  192.85  sq.  ft    Ans. 


141.     The  area  of  a  regular  polygon  whose  sides  are 
known  may  also  be  found  in  the  following  manner: 

Rule. — Square  the  length  of  a  side  and  multiply  by  the 
proper  multiplier  in  the  subjoined  table. 


Name. 


Equilateral 
Triangle. 
Square.... 
Pentagon  . 
Hexagon.. 
Heptagon. 

• 


No. 
Sides. 

Multiplier. 

8 
4 
5 
6 

7 

0.4880 
1.0000 
1.7205 
2.5981 
3.6339 

Name. 

No. 
Sides. 

8 

9 

10 

Undecagon 

11 

Dodecagon 

12 

Multiplier. 


4.8284 
6.1818 
7.6942 
9.3656 
11.1960 
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Example. — What  is  the  area  of  a  regular  octagon  having  sides 
8  feet  long  ? 

Solution. —  8*  =  64;  multiplying  64  by  the  corresponding  tabular 
number,  4.8284,  the  area  is  found  to  be  64  X  4.8284  =  309.02  sq.  ft.  Ans. 


THE    ELLIPSE. 

142.  An  ellipse  is  a  plane  figure  bounded  by  a  curved 
line,  to  any  point  of  which  the  sum  of  the  distances  from  two 
fixed  points  within,  called  the  foci,  is  equal  to  the  sum  of 
the  distances  from  the  foci  to  any  other  point  on  the  curve. 

In  Fig.  86,  let  A  and  B  be  the  foci  and    let   C  and   D 

be  any  two  points  on  the 
perimeter.  Then,  according 
to  the  above  definition,  A  C 
+  CB  =  AD  +  DB,  and  both 
these  sums  are  also  equal  to 
the  long  diameter  FE. 

The  foci  may  be  located 
from  G  or  D  as  a  center  by 
striking  arcs  cutting  F  E  at  A  and  B,  using  a  radius  equal 
to  one-half  of  F  E. 

The  long  diameter  of  an  ellipse,  as  F  Ey  Fig.  86,  is  called 
the  major  axis;  the  short  diameter,  as  G  D,  is  called  the 
minor  axis. 

143.  To  find  the  periphery  (perimeter)  of  an  ellipse: 
There  is  no  exact  method,  but  the  following  formula  gives 
values  very  nearly  exact.     In  the  formula, 

*  =  3.1416; 

C  =  periphery ; 

a  =  half  the  major  axis; 

b  =  half  the  minor  axis; 

a  —  b 


Z>  = 


a  +  b' 


r         t     i   m  64  -  3  & 


Example. — What   is  the  periphery  of  an  ellipse  whose  axes  are 
10  inches  and  4  inches  ? 
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Solution. — Applying  the  formula,  a  =  5,  b  =  2,  D  =  ' — ~  =  «• 

«4  _  ft/ay* 
Then,        C  =  3.1416  (5  +  2)  .£_££-  =  23.014  in.    Ans. 

04  —  10(f) 

1 44.     To  find  the  area  of  an  ellipse : 

Rule. — The  area  of  an  ellipse  is  equal  to  the  product  of  its 
tivo  diameters  multiplied  by  .  785^. 

Let  A  be  the  longer  diameter,  or  major  axis;  B  the  shorter 
diameter,  or  minor  axis;  and  5  the  area;  then, 

S  =  ±7:AB=.y85±AB. 

Example. — What  is  the  area  of  an  ellipse  whose  diameters  are 
10  inches  and  6  inches  ? 

Solution. —Applying  the  formula,  5=  .7854  A  B  —  .7854  x  10  X  6 
=  47.12  sq.  in-  area.    Ans. 


EXAMPLES  FOR  PRACTICE. 

1.  What  is  the  area  in  square  feet  of  a  rhombus  whose  base  is 
84  inches  and  whose  altitude  is  3  feet  ?  Ans.  21  sq.  ft. 

2.  One  side  of  a  room  is  16  feet  long.  If  the  floor  contains  240  square 
feet,  what  is  the  length  of  the  other  side  ?  Ans.  15  ft. 

3.  How  many  square  feet  in  a  board  12  feet  long,  18  inches  wide  at 
one  end  and  12  inches  wide  at  the  other  end  ?  Ans.  15  sq.  ft. 

4.  How  many  square  yards  of  plastering  will  be  required  for  the 
ceiling  and  walls  of  a  room  10  ft.  X  15  ft.  and  9  feet  high  ?  The  room 
contains  one  door  8$  ft.  X  7  ft,  three  windows  3|  x  6  ft.,  and  a  base- 
board 8  inches  high.  Ans.  53.5  sq.  yd. 

5.  What  is  the  area  of  a  triangle  whose  base  is  10  feet  6  inches  long 
and  whose  altitude  is  18  feet  ?  Ans.  94.5  sq.  ft. 

6.  The  area  of  a  triangle  is  16  square  inches.  If  the  altitude  is 
4  inches,  what  does  the  base  measure  ?  Ans.  8  in. 

7.  The  upper  side  of  a  trapezium  is  16  inches  long  and  the  lower 
side  14  inches.  If  the  figure  be  divided  into  two  triangles  by  a  diag- 
onal whose  altitudes,  drawn  from  their  vertexes  to  the  two  given  sides 
as  bases,  are  17  inches  and  8  inches,  respectively,  what  is  the  area  of 
the  trapezium  ?  Ans.  157  sq.  in. 

8.  Find  the  area  of  a  circle  2  feet  3  inches  in  diameter. 

Ans.  8.976  sq.  ft. 

9.  A  carriage  wheel  was  observed  to  make  71  f  turns  while  going 
800  yards.     What  was  its  diameter  ?  Ans.  4  ft.,  nearly. 
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10.  Required,  the  diameter  of  a  circle  whose  area  is  2,004  square 
inches.  Ans.  50.51  in. 

11.  Required,  the  area  of  a  regular  pentagon  inscribed  in  a  circle 
whose  diameter  is  20  inches.  Ans.  237.77  sq.  in. 

12.  The  number  of  degrees  in  the  angle  formed  by  drawing  radii 
from  the  center  of  a  circle  to  the  extremities  of  the  arc  of  the  circle  is 
84.  The  diameter  of  the  circle  is  17  inches;  what  is  the  area  of  the 
sector  ?  Ans.  52.96  sq.  in. 

18.  Given,  the  chord  of  the  arc  of  a  segment  =  24  inches  and  the 
height  of  the  segment  =  6.5  inches,  to  find  (a)  the  diameter  of  the 
circle,  and  (b)  the  area  of  the  segment.  .       j  (a)    28.654  in. 

^  I  (b)     109.87  sq.  in. 

14.  (a)  What  is  the  perimeter  of  an  ellipse  whose  axes  are  15  inches 
and  9  inches,  and  (b)  what  is  the  area  ?  a~„  J  (*)    38-29  in. 

(b)    106.03  sq.  in. 


Ans 


145.  To  find  the  area  of  any  plane  figure  bounded  by 
straight  or  curved  lines : 

Rule. — The  area  of  any  plane  figure  may  be  found  by  divi- 
ding it  into  triangles,  quadrilaterals,  circles  or  parts  of  cir- 
cles, and  ellipses,  finding  the  area  of  each  part  separately  and 
adding  them  together. 

Example  1. — The  diagonal  of  a  trapezium  is  15  feet.  The  altitudes 
drawn  from  the  vertexes  of  the  two  triangles  to  this  diagonal  as  a  base 
are  6  feet  8  inches  and  4  feet  9  inches,  respectively.  What  is  the  area 
of  the  trapezium  ? 

Solution. —    8  inches  =  T\  foot  =  f  foot.     — ^ — -  =  50  square  feet 

=  the  area  of  one  triangle. 

15  X  4f 
9  inches  =  -$%  foot  =  \  foot.     — jr— -  =  35.63  square  feet  =  the  area 

of  the  other  triangle. 

The  area  of  the  trapezium  equals  50  +  85.68  =  85.63  sq.  ft.     Ans. 

Example  2. — What  is  the  area  of  a  flat  circular 
ring,  Fig.  87,  whose  outside  diameter  equals 
10  inches  and  whose  inside  diameter  equals 
4  inches  ? 

Solution. — The  area  of  the  large  circle  =  10* 
X  .7854  =78.54  square  inches;  the  area  of  the 
small  circle  =  4*  X  .7854  =  12.57  square  inches. 

Pio.  87.  78.54  —  12.57  =  65.97  sq.  in.,  or  the  area.    Ans. 
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Example  8. — What  is  the  exact  area  in  square  inches  of  Fig.  88  ? 

Solution.  —  Divide  the 
figure  into  rectangles,  tri- 
angles, and  parts  of  a  circle, 
as  shown  by  the  dotted  lines, 
then  the  total  area  equals 
8-inch  circle  —  4-inch  cir- 
cle —  segment  A  B  +  rect- 
angle A  B  G  F+  2  times  the 
triangle  CDE+2  times  the 
triangle  ^57+2  times 
the  rectangle  D  E  S  R 
+  the  rectangle  H I K L 
+  2  times  the  rectangle 
LM  N  P  +  2  times  the 
triangle  MO  N. 

8*  X. 7854  =  60.27  d  "• 
4*  X. 7854  =  12.57 a". 

The  chord  AB=S  inches 
and  the  radius  of  the  circle 
=  4  inches ;  hence,  the  sine 

of   one-half   the    angle    at 

1  ft 

center  =  -i-  =  .375,  andone- 
4 

half    the   angle    at   center 

=  22*  V  27",  or   angle   at 

center  =  44°  2'  54"  =-  44.05°. 


Pio.  88. 

44  05 
Area  of  sector  =  50.27  X  ^r  =  6-15  a  ". 


The  altitude  of  the  triangle  =  4  X  cos  22°  V  27"  =  8.71  inches. 

The  area  of  the  triangle  =  *     =  5.56  d  ". 

The  area  of  the  segment  =  6.15  —  5.56  =  0.59  n  ". 

The  area  of  the  rectangle  A  B  G  F=  (15  -  3.71)  X  3  =  83.87  a". 

In  the  triangle  CD  E, 

.5 


Hence. 


tan  C=^  =  . 57143  =  §^=sz^. 
CZ?  =  ^7l45  =  -875inch- 


The  area  of  the  triangle  CDE=  -875^<  *5  =  .22  a  ",  nearly. 

.22  X  2  =  .44d"  =  twice  the  area  of  the  triangle  CDK     Since, 
in   the    triangle  R  S  Tt  R  S  is   perpendicular   to  C  R  and  T  S  is 
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perpendicular  to  C F%  the  angle  5=  angle  C\   hence,  tan  5  =.57143 
-  £-T=  ^S-\  therefore,  R  T=  .57143  X  .5  =  .29  inch,  nearly. 

Area  RST.z  ,29^'5  =  .07 n ",  nearly. 

to 

Twice  the  area  of  the  triangle  R  S  T  =  .07  X  2  =  .14  n". 

Since  tan  C  =  .57143,  C  =  29  ^  44'  42". 

In  the  rectangle  BESR,  D  R  =  C  T-  (C D  +  R  T).      But   CT 

=  sin  29°44  42"  =  .4^14  =  10'°8  mcheS* 

CD  +  R  T=  .875  +  .29  =  1.16.      D  R  =  10.08  -  1.16  =  8.92.     8.92 
-f-  2  =  4.46  n  "  =  the  area  of  DESR. 

Twice  the  area  of  the  rectangle  D  E  S  R  =  4.46  X  2  =  8.92  a  ". 

The  area  of  the  rectangle  H I K  L  =  14  X  H  =  21  a  ". 

The  area  of  the  rectangle  L  MNP  =  ( — ^^-  )x3  =  1*x3  =  41q"; 

and  41  X  2  =  9  n  ". 

The  area  of  the  triangle  AfON=  f — ^—  x8)  +  2  =  1.5a". 

Twice  the  area  of  the  triangle  MO  N  —  1.5  inches  X  2  =  3  □  ". 
Then,  50.27  +  33.87  +  0.44  +  0.14  +  8.92  +  21  +  9  +  3  =  126.64d'\ 
12.57  +  0.59  =  13.16  a  ".     126.64  -  13.16  =  113.48  a  ". 
Therefore,  the  area  of  the  figure  =  113.48  d  ".    Ans. 


THE    MENSURATION    OF    SOLIDS. 

146.  A  solid,  or  body,  has  three  dimensions:  length, 
breadth,  and  thickness.  The  sides  which  enclose  it  are 
called  the  faces  and  their  intersections  are  called  edges. 

147.  The  entire  surface  of  a  solid  is  the  area  of  the 
whole  outside  of  the  solid,  including  the  ends. 

148.  The  convex  surface  of  a  solid  is  the  same  as  the 
entire  surface,  except  that  the  areas  of  the  ends  are  not 
included. 

149.  The  volume  of  a  solid  is  expressed  by  the  num- 
ber of  times  it  will  contain  another  volume,  called  the  unit 
of  volume.  Instead  of  the  word  volume,  the  expression 
cubical  contents  is  frequently  used. 
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THE  PRISM    AND  CYLINDER. 

1 50.  A  prism  is  a  solid  whose  ends  are  equal  polygons 
and  parallel  to  each  other  and  whose  sides  are  parallelo- 
grams. 


151.     A  paralleloptpedon,   Fig.    89,   is  a 
prism  whose  bases  (ends)  are  parallelograms. 


FlO.  80. 


1 52.     A  cube,  Fig.  90,  is  a  parallelopipedon 
whose  faces  and  ends  are  squares. 


Fig.  90. 


153.  The  cube,  whose  edges  are  equal  to  the  unit  of 
length,  is  taken  as  the  unit  of  volume  when  finding  the 
volume  of  a  solid. 

Thus,  if  the  unit  of  length  is  1  inch,  the  unit  of  volume 
will  be  the  cube  each  of  whose  edges  measures  1  inch,  or 
1  cubic  inch;  and  the  number  of  cubic  inches  the  solid  con- 
tains will  be  its  volume.  If  the  unit  of  length  is  1  foot,  the 
unit  of  volume  will  be  1  cubic  foot,  etc.  Cubic  inch,  cubic 
foot,  and  cubic  yard  are  abbreviated  to  cu.  in.,  cu.  ft.,  and 
cu.  yd.,  respectively. 

1 54.  Prisms  take  their  names  from  their  bases.  Thus, 
a  triangular  prism  is  one  whose  bases  are  triangles;  a  pen- 
tagonal prism  is  one  whose  bases  are  pentagons,  etc. 


155.     A  cylinder,  Fig.  91,  is  a  round  body  of 
uniform  diameter  with  circles  for  its  ends. 


Fio.  •!. 
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1 56.  A  right  prism,  or  right  cylinder,  is  one  whose 
center  line  (axis)  is  perpendicular  to  its  base.  In  this  section 
all  of  the  solids  will  be  considered  as  having  their  center 
lines  perpendicular  to  their  bases. 

157.  The  altitude  of  a  prism  or  cylinder  is  the  per- 
pendicular distance  between  Its  two  ends. 

1 58.  To  find  the  area  of  the  convex  surface  of  any  right 
prism,  or  right  cylinder. 

Rule. — Multiply  the  perimeter  of  the  base  by  the  altitude. 

Let  /  be  the  perimeter  of  the  base,  h  the  altitude,  and 
5  the  convex  surface ;  then, 

S=ph. 

Example  1. — In  a  right  prism  whose  base  is  a  square,  one  side  of 
which  is  9  inches  and  whose  altitude  is  16  inches,  what  is  its  convex 
area? 

Solution. —  9  X  4  =  86  =  the  perimeter  of  the  base.  Applying 
the  formula, 

5 =p  h  =  86  X  16  =  576  d  ",  the  convex  area.    Ans. 

To  find  the  entire  area,  add  the  areas  of  the  two  ends  to 
the  convex  area : 

Example  2. — What  is  the  entire  area  of  the  parallelopipedon  men- 
tioned in  the  last  question  ? 

Solution.— The  area  of  one  end  =  9»  =  81  a  ".  81  X  2  =  162  d  ",  or 
the  area  of  both  ends.  576  +  162  =  788  d  ",  the  entire  area  of  the  par- 
allelopipedon.    Ans. 

Example  8. — What  is  the  entire  area  of  a  right  cylinder  whose  base 
is  16  inches  in  diameter  and  whose  altitude  is  24  inches  ? 

Solution. —    16  X  8.1416  =  50.27  inches,  or  the  perimeter  (circum- 
ference) of  the  base.     50.27  X  24  =  1,206.48  a  ",  the  convex  area. 
16*  X  .7854  X  2  =  402.12  d  ",  the  area  of  the  ends. 
1,206.48  +  402. 12  =  1,608.6  d  ",  the  entire  area.     Ans. 

159.  To  find  the  volume  of  a  right  prism,  or  cylinder: 

Rule. — The  volume  of  any  right  prism  or  cylinder  equals 
the  area  of  the  base  multiplied  by  the  altitude. 
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'  Let  A  be  the  area  of  the  base,  h  the  altitude,  and  V  the 

volume;  then, 

V=AA. 

If  the  given  prism  is  a  cube,  the  three  dimensions  are  all 

equal  and  the  volume  equals  the  cube  of  one  of  the  edges. 

Hence,  if  the  volume  is  given,  the  length  of  an  edge  is  found 

by  extracting  the  cube  root. 

V 

A 

the  cylinder  or  prism  is  hollow,  the  volume  is  equal  to  the 

area  of  the  ring  or  base  multiplied  by  the  altitude. 


If  the  volume  and  area  are  given,  the  altitude  =  -?.     If 


Example  1. — What  is  the  volume  of  a  rectangular  prism  whose  base 
is  6  in.  X  4  in.  and  whose  altitude  is  12  inches  ? 

Solution. — The  base  of  a  rectangular  prism  is  a  rectangle.  Hence, 
6x4  =  24 a",  the  area  of  the  base.  Applying  the  formula  V  =.  A  h 
=  24  X  12  =  288  cu.  in.,  or  the  volume.    Ans. 

Example  2. — What  is  the  volume  of  a  cube  whose  edge  is  9  inches  ? 
Solution. —    9*  =  9x9x9  =  ^  cu-  *n- »  the  volume.    Ans. 

Example  3. — What  is  the  volume  of  a  cylinder  whose  base  is 
7  inches  in  diameter  and  whose  altitude  is  11  inches  ? 

Solution.—  79  X  -7854  =  88.48  a  ",  the  area  of  the  base.  Applying 
the  formula,  V=  A  h  =  38.48  X  11  =  423.28  cu.  in.,  the  volume.    Ans. 


THE  PYRAMID  AND  CONE* 

1 60.  A  pyramid,  Fig.  92,  is  a  solid 
whose  base  is  a  polygon  and  whose  sides 
are  triangles  uniting  at  a  common  point 
called  the  vertex. 


Pig.  92. 


161.  A  cone,  Fig.  93,  is  a  solid  whose 
base  is  a  circle  and  whose  convex  surface 
tapers  uniformly  to  a  point  called  the  vertex. 


PIO.W. 
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1 62.  The  altitude  of  a  pyramid  or  cone  is  the  perpen- 
dicular distance  from  the  vertex  to  the  base. 

163.  The  slant  height  of  a  pyramid  is  a  line  drawn 
from  the  vertex  perpendicular  to  one  of  the  sides  of  the 
base.  The  slant  height  of  a  cone  is  any  straight  line  drawn 
from  the  vertex  to  the  circumference  of  the  base. 

164.  To  find  the  area  of  a  right  pyramid  or  right 
cone: 

Rule. — The  convex  area  of  a  right  pyramid  or  cone  equals 
the  perimeter  of  the  base  multiplied  by  one-half  the  slant 
height. 

Let/  be  the  perimeter,  s  the  slant  height,  and  Cthe  con- 
vex area;  then, 

r-Ps 

Example  1. — What  is  the  convex  area  of  a  pentagonal  pyramid,  if 
each  side  of  the  base  measures  6  inches  and  the  slant  height  equals 
14  inches  ? 

Solution. — The  base  of  the  pentagonal  pyramid  is  a  pentagon,  and, 
consequently,  it  has  five  sides. 

6  X  5  =  30  inches,  or  the  perimeter  of  the  base. 

Applying  the  formula, 

C—-^-  —  — 3 —  =  210  d",  the  convex  area.     Ans. 

Example  2. — What  is  the  entire  area  of  a  right  cone  whose  slant 
height  is  17  inches  and  whose  base  is  8  inches  in  diameter  ? 

Solution. —    8  X  3.1416  =  25.1328  inches,  the  perimeter. 

25.1328  X  V  =  213.63  d  ",  the  convex  area. 
8s  X  .7854  =    50.27  □  ",  the  area  of  base. 


Sum  =  263.90  □  ",  the  entire  area.     Ans. 

165.     To  find  the  volume  of  a  right  pyramid  or  cone: 

Rule. — The  volume  of  a  right  pyramid  or  cone  equals  the 
area  of  the  base  multiplied  by  one-third  of  the  altitude. 
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Let  A  be  the  area  of  the  base^  h  the  altitude,  and  V  the 
volume;  then, 


If  the  base  of  the  pyramid  is  a  regular  polygon,  its  area 
,may  be  found  by  the  rules  in  Arts.  140  and  141. 

Example  1. — What  is  the  volume  of  a  triangular  pyramid,  the  edges 
of  whose  base  each  measure  6  inches  and  whose  altitude  is  8  inches  ? 

Solution. — The  base  is  an  equilateral  triangle,  hence,  applying  the 
rule  in  Art.  141,  the  area  is  6*  X  433  -  15.59  a".  Applying  the 
formula, 


V  = 


^^15.59x8 
8    ~         3 


=  41.57  cu.  in.     Ans. 


Example  2. — What  is  the    volume    of    a  cone  whose  altitude  is 
18  inches  and  whose  base  is  14  inches  in  diameter  ? 

Solution. —    14*  x  .7854  =  153.94  a  ",  the  area  of  the  base.    Apply- 
ing the  formula, 


V= 


A  k      153.94  X  18 


3 


8 


=  923.64  cu.  in.,  the  volume.    Ans. 


THE    FRUSTUM    OP    A    PYRAMID    OR    CONE. 


1 66.  If  a  pyramid  be  cut  by  a  plane  paral- 
lel to  the  base,  as  in  Fig.  94,  so  as  to  form  two 
parts,  the  lower  part  is  called  the  frustum  of 
the  pyramid. 


PIO.  94. 


167.  If  a  cone  be  cut  in  a  similar  manner, 
as  in  Fig.  95,  the  lower  part  is  called  the  frus- 
tum of  the  cone. 


Fig.  98. 


r.  /.—-?/ 
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168.  The  upper  end  of  the  frustum  of  a  pyramid  or 
cone  is  called  the  upper  base,  and  the  lower  end  the 
lower  base.  The  altitude  of  a  frustum  is  the  perpen- 
dicular distance  between  the  bases. 

169.  To  find  the  convex  area  of  a  frustum  of  a  right 
pyramid  or  right  cone : 

Rule. — The  convex  area  of  a  frustum  of  a  right  pyramid 
or  right  cone  equals  one-half  the  sum  of  the  perimeters  of  its 
bases  multiplied  by  the  slant  height  of  the  frustum. 

Let  /  be  the  perimeter  of  the  lower  base,  /'  that  of  the 
upper  base,  s  the  slant  height,  and  C  the  convex  area ;  then, 


C 


-  m* 


Example  1. — Given,  the  frustum  of  a  triangular  pyramid,  in  which 
each  side  of  the  lower  base  measures  10  inches,  each  side  of  the  upper 
base  measures  6  inches,  and  whose  slant  height  is  9  inches;  find  the 
convex  area. 

Solution. —  10  inches  X  3  =  30  inches,  the  perimeter  of  the  lower 
base. 

6  inches  X  8  =  18  inches,  the  perimeter  of  the  upper  base. 
Applying  the  formula, 

C=  (^^)  s  =  ^  2  ^  X  9  =  216  a  ",  the  convex  area.     Ans. 

Example  2. — If  the  diameters  of  the  two  bases  of  a  frustum  of  a 
cone  are  12  inches  and  8  inches,  respectively,  and  the  slant  height  is 
12  inches,  what  is  the  entire  area  of  the  frustum  ? 

(12x3.1416) +  (8x3.1416)      4ft      niyn  M    „     ^ 
Solution.—     v — - ^v      ;  X  12  =  376.99 □  ",  the  area 

of  the  convex  surface. 

8*X.  7854  =  50. 27  a". 
12*  X. 7854  =  113. Id". 
118.1  +  50.27  =  163.37  a  ",  the  area  of  the  two  ends. 
376.99  +  163.37  =  540.36  l  ",  the  entire  area  of  the  frustum.     Ans. 

1 70.  To  find  the  volume  of  the  frustum  of  a  pyramid  or 
cone: 

Rule. — Add  the  areas  of  the  upper  base \  the  lower  base, 
and  the  square  root  of  the  product  of  the  areas  of  the  two 
bases;    multiply  this  sum  by  one-third  of  the  altitude. 
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Let  A    be  the  area  of  lower  base,  a  the  area  of  upper 
base,  h  the  altitude,  and  V  the  volume ;  then, 

If  the  base  is  a  regular  polygon,  the  area  may  be  found  by 
the  rules  in  Arts.  140  and  141. 

Example  1. — Given,  a  frustum  of  a  hexagonal  pyramid,  each  edge 
of  the  lower  base  measuring  8  inches  and  each 
edge  of  the  upper  base  5  inches,  and  whose  alti- 
tude is  14  inches,  what  is  its  volume  ? 

Solution. — A  hexagonal  pyramid  is  one  whose 
base  is  a  regular  hexagon,  as  shown  in  Fig.  96. 
Hence,  using  the  formula  in  Art.  1 40, 


A  = 


nl*  cot  .r      6X8X8X  1.73205 


=  166.28  d 


// 


In  a  similar  way,  find  the  area  of  the  upper 
base  to  be  64.95  □  ".     Then,  applying  the  formula, 


Fig.  06. 


166.28  +  64.95  +  4/I66.28  X  64.95  =  166.28  +  64.95  -h  108.92  =  335.15. 
335.15  X  V  =  1,564.03  cu.  in.  =  the  volume.     Ans. 

Example  2. — What  is  the  volume  of  a  frustum  of  a  cone  whose 
upper  base  is  8  inches,  the  lower  base  is  12  inches  in  diameter,  and 
whose  altitude  is  15  inches  ? 

Solution.— The  area  of  the   upper  base  is  8*  X  .7854  =  50.27  d". 
The  area  of  the  lower  base  is  12*  X  .7854  =  113.1  d",  nearly. 
The  square  root  of  their  product  is  |/50.27  X  113. 1  =  75.4. 

50.27  +  113.1  +  75.4=  238.77. 
238.77  X  V  =  1.198-86  cu.  in.,  the  volume.    Ans. 


Fig.  97. 


THE    SPHERE. 

171.  A  sphere,  Fig.  97,  is  a  solid 
bounded  by  a  uniformly  curved  surface, 
every  point  of  which  is  equally  distant  from 
a  point  within,  called  the  center. 

The  word  ball  is  commonly  used  instead 
of  sphere. 
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1 72.     To  find  the  area  of  the  surface  of  a  sphere: 

Rule. —  The  area  of  the  surface  of  a  sphere  equals  the 
square  of  the  diameter  multiplied  by  3.  H16. 

Let  5  be  the  surface  and  ^/the  diameter;  then, 

S=nd\ 

Example. — What  is  the  area  of  the  surface  of  a  sphere  whose  diam- 
eter is  14  inches  ? 

Solution.— Applying  the  formula,  S=ird*  =  8.1416  X  14*  =  3.1416 
X  14  X  14  =  615.75  a  ",  the  area.     Ans. 

173*    To  find  the  volume  of  a  sphere: 

Rule. —  The  volume  of  a  sphere  equals  the  cube  of  the 
diameter  multiplied  by  .5286. 

Let  Vbe  the  volume  and  d  the  diameter;  then, 

V=\nd%  =  .5236*/\ 

Example. — What  is  the  weight  of  a  lead  cannon  ball  12  inches  in 
diameter,  a  cubic  inch  of  lead  weighing  .41  pound  ? 

Solution.— Applying  the  formula,  V  =  .5236  d*  =  .5236  x  12  X  12 
X  12  =  904.78  cubic  inches,  the  volume  of  the  ball.  904.78  X  .41 
=  370.96  lb.     Ans. 

The  volume  of  a  spherical  shell  or  hollow  sphere  is  equal 
to  the  difference  in  volume  between  two  spheres  having  the 
outer  and  inner  diameters  of  the  shell. 

174.    To  find  the  diameter  of  a  sphere  of  known  volume: 

Rule. — Divide  the  volume  by  .5286  and  extract  the  cube 
root  of  the  quotient.     The  result  is  the  diameter. 

V    =  1.2407  }/V. 


V  .5236 


Example. — The  volume  of  a  sphere  is  96.1  cubic  inches.     What  is 
its  diameter  ? 

Solution. — Applying  the  formula, 


d=  /io  =  ^So  = 12407 ?w-1  =  5C8+  in-   Ans- 
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THE  CYLINDRICAL  RING. 

1 75.  If  any  solid  be  sliced  in  pieces  whose  adjacent  sur- 
faces are  flat,  any  piece  is  called  a  plane  section  of  the  solid. 

Plane  sections  are  divided  into  three  classes  :  Longitu- 
dinal sections,  cross-sections,  and  right  sections.  A  longi- 
tudinal section  is  any  plane  section  taken  lengthwise 
through  the  solid.  Any  other  plane  section  is  called  a 
cross-section.  If  the  surface  exposed  by  taking  a  plane 
section  of  a  solid  is  perpendicular  to  the  center  line  of  the 
solid,  the  section  is  called  a  right  section.  The  surface 
exposed  by  any  longitudinal  section  of  a  cylinder  is  a  rect- 
angle. The  surface  exposed  by  a  right  section  of  a  cube  is 
a  square;  of  a  cylinder  or  cone,  a  circle;  an  oblique  cross- 
section  of  a  cylinder  is  an  ellipse.  The  lower  half  of  a  right 
section  of  a  cone  or  pyramid  is  called  a  frustum  of  the  cone 
or  pyramid. 

1 76.  To  find  the  convex  area  of  a 
cylindrical  ring: 

A  cylindrical  ring  is  a  cylinder 
bent  to  a  circle.  The  altitude  of  the 
cylinder  before  bending  is  the  same  as 
the  length  of  the  dotted  center  line  Z>, 

°  Pig.  98. 

177.  The  base  will  correspond  to  a  cross-section  on 
the  line  ~A  B  drawn  from  the  center  O.  Hence,  to  find 
the  convex  area,  multiply  the  circumference  of  an  imagi- 
nary cross-section  on  the  line  A  B  by  the  length  of  the 
center  line  D. 

Example. — A  piece  of  round-iron  rod  is  bent  into  circular  form  to 
make  a  ring  for  a  chain;  if  the  outside  diameter  of  the  ring  is  12  inches 
and  the  inside  diameter  is  8  inches,  what  is  its  convex  area  ? 

Solution. — The  diameter  of  the  center  circle  equals  one-half  the 

12  -+-  8 
sum  of  the  inside  and  outside  diameters  =  -  0 —  =10,  and  10  X  3.1416 

=  31.416  inches,  the  length  of  the  center  line.  The  radius  of  the  inside 
circle  is  4  inches,  of  the  outside  circle  6  inches ;  therefore,  the  diameter 
of  the  cross-section  on  the  line  A  B  is  2  inches.  Then,  2x3.1416 
=  6.2832  inches,  and  6. 2832x31. 416  =  197.4  a",  or  the  con  vex  area.    Ans. 
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178.     To  find  the  volume  of  a  cylindrical  ring: 

The  volume  will  be  the  same  as  that  of 
a  cylinder  whose  altitude  equals  the  length 
of  the  dotted  center  line  D,  Fig,  99,  and 
whose  base  is  the  same  as  a  cross-section  of 
the  ring  on  the  line  A  B,  drawn  from  the 
center  O.  Hence,  to  find  the  volume  of  a 
cylindrical  ring,  multiply  the  area  of  an 
fig.  99.  imaginary  cross-section  on  a  line  A  B  by 

the  length  of  the  center  line  D. 

Example. — What  is  the  volume  of  a  cylindrical  ring  whose  outside 
diameter  is  12  inches  and  whose  inside  diameter  is  8  inches  ? 

Solution. — The  diameter  of  the  center  circle  equals  one-half  the 

12  +  8 
sum  of  the  inside  and  outside  diameters  =  — ^ — =  10. 

10  X  8.1416  =  81.416  inches,  the  length  of  the  center  line. 

The  radius  of  the  outside  circle  =  6  inches,  of  the  inside  circle 
=  4  inches;  therefore,  the  diameter  of  the  cross-section  on  the  line  A  B 
=  2  inches. 

Then,  2'  X  .7854  =  3.1416  a  ",  the  area  of  the  imaginary  cross-section. 

And  8.1416  X  81.416  =  98.7  cu.  in.,  the  volume.     Ans. 


EXAMPLES   FOR    PRACTICE. 

1.  Find  the  weight  of  an  iron  bar  16  feet  long  and  2  inches  in  diam- 
eter, the  weight  of  iron  being  taken  at  .28  pound  per  cubic  inch. 

Ans.  168.891b. 

2.  What  is  the  area  of  the  entire  surface  of  a  hexagonal  prism 
12  inches  long,  each  edge  of  the  base  being  1  inch  long? 

Ans.  77.196  sq.  in. 

3.  What  is  the  volume  of  a  triangular  pyramid,  one  edge  of  whose 
base  measures  3  inches  and  whose  altitude  is  4  inches  ?    Ans.  5.2  cu.  in. 

4.  Find  the  volume  of  a  cone  whose  altitude  is  12  inches  and  the 
circumference  of  whose  base  is  31.416  inches.  Ans.  314.16  cu.  in. 

5.  A  round  tank  is  8  feet  in  diameter  at  the  top  (inside)  and  10  feet 
at  the  bottom.  If  the  tank  is  12  feet  deep,  how  many  gallons  will  it 
hold,  there  being  231  cubic  inches  in  a  gallon  ?  Ans.  5,734.2  gal. 

6.  Required,  the  area  of  the  convex  surface  of  the  frustum  of  a 
square  pyramid  whose  altitude  is  16  inches,  one  side  of  the  lower  base 
being  28  inches  long  and  of  the  upper  base  10  inches.  Ans.  1 ,395. 18  sq.  in. 

7.  What  is  the  volume  of  a  sphere  30  inches  in  diameter  ? 

Ans.  14,137.2  cu.  in. 
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8.  How  many  square  inches  in  the  surface  of  the  sphere  of 
example  7  ?  Ans.  2,827.44  sq.  in. 

9.  Required,  the  area  of  the  convex  surface  of  a  circular  ring,  the 
outside  diameter  of  the  ring  being  10  inches  and  the  inside  diameter 
7$  inches.  Ans.  107.95  sq.  in. 

10.  Find  the  cubical  contents  of  the  ring  in  the  last  example. 

Ans.  33.734  cu.  in. 

11.  The  volume  of  a  sphere  is  606.132  cubic  inches;  required,  the 
area  of  the  convex  surface  of  a  cone  whose  slant  height  is  10  inches  and 
the  diameter  of  whose  base  is  the  same  as  the  diameter  of  the  sphere. 

A.ns.  164.934  sq.  in. 

12.  What  is  the  volume  of  the  frustum  of  example  6  ? 

Ans.  6,208  cu.  in. 


T 

PlO.  100. 


PROJECTIONS. 

179.  If  perpendiculars  be  drawn  from  the  extremities 
of  a  line,  as  A  /?,  Fig.  100,  or 
Fig.  102,  to  another  line,  asHJC, 
as  shown  in  the  figures,  that 
portion  of  H  K  included  be- 
tween the  foot  of  each  perpen- 
dicular is  called  the  projection 
of  A  B  upon  H K.  Thus,  CD  M 
is  the  projection  of  A  B  upon 
H  Ky  the  point  C  is  the  projec- 
tion of  the  point  A  upon  H  K,  and  the  point  D  is  the  projec- 
tion of  the  point  B  upon  H  K. 

The  projection  of  any  point  of  A  B,  as  is,  can  be  found  by 
drawing  a  perpendicular  from  E  to  H K,  and  the  point  where 
this  perpendicular  intersects  H K  is  its  projection;  in  this 
case  the  point  F  is  the  projection  of  the  point  £  upon  H K. 

From  the  foregoing  it  is  evident  that 
the  projection  of  any  straight  line  upon 
another  line  is  found  by  considering  the 
inclined  line  as  the  hypotenuse  of  a 
right  triangle,  as  A  B,  Fig.  101,  so  that 
the  projected  length  may  be  found  by 
multiplying  the  hypotenuse  by  the 
fig.  ioi.  cosine  of  the  angle  that  it  makes  with 
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if 

Fig.  102. 


the  other  line;  thus,  A  D  is  the  projection  of  A  B  upon 
the  horizontal  line  A  C  and  B  D  is  its  projection  on  a 
vertical  line. 

It  makes  no  difference 
whether  a  line  is  straight 
or  curved,  the  method  of 
finding  the  projection  is 
exactly  the  same. 
— K  In  a  similar  way,  a  sur- 
face is  projected  upon  a 
flat  surface. 

Thus,  it  is  desired  to  project  the  irregular  surface  a  b  d  c, 
Fig.  103,  upon  the  flat 
surface  A  B  D  C.  Draw 
the  lines  a  a\  b  b'  perpen- 
dicular to  the  flat  surface ; 
join  the  points  a'  and  b' 
where  these  perpendicu- 
lars intersect  the  flat  sur- 
face A  BDCbya. straight 
line  a'  b\  and  a!  b'  is  the 
projection  of  a  b  upon 
ABDC.  The  projection  of  the  surface  abdc  upon  the 
plane  ABDCis'xn  this  case  the  quadrilateral  a'  b'  d'  c\ 


FIG.  108. 


SYMMETRICAL  AND  SIMILAR  FIGURES. 

180.     An  axis  of  symmetry  is  any  line  so  drawn  that, 

if  the  part  of  the  figure  on  one  side  of 
the  line  be  folded  on  this  line,  it  will 
coincide  exactly  with  the  other  part, 
point  for  point  and  line  for  line.  Thus, 
in  Fig.  104,  if  the  upper  half  be  folded 
over  on  the  diameter  CD,  it  will  coin- 
cide exactjy  with  the  lower  half;  also, 
if  the  part  on  the  right  of  the  diam- 
eter A  B  be  folded  over  on  A  B,  it  will 
coincide  exactly  with  the  part  on  the  left  of  this  line. 
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It  is  evident  from  the  above  that  a  circle  may  have  any 
number  of  axes  of  symmetry.     In  certain  cases,  however,  a 
figure  may  be  symmetrical  with  regard  to  only  one  axis. 
Thus,  the  isosceles  triangle  ABC,  Fig.  105, 
is  symmetrical  with  regard  to  the  axis  B  D, 
because  the  part  BCD  would  coincide  with 
the  part  B  A  Z>  if  folded  over  on  the  line  B  D ; 
but   no   other    axis   of   symmetry  could    be 
drawn.     A  rectangle  has  two  axes  of  sym- 
metry  at   right   angles   to   each    other.     A 
hexagon  has  six  axes  of  symmetry. 

181.  Similar  figures  are  those  which  are  alike  in 
form.  As  in  the  case  of  triangles,  which  have  been  con- 
sidered, two  figures,  to  be  similar,  must  have  their  corre- 
sponding sides  in  proportion,  and  the  angles  of  one  equal  to 
the  corresponding  angles  of  the  other.  Any  two  circles  or 
any  two  regular  polygons  of  the  same  number  of  sides  are 
similar. 

182.  The  areas  of  two  similar  figures  are  to  each  other 
as  the  squares  of  any  one  dimension.  Thus,  a  parallelo- 
gram 10  inches  long  and  4  inches  wide  contains  40  square 
inches.  A  similar  parallelogram  20  inches  long  would  be 
8  inches  wide  and  would  contain  160  square  inches,  while 
the  two  areas  would  be  to  each  other  as  the  squares  of  the 
corresponding  sides  of  the  parallelograms.     That  is, 

40  :  160  =  109  :  20\ 
or  40  :  160  =    4a  :    8\ 

Example. — A  circle  10  inches  in  diameter  contains  78.54  square 
inches;  what  is  the  area  of  one  12  inches  in  diameter  ? 

Solution. — Let  jr  =  the  area  of  the  larger  circle.    Then, 

78  54  v  144 
78.54  :  x  =  10*  :  12*,  or  x  =       "oo         =  113.0976  sq.  in.     Ans. 

183.  The  cubical  contents  (and  weights)  of  similar 
HolicJs  are  to  each  other  as  the  cubes  of  any  one  dimension. 

Example  1. — If  a  cast-iron  ball  9  inches  in  diameter  weighs 
100  pounds,  what  would  one  15  inches  in  diameter  weigh  ? 
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Solution.—  100  :  x  =  9s :  15*. 

100  X  3  375 
or      x  = j^- =  462.96  lb.,  the  weight  ot  larger  ball.     Ans. 

Example  2. — A  regular  hexagon  has  sides  5  inches  long;  how  much 
greater  will  the  area  of  another  regular  hexagon  be  whose  sides  are 
30  inches  long  ? 

Solution.—  30  -h  5  =  6,  or  the  length  of  a  side  of  a  30-inch  hexa- 
gon is  6  times  as  great  as  the  length  of  a  side  of  a  5-inch  hexagon ;  the 
area  will  be  6*  =  36  times  as  great.     Ans. 

This  example  may  also  be  solved  by  letting  1  represent  the  area  of 
the  5-inch  hexagon.     Then, 

1  :  x=  5*  :  SO8,  or  x  =  ^  =  36. 

184.     The  principles  given  in  Arts.  182  and  183  are 

extremely  useful  and  find  many  applications  in  practice, 
especially  in  drafting-room  practice.  Draftsmen  almost 
invariably  make  their  drawings  to  scale,  as  it  is  termed; 
that  is,  the  size  of  the  paper  they  are  using  prevents  them 
from  drawing  the  machine  or  other  object  full  size,  and  they 
are  obliged  to  draw  them  one-half  size,  one-quarter  size,  one- 
twelfth  size,  etc. ;  in  other  words,  each  line  or  dimension  on 
the  drawing  is  J,  £,  ^,  etc.  the  length  of  the  corresponding 
line  or  dimension  on  the  object.  For  example,  the  object 
represented  in  Fig.  88  is  only  £  the  actual  size,  i.  e.,  the 
length  of  each  line  or  dimension  in  the  cut  is  only  -J-  as  long 
as  it  would  be  were  the  drawing  made  full  size.  Suppose 
there  were  no  dimensions  given,  but  we  knew  that  the 
drawing  was  -J  the  actual  size,  and  we  wanted  to  know  the 
actual  area  of v  the  figure.  We  could  measure  such  lines  and 
dimensions  as  were  necessary  and  calculate  the  area  of  the 
figure  as  represented  on  the  drawing.  Then,  knowing  that 
this  figure  is  similar  in  outline  to  the  object  itself,  and  that 
any  line  or  dimension  on  the  object  is  8  times  as  long  as  the 
corresponding  line  or  dimension  on  the  drawing,  we  could 
find  the  area  of  the  object  by  multiplying  the  area  of  figure 
by  8*,  or  64.  The  multiplier  8*  is  obtained  from  the  pro- 
portion (see  Art.  182), 

area  of  figure  :  actual  area  of  object  =  l9  :  8*, 
or  actual  area  of  object  =  64  X  area  of  figure. 
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From  the  foregoing,  it  will  be  readily  seen  that  if  we 
know  the  area  of  any  figure,  no  matter  what  its  shape,  the 
area  of  any  similar  figure  may  be  found  by  finding  the  ratio 
of  any  two  lines  or  dimensions  similarly  placed  and  squaring 
the  ratio.  Also,  if  the  volume  of  any  solid  is  known,  the 
volume  of  a  similar  solid  may  be  found  by  finding  the  ratio 
of  any  two  lines  or  dimensions  similarly  placed  and  cubing 
the  ratio.  For  example,  suppose  the  area  of  a  certain  figure 
is  known  to  be  1,024  square  inches  and  it  is  desired  to  find 
the  area  of  a  similar  figure,  the  ratio  of  any  two  correspond- 
ing dimensions  being  5  :  4  or  1J  :  1.  The  area  desired  is 
obtained  by  multiplying  the  known  area  by  (li)a,  or  by 
squaring  the  ratio  5  :  4,  obtaining  25  :  16 ;  putting  this  in  the 

25 
fractional  form  — ,  and  multiplying  1,024  by  this  fraction,  we 

lb 

25 

get  1,024  Xjt=  1,600  square  inches. 

Again,  if  the  volume  of  a  certain  solid  is  known,  the 
volume  of  a  similar  solid  that  is,  say,  with  dimensions  £  as 
large,  may  be  readily  found  by  multiplying  the  known 
volume  by  ($)*  =  ^. 


ELEMENTARY  MECHANICS. 


MATTER  AND  ITS  PROPERTIES 


DEFINITIONS. 

828*  Matter  is  anything  that  occupies  space.  It  is 
the  substance  of  which  all  bodies  are  composed.  Matter  is 
composed  of  molecules  and  atoms. 

829.  A  molecule  is  the  smallest  portion  of  matter  that 
can  exist  without  changing  its  nature. 

830.  An  atom  is  an  indivisible  portion  of  matter. 
Atoms  unite  to  form  molecules,  and  a  collection  of  mole- 
cules form  a  mass  or  body. 

A  drop  of  water  may  be  divided  and  subdivided,  until 
each  particle  is  so  small  that  it  can  only  be  seen  by  the  most 
powerful  microscope,  but  each  particle  will  still  be  water. 
Now,  imagine  the  division  to  be  carried  on  still  farther  until  a 
limit  is  reached  beyond  which  it  is  impossible  to  go  without 
changing  the  nature  of  the  particle.  The  particle  of  water 
is  now  so  small  that,  if  it  be  divided  again,  it  will  cease  to 
be  water,  and  will  be  something  else ;  we  call  this  particle  a 
molecule. 

If  a  molecule  of  water  be  divided,  it  will  yield  two  atoms 
of  hydrogen  gas,  and  one  of  oxygen  gas.  If  a  molecule  of 
sulphuric  acid  be  divided,  it  will  yield  two  atoms  of  hydro- 
gen, one  of  sulphur,  and  four  of  oxygen. 

It  has  been  calculated  that  the  diameter  of  a  molecule  is 
larger  than  18B00^00000of  an  inch,  and  smaller  than  50oohooo 
of  an  inch. 

831  •  Bodies  are  composed  of  collections  of  molecules. 
Matter  exists  in  three  conditions  or  forms:  solid,  liquid,  and 
gaseous. 

For  notice  of  the  copyright,  see  page  immediately  following  the  title 
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832*  A  solid  body  is  one  whose  molecules  change 
their  relative  positions  with  great  difficulty ;  as  iron,  wood, 
stone,  etc. 

833.  A  liquid  body  is  one  whose  molecules  tend  to 
change  their  relative  positions  easily.  Liquids  readily  adapt 
themselves  to  the  vessel  which  contains  them,  and  their 
upper  surface  always  tends  to  become  perfectly  level.  Water, 
mercury,  molasses,  etc.,  are  liquids. 

834.  A  gaseous  body,  or  gas,  is  one  whose  molecules 
tend  to  separate  from  one  another;  as  air,  oxygen,  hydro- 
gen, etc. 

Gaseous  bodies  are  sometimes  called  aeriform  (air-like) 
bodies.  They  are  divided  into  two  classes — the  so-called 
"permanent" gases,  and  vapors. 

835*  A  permanent  gas  is  one  which  remains  a  gas 
at  ordinary  temperatures  and  pressures. 

836.  A  vapor  is  a  body  which  at  ordinary  tempera- 
tures is  a  liquid  or  solid,  but,  when  heat  is  applied,  becomes 
a  gas,  as  steam. 

One  body  may  be  in  all  three  states ;  as,  for  example,  mer- 
cury, which  at  ordinary  temperatures  is  a  liquid,  becomes  a 
solid  (freezes)  at  40°  below  zero,  and  a  vapor  (gas)  at  600° 
above  zero.  By  means  of  great  cold,  all  gases,  even  hydro- 
gen, have  been  liquefied,  and  some  solidified. 

By  means  of  heat,  all  solids  have  been  liquefied  and  a  great 
many  vaporized.  It  is  probable  that  if  we  had  the  means  of 
producing  sufficiently  great  extremes  of  heat  and  cold,  all 
solids  might  be  converted  into  gases,  and  all  gases  into  solids. 

837.  Every  portion  of  matter  possesses  certain  qualities 
called  properties.  Properties  of  matter  are  divided  into  two 
classes :  general  and  special. 

838*  General  properties  of  matter  are  those  which 
are  common  to  all  bodies.  They  are  as  follows:  Extension, 
impenetrability,  weight,  indestructibility,  inertia,  mobility, 
divisibility \  porosity,  compressibility,  expansibility,  and 
elasticity. 
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839.  Special  properties  are  those  which  are  not  pos- 
sessed by  all  bodies.  Some  of  the  most  important  are  as 
follows:  Hardness \  tenacity \  brittleness,  malleability,  and 
ductility. 

840.  Extension  is  the  property  of  occupying  space. 
Since  all  bodies  must  occupy  space,  it  follows  that  extension 
is  a  general  property. 

841  •  By  impenetrability  we  mean  that  no  two  bodies 
can  occupy  exactly  the  same  space  at  the  same  time. 

842.  Weight  is  the  measure  of  the  earth's  attraction 
upon  a  body.  All  bodies  have  weight.  In  former  times  it 
was  supposed  that  gases  had  no  weight,  since,  if  unconfined, 
they  tend  to  move  away  from  the  earth ;  but,  nevertheless, 
they  will  finally  reach  a  point  beyond  which  they  cannot  go, 
being  held  in  suspension  by  the  earth's  attraction.  Weight 
is  measured  by  comparing  it  with  a  standard.  The  stand- 
ard is  a  bar  of  platinum  owned  and  kept  by  the  government ; 
it  weighs  one  pound. 

843.  Inertia  means  that  a  body  cannot  put  itself  in 
motion  nor  bring  itself  to  rest.  To  do  so,  it  must  be  acted 
upon  by  some  force. 

844.  Mobility  means  that  a  body  can  be  changed  in 
position  by  some  force  acting  upon  it. 

845.  Divisibility  is  that  property  of  matter  which 
indicates  that  a  body  may  be  separated  into  parts. 

846.  Porosity  is  that  property  of  matter  which  indi- 
cates that  there  is  space  between  the  molecules  of  a  body. 
Molecules  of  bodies  are  supposed  to  be  spherical,  and,  hence, 
there  is  space  between  them,  as  there  would  be  between 
peaches  in  a  basket.  The  molecules  of  water  are  larger  than 
those  of  salt;  so  that  when  salt  is  dissolved  in  water,  its 
molecules  wedge  themselves  between  the  molecules  of  the 
water,  and,  unless  too  much  salt  is  added,  the  water  will  oc- 
cupy no  more  space  than  it  did  before.  This  does  not  prove 
that  water  is  penetrable,  for  the  molecules  of  salt  occupy 
the  space  that  the  molecules  of  water  did  not. 
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Water  has  been  forced  through  iron  by  pressure,  thus 
proving  that  iron  is  porous. 

847.  Compressibility  is  that  property  of  matter 
which  indicates  that  the  molecules  of  a  body  may  be 
crowded  nearer  together,  so  as  to  occupy  a  smaller  space. 

848.  Expansibility  is  that  property  of  matter  which 
indicates  that  the  molecules  of  a  body  may  be  forced  apart, 
so  as  to  occupy  a  greater  space. 

849.  Elasticity  is  that  property  of  matter  which  indi- 
cates that  if  a  body  be  distorted  within  certain  limits,  it  will 
resume  its  original  form  when  the  distorting  force  is  re- 
moved.    Glass,  ivory,  and  steel  are  very  elastic. 

850.  Indestructibility  indicates  that  matter  can 
never  be  destroyed.  A  body  may  undergo  thousands  of 
changes;  be  resolved  into  its  molecules,  and  its  molecules 
into  atoms,  which  may  unite  with  other  atoms  to  form  other 
molecules  and  bodies,  which  may  be  entirely  different  from 
the  original  body,  but  the  same  number  of  atoms  remains. 
The  whole  number  of  atoms  in  the  universe  is  exactly  the 
same  now  as  it  was  millions  of  years  ago,  and  will  always  be 
the  same.     Matter  is  indestructible. 

851.  Hardness  is  that  property  of  matter  which  indi- 
cates that  some  bodies  may  scratch  other  bodies.  Fluids 
and  gases  do  not  possess  hardness.  The  diamond  is  the 
hardest  of  all  substances. 

852.  Tenacity  is  that  property  of  matter  which  indi- 
cates that  some  bodies  resist  a  force  tending  to  pull  them 
apart.     Steel  is  very  tenacious. 

853.  ,  Brlttleness  is  that  property  of  matter  which 
indicates  that  some  bodies  are  easily  broken;  as  glass, 
crockery,  etc. 

854.  Malleability  is  that  property  of  matter  which 
indicates  that  some  bodies  may  be  hammered  or  rolled  into 
sheets.     Gold  is  the  most  malleable  of  all  substances. 
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855.  Ductility  is  that  property  of  matter  which  indi- 
cates that  some  bodies  may  be  drawn  into  wire.  Platinum 
is  the  most  ductile  of  substances. 

856.  Mechanics  is  that  science  which  treats  of  the 
action  of  forces  upon  bodies,  and  the  effects  which  they  pro- 
duce ;  it  treats  of  the  laws  which  govern  the  movement  and 
equilibrium  of  bodies,  and  shows  how  they  may  be  utilized. 


MOTION  AND  REST. 


VELOCITY. 

857.  Motion  is  the  opposite  of  rest,  and  indicates  a 
changing  of  position  in  relation  to  some  object.  If  a  large 
stone  is  rolled  down  hill,  it  is  in  motion  in  relation  to  the  hill. 

If  a  person  is  on  a  railway  train,  and  walks  in  the  opposite 
direction  from  that  in  which  the  train  is  moving,  and  with 
the  same  speed,  he  will  be  in  motion  as  regards  the  train, 
but  at  rest  with  respect  to  the  earth,  since,  until  he  gets  to 
the  end  of  the  train,  he  will  be  directly  over  the  spot  at 
which  he  was  when  he  started  to  walk. 

858.  The  path  of  a  body  in  motion  is  the  line  described 
by  its  central  point.  No  matter  how  irregular  the  shape  of 
the  body  may  be,  nor  how  many  turns  and  twists  it  may 
make;  the  line  which  indicates  the  direction  of  the  center  of 
the  body  for  every  instant  that  it  was  in  motion,  is  the  path 
of  the  body. 

859.  Velocity  is  rate  of  motion.  It  is  measured  by  a 
unit  of  space  passed  over  in  a  unit  of  time.  When  equal 
spaces  are  passed  over  in  equal  times,  the  velocity  is  said  to 
be  uniform.     In  all  other  cases  it  is  variable. 

If  the  fly-wheel  of  an  engine  keeps  up  a  constant  speed  of 
a  certain  number  of  revolutions  per  minute,  the  velocity  of 
any  point  on  the  wheel  is  uniform.  A  railway  train  having 
a  constant  speed  of  40  miles  per  hour,  moves  40  miles  every 
hour,  or  |2  =  §  of  a  mile  every  minute;  and,  since  equal 
spaces  are  passed  over  in  equal  times,  the  velocity  is  uniform 

7.    /.—** 
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Let  S  =  the  length  of  space  passed  over  uniformly ; 
/  =  the  time  occupied  in  passing  over  the  space  S; 
F=  the  velocity. 
Then,  the  velocity  V  must  equal  the  space  S,  divided  by 
the  time  /,  or 

F=  ^         (7.) 

Also,  the  space  S  must  equal  the  velocity  V,  multiplied  by 
the  time,  or 

S=Vt.        (8.) 

The  time  /  must  equal  the  space  S9  divided  by  the  veloc- 
ity, or 

t  =  £  (9.) 

860.  Unless  stated  otherwise,  the  space  passed  over  will 
be  the  length  of  the  path  of  the  body,  and  will  be  measured 
in  feet  and  decimals  of  a  foot,  and,  unless  otherwise  stated, 
the  time  will  be  measured  in  seconds. 

When  these  units  are  used,  the  velocity  will  be  in  feet  per 
second,  which  means  that  the  center  of  the  body  passed  over 
a  certain  number  of  feet  every  second,  and  the  unit  will  be 
one  foot  in  one  second. 

Example. — The  velocity  of  sound  in  still  air  is  1,092  feet  per  second. 
If  I  see  the  flash  of  a  cannon  when  it  is  fired,  but  do  not  hear  the  report 
until  5  seconds  afterwards,  how  far  away  is  the  cannon  ? 

Solution.— 5  =  Vt  =  1,092  X  5  =  5,460  feet.     Ans. 

Example. — The  velocity  of  light  is  186,000  miles  a  second.  If  the 
average  distance  from  the  earth  to  the  sun  is  93,000,000  miles,  how  long 
does  it  take  for  a  beam  of  light  to  reach  the  earth  from  the  sun  ? 

0  .       5      93,000,000       KnA  .  o        •     *       oa 

Solution. — /  =  -^  =  -r^rriur-  =  500   seconds,   or   8    minutes   20 

V  loo,UUU 

seconds.     Ans. 

Example. — If  a  body  passes  over  a  space  of  4,800  feet  uniformly  in  8 
minutes,  what  is  its  velocity  in  feet  per  second  ? 

Solution. — 8  minutes  =  480  seconds.  V  =  —  =  -^r-  =  10.  Hence, 
the  velocity  is  10  feet  per  second.     Ans. 

In  examples  concerning  work  the  unit  of  velocity  is  usually 
taken  as  one  foot  in  one  minute. 
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The  unit  of  time  may  be  a  second,  minute,  hour,  day,  or 
year.  The  unit  of  space  may  be  feet,  miles,  the  earth's 
radius,  or  the  distance  from  the  earth  to  the  sun,  according 
to  the  conditions  of  the  example.  The  larger  units  are  used 
only  in  astronomy. 

Example. — The  distance  from  the  earth  to  the  moon  is  about  60 
times  the  radius  of  the  earth ;  how  many  miles  is  it  from  here  to  the 
moon? 

Solution. — The  radius  of  the  earth  is  nearly  4,000  miles;  hence* 
4,000  X  60  =  240,000  miles,  the  distance  to  the  moon,  nearly.    Ans. 


EXAMPLES  FOR  PRACTICE. 

1.  The  piston  speed  of  a  steam  engine  is  10  feet  per  second ;  how 
many  miles  will  the  piston  travel  in  one  hour  ?  Ans.  6^  mi. 

2.  If  a  railroad  train  travels  70  miles  in  one  hour,  what  is  its  velocity 
in  feet  per  second  ?  Ans.  102$  ft.  per  sec. 

8.  A  man  runs  100  yards  in  12  seconds;  how  long  will  it  take  him 
to  run  a  mile  at  the  same  rate  ?  Ans.  8  min.  81.2  sec. 

4.  The  outside  diameter  of  an  engine  fly-wheel  is  13  feet  9  inches. 
A  point  on  the  rim  travels  45,000  feet  in  5  minutes;  what  is  the  velocity 
in  feet  per  second  ?  Ans.  150  ft  per  sec 

FORCE. 


THE   THREE   LAWS   OF   MOTION. 

861.  A  force  is  that  which  produces,  or  tends  to  pro- 
duce or  destroy,  motion.  Forces  are  called  by  various 
names,  according  to  the  effects  which  they  produce  upon  a 
body,  as  attraction,  1  epulsion,  cohesion,  adhesion,  accelerating 
force,  retarding  force,  resisting  force,  etc.,  but  all  are 
equivalent  to  a  push  or  pull,  according  to  the  direction  in 
which  they  act  upon  a  body.  That  the  effect  of  a  force 
upon  a  body  may  be  compared  with  another  force,  it  is 
necessary  that  three  conditions  be  fulfilled  in  regard  to  both 
forces ;  they  are  as  follows  : 

(1.)  The  point  of  application,  or  point  at  which  the  force 
acts  upon  the  body,  must  be  known. 

(2.)  The  direction  of  the  force,  or,  what  is  the  same  thing, 
the  straight  line  along  which  the  force  tends  to  move  the 
point  of  application,  must  be  known. 
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(3. )  The  magnitude  or  value  of  the  force \  when  com* 
pared  with  a  given  standard,  must  be  known. 

862.  The  unit  of  magnitude  of  forces  will  always  be 
taken  as  one  pound \  in  this  section  on  Elementary  Mechanics, 
and  all  forces  will  be  spoken  of  as  a  certain  number  of  pounds. 

863.  According  to  the  effects  which  forces  produce  upon 
a  body,  the  science  of  Mechanics  is  subdivided  as  follows: 

(1. )     Mecttanics  of  Solid  Bodies. 

(2. )     Mechanics  of  Fluids. 

(3.)     Mechanics  of  Heat,  or  Thermodynamics. 

Mechanics  of  Solids  is  further  divided  into  Statics  and 
Kinetics,  or  Dynamics,  as  it  is  commonly  called. 

Mechanics  of  Fluids  is  further  divided  into  MecJtanics  of 
Air  and  Gases,  or  Pneumatics,  and  Mechanics  of  Liquids. 
The  Mechanics  of  Liquids  is  divided  into  Hydrostatics  and 
Hydrokinetics ;    the   latter  is  also  called  Hydraulics    and 
Hydrodynamics. 

864.  Statics  treats  of  the  conditions  of  the  equilibrium 
of  bodies.  A  body  is  in  equilibrium  under  the  action  of 
forces,  when  the  forces  acting  upon  the  body  balance  each 
other. 

865.  Kinetics,  or  Dynamics,  treats  of  bodies  in 
motion,  and  the  effects  which  they  may  produce. 

866.  Pneumatics  treats  of  the  laws  of  the  pressure 
and  of  the  movement  of  air  and  other  gaseous  bodies. 

867.  Hydrostatics  treats  of  the  equilibrium  of  liquids. 

868.  Hydrokinetics  (also  called  Hydraulics  and 
Hydrodynamics)  treats  of  liquids  in  motion,  and  the  effects 
which  they  may  produce. 

869.  Thermodynamics  treats  of  the  mechanical 
effects  of  heat  upon  bodies. 

870.  The  fundamental  principles  of  the  relations 
between  force  and  motion  were  first  stated  by  Sir  Isaac 
Newton,  They  are  called  "  Newton's  Three  Laws  of 
Motion,"  and  are  as  follows: 
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(I.)  All  bodies  continue  in  a  state  of  rest,  or  of  uniform 
motion,  in  a  straight  line,  unless  acted  upon  by  some  external 
force  that  compels  a  change. 

(II. )  Every  motion,  or  change  of  motion,  is  proportional  to 
the  acting  force,  and  takes  place  in  the  direction  of  the 
straight  line  along  which  the  force  acts. 

(III.)  To  every  action  there  is  always  opposed  an  equal 
and  contrary  reaction. 

From  the  first  law  of  motion,  it  is  inferred  that  a  body 
once  set  in  motion  by  any  force,  no  matter  how  small,  will 
move  forever  in  a  straight  line,  and  always  with  the  same 
velocity,  unless  acted  upon  by  some  other  force  which  com- 
pels a  change.  It  is  not  possible  to  actually  verify  this  law, 
on  account  of  the  earth's  attraction  for  all  bodies,  but,  from 
astronomical  observations,  we  are  certain  that  the  law  is 
true.     This  law  is  often  called  the  law  of  inertia. 

871.  The  word  inertia  is  so  abused  that  a  full  under- 
standing of  its  meaning  is  necessary.  Inertia  is  not  a  force, 
although  it  is  often  so  called.  If  a  force  acts  upon  a  body 
and  puts  it  in  motion,  the  effect  of  the  force  is  stored  in  the 
body ;  and  a  second  body,  in  stopping  the  first,  will  receive  a 
blow  equal  in  every  respect  to  the  original  force,  assuming 
that  there  has  been  no  resistance  of  any  kind  to  the  motion 
of  the  first  body. 

It  is  dangerous  for  a  person  to  jump  from  a  fast-moving 
train,  for  the  reason  that,  since  his  body  has  the  same 
velocity  as  the  train,  it  has  the  same  force  stored  in  it  that 
would  cause  a  body  of  the  same  weight  to  take  the  same 
velocity  as  the  train,  and  the  effect  of  a  sudden  stoppage  is 
the  same  as  the  effect  of  a  blow  necessary  to  give  the  person 
that  velocity.  But,  by  "bracing  "  himself  and  jumping  in 
the  same  direction  that  the  train  is  moving,  and  running, 
he  brings  himself  gradually  to  rest,  and  thus  reduces  the 
danger.  If  a  body  is  at  rest,  it  must  be  acted  upon  by  a 
force  in  order  to  be  put  in  motion,  and,  no  matter  how 
great  the  force  may  be,  the  body  cannot  be  instantly  put  in 
motion. 
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The  resistance  thus  offered  to  being  put  in  motion  is  com- 
monly, but  erroneously,  called,  the  Resistance  of  Inertia. 
It  should  be  called  the  Resistance  due  to  Inertia. 

From  the  second  law,  it  is  seen  that,  if  two  or  more  forces 
act  upon  a  body,  their  final  effect  upon  the  body  will  be  in 
proportion  to  their  magnitude  and  to  the  directions  in  which 
they  act.  Thus,  if  the  wind  is  blowing  due  west,  with  a 
velocity  of  50  miles  per  hour,  and  a  ball  is  thrown  due  north 
with  the  same  velocity, 
or  50  miles  per  hour, 
the  wind  will  carry  the 
ball  just  as  far  west  as 
the  force  of  the  throw 
carried  it  north,  and 
the  combined  effect  will 
be  to  cause  it  to  move 
north-west.  The  amount 
of  departure  from  due 
north  will  be  propor- 
tional to  the  force  of 
the  wind,  and  independ- 
ent of  the  velocity  due 
to  the  force  of  the 
throw. 

In  Fig.  110,  a  ball  e 
is  supported  in  a  cup, 
the  bottom  of  which  is 
attached  to  the  lever  o 
in  such  a  manner  that 
a  movement  of  o  will 
swing  the  bottom  hori- 
zontally and  allow  the 
ball  to  drop.  Another 
ball  b  rests  in  a  hori- 
zontal groove  that  is 
provided  with  a  slit  in 
the  bottom.  A  swing- 
ing arm  is  actuated  by 
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the  spring  d  in  such  a  manner  that,  when  drawn  back  as 
shown  and  then  released,  it  will  strike  the  lever  o  and  the 
ball  b  at  the  same  time.  This  gives  b  an  impulse  in  a  hor- 
izontal direction  and  swings  o  so  as  to  allow  e  to  fall. 

On  trying  the  experiment,  it  is  found  that  b  follows  a 
path  shown  by  the  curved  dotted  line,  and  reaches  the  floor 
at  the  same  instant  as  e,  which  drops  vertically.  This 
shows  that  the  force  which  gave  the  first  ball  its  horizontal 
movement,  had  no  effect  on  the  vertical  force  which  com- 
pelled both  balls  to  fall  to  the  floor,  the  vertical  force  produc- 
ing the  same  effect  as  if  the  horizontal  force  had  not  acted. 
The  second  law  may  also  be  stated  as  follows :  A  force  has 
the  same  effect  in  producing  motion,  whether  it  acts  upon  a 
body  at  rest,  or  in  motion,  and  whether  it  acts  alone  or  with 
other  forces. 

The  third  law  states  that  action  and  reaction  are  equal 
and  opposite.  A  man  cannot  lift  himself  by  his  boot-straps, 
for  the  reason  that  he  presses  downwards  with  the  same 
force  that  he  pulls  upwards ;  the  downward  reaction  equals 
the  upward  action,  and  is  opposite  to  it. 

In  springing  from  a  boat  we  must  exercise  caution,  or  the 
reaction  will  drive  the  boat  from  the  shore.  When  we  jump 
from  the  ground,  we  tend  to  push  the  earth  from  us,  while 
the  earth  reacts  and  pushes  us  from  it. 

872.     A  force  may  be  represented  by  a  line;  thus,  in 
Fig.  Ill,  let  A  be  the  point  of  application  of  the  force;  let 
the  length  of  the  line  A  B  represent  its 
magnitude,  and  let  the  arrow-head  indicate  *  & 

the  direction  in  which  the  force  acts,  then  fio-  m. 

the  line  A  B  fulfils  the  three  conditions  (see  Art.  861),  and 
the  force  is  fully  represented. 


THE   COMPOSITION   OF   FORCES. 

873.  When  two  forces  act  upon  a  body  at  the  same 
time,  but  at  different  angles,  their  final  result  may  be  ob- 
tained as  follows : 
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In  Fig.  112,  let  A  be  the  common  point  of  application  of 
the  two  forces,  and  let  A  B  and  A  C  represent  the  magni- 
60  lb.         B        tude  and  direction  of  the  forces.     Ac- 
cording to  the  second  law  of  motion, 
the  final  effect  of  the  movement  due 
to  these  two  forces  would  be  the  same 
whether  they  acted  singly  or  together. 
Suppose  that  the  line  A  B  represents 
the  distance  that  the  force  A  B  would 
cause  the  body   to   move;   similarly, 
"j>  that  A    C    represents    the    distance 
fig.  ii2.  which  the  force  A  C  would  cause  the 

body  to  move  when  both  forces  were  acting  separately. 
The  force  A  B,  acting  alone,  would  carry  the  body  to  B ;  if 
the  force  A  C  were  now  to  act  upon  the  body,  it  would 
carry  it  along  the  line  B  Dy  parallel  to  A  C>  to  a  point  Dy 
at  a  distance  from  B  equal  to  A  C.  Join  C  and  D>  then 
C  D  is  parallel  to  A  B,  and  A  B  D  C  is  a  parallelogram. 
Draw  the  diagonal  A  D.  According  to  the  second  law  of 
motion,  the  body  will  stop  at  Dy  whether  the  forces  act 
separately  or  together,  but  if  they  act  together,  the  path 
of  the  body  will  be  along  A  Dy  the  diagonal  of  the  paral- 
lelogram. Moreover,  the  length  of  the  line  A  D  repre- 
sents the  magnitude  of  a  force  which,  acting  at  A  in  the 
direction  A  D,  would  cause  the  body  to  move  from  A  to  D\ 
in  other  words,  A  Dy  measured  to  the  same  scale  as  A  B  and 
A  Cy  represents,  in  magnitude  and  direction,  the  combined 
effect  of  the  two  forces  A  B  and  A  C. 

874.  This  line  A  D  is  called  the  resultant.  Suppose 
that  the  scale  used  was  50  pounds  to  the  inch ;  then,  if  A  B 
=  50  pounds,   and  A  C  =  62£  pounds,   the  length  of  A  B 

would  be  —  =  1  inch,  and  the  length  of  A  C  would  be  — ^- 
50  50 

=  \\  inches.     If  A  D,  or  the  resultant,  measures  1$  inches, 

its  magnitude  would  be  If  x  50  =  87£  pounds. 

Therefore,  a  force  of  87£  pounds  acting  upon  a  body  at  A 
in  the  direction  A  D,  will  produce  the  same  result  as  the 


ELEMENTARY  MECHANICS.  309 

combined  effects  of  a  force  of  50  pounds  acting  in  the  direc- 
tion A  B,  and  a  force  of  62£  pounds  acting  in  the  direction  A  C. 

875.  The  above  method  of  finding  the  resulting  action 
of  two  forces  acting  upon  a  body  at  a  common  point,  is  correct, 
whatever  may  be  their  direction  and  magnitudes.  Hence, 
to  find  the  resultant  of  two  forces  when  their  common  point 
of  application,  their  direction  and  magnitudes  are  known : 

Rule  I. — Assume  a  point,  and  draw  two  lines  parallel  to 
the  directions  of  the  lines  of  action  of  the  tivo  forces.  With 
any  convenient  scale,  measure  off  from  the  point  of  intersec- 
tion (common  point  of  application),  distances  corresponding  to 
the  magnitudes  of  the  respective  forces,  and  complete  the 
parallelogram.  From  the  common  point  of  application,  draw 
the  diagonal  of  the  parallelogram  ;  this  diagonal  will  be  the 
resultant,  and  its  direction  will  be  away  from  the  point  of 
application.  Its  magnitude  should  be  measured  with  the  same 
scale  that  was  used  to  measure  the  two  forces. 

This  method  is  called  the  graphical  method  of  the 
parallelogram  of  forces. 

876-  Experimental  Proof. — The  principle  of  the  par- 
allelogram of  forces  is  clearly  shown  in  Fig.  113.  A  B  D  C 
is  a  wooden  frame,  jointed  to  allow  motion  at  its  four  corners. 
The  length  A  B  equals  CD;  that  of  A  C  equals  B  D,  and 
the  corresponding  adjacent  sides  are  in  the  ratio  of  two  to 
three.  Cords  pass  over  the  pulleys  M  and  N,  carrying 
weights  W  and  w,  of  90  and  60  pounds.  The  ratio  between 
the  weights  equals  the  ratio  of  the  corresponding  adjacent 
sides.     A  weight  V  of  120  pounds  is  hung  from  the  corner  A. 

When  the  frame  comes  to  rest,  the  sides  A  B  and  A  C  lie 
in  the  direction  of  the  cords.  These  sides  A  B  and  A  C  are 
accurate  graphic  representations  of  the  two  forces  acting 
upon  the  point  A.  It  will  be  found  that  the  diagonal  A  D 
is  vertical,  and  twice  as  long  as  A  C ;  hence,  since  A  C  rep- 
resents a  force  of  60  pounds,  A  D  will  represent  a  force  of 
2  X  60,  or  120  pounds. 

Thus,  we  see  that  the  line  A  D  represents  the  resultant  of 
the  two  forces  A  B  and  A  C ;  in  other  words,  it  represents 
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the  resultant  of  the  two  weights  If  and  w.  This  resultant 
is  equal  and  opposite  to  the  vertical  force,  which  is  due  to 
the  weight  of  V. 


Flo.  118. 

Satisfactory  results  of  this  kind  will  be  secured  when  we 
have  the  proportion 

A  B-.AC-W  \w. 

Example. — If  two  forces  act  upon  a  body  at  a  common  point,  both 
acting  away  from  the  body,  and  the  angle  between  them  is  80°,  what  is 
the  value  of  the  resultant,  the  magnitude  of  the  two  forces  being 
60  pounds  and  00  pounds,  respectively  ? 

Solution. — Draw  two  indefinite  lines.  Fig.  114,  making  an  angle 
of  80°.  With  any  convenient  scale,  say  10  pounds  to  the  inch,  measure 
off  A  B  =  60  -i-  10  =  S  inches,  and  AC  =  00  +  10  =  9  inches. 

Through  B,  draw  BD  parallel  to  A  C,  and  through  C,  draw  CD 
parallel  to  A  B,  intersecting  at  D.  Then  draw  A  D,  and  A  I)  will  be  the 
resultant;  its  direction  is  towards  the  point  D,  as  shown  by  the  arrow. 

Measuring  A  D,  we  find  that  its  length  =  11.7  inches.  Hence, 
11.7X10  =  117  pounds.     Ans. 

Caution. — In  solving  problems  by  the  graphical  method,  use  as 
large  a  scale  as  possible.     More  accurate  results  are  then  obtained. 

877a     The  above  example  might  also  have  been  solved 
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by  the  method  called  the  triangle   of  forces,  which  is 
as  follows: 

In  Fig.  114,  suppose  that  the  two  forces  acted  separately, 
first  from  A  to  B,  and  then 
from  B  to  D,  in  the  direction 
of  the  arrows. 

Draw  A  D\  then  A  D  is 
the  resultant  of  the  forces 
A  B  and  A  C,  since  B  D  = 
A   C;  but  A  D  is  a  side  of 
the  triangle  A  B  D.     It  will  * 
also  be  noticed  that  the  di- 
rection of  A  D  is  opposed  to  that  of  A  B  and  B  D ;  hence,  to 
find  the  resultant  of  two  forces  acting  upon  a  body  at  a 
common  point,  by  the  method  of  triangle  of  forces: 

Rule  II. — Draw  the  lines  of  action  of  the  two  forces  as 
if  each  force  acted  separately \  the  lengths  of  the  lines  being 
proportional  to  the  magnitude  of  the  forces.  Join  the  extrem- 
ities of  the  two  lines  by  a  straight  line,  and  it  will  be  the  re- 
sultant;  its  direction  will  be  opposite  to  that  of  the  two  forces. 

Note. — When  we  speak  of  the  resultant  being  opposed  in  direction 
to  the  other  forces  around  the  polygon,  we  mean  that,  starting  from 
the  point  where  we  began  to  draw  the  polygon,  and  tracing  each  line 
in  succession,  the  pencil  will  have  the  same  general  direction  around 
the  polygon,  as  if  passing  around  a  circle,  from  left  to  right,  or  from 
right  to  left,  but  that  the  closing  line  or  resultant  must  have  an  oppo- 
site direction,  that  is,  the  two  arrow-heads  must  point  towards  the  ' 
point  of  intersection  of  the  resultant  and  the  last  side. 

878.  When  three  or  more  forces  act  upon  a  body  at  a 
given  point,  their  resultant  may  be  found  by  the  following  rule : 

Rule  III. — Find  the  resultant  of  any  two  forces ;  treat 
this  resultant  as  a  single  force,  and  combine  it  with  a  third 
force  to  find  a  second  resultant.  Combine  this  second  result- 
ant  with  a  fourth  force,  to  find  a  third  resultant,  etc.  After 
all  the  forces  have  been  thus  combined,  the  last  resultant  will 
be  the  resultant  of  all  of  the  forces,  both  in  magnitude  and 
direction. 

Example.— Find  the  resultant  of  all  the  forces  acting  on  the  point  O 
in  Fig.  115,  the  length  of  the  lines  being  proportional  to  the  magnitude 
of  the  forces. 
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Solution. — Draw  0  E  parallel  and  equal  to  A  0,  and  EF  parallel 
and  equal  to  BO,  then  0  Fis  the  resultant  of  these  two  forces,  and  its 
direction  is  from  0  to  F,  opposed  to  0  E  and  EE.  Treat  0  Fas  if  0  E 
and  EE  did  not  exist,  and  draw  EG  parallel  and  equal  to  0  C;  OjG 
will  be  the  resultant  of  OF  and  EG;  but  OF  is  the  resultant  of  0 E 
and  EF,  hence,  0  G  is  the  resultant  of  OE,  EE,  and  EG,  and  likewise 
of  A  0,  B  0,  and  CO.  The  line  EG,  parallel  to  CO,  could  not  be  drawn 
from  the  point  0  to  the  right  of  0  E,  for  in  that  case  it  would  be  opposed 
in  direction  to  OF;  but  EG  must  have  the  same  direction  as  OF,  in 
order  that  the  resultant  may  be  opposed  to  both  0  Fand  EG. 

For  the  same  reason,  draw  G L  parallel  and  equal  to  DO.  Join  0 
and  L,  and  0 L  will  be  the  resultant  of  all  the  forces  A  0,  BO,  CO, 
and  D  0  (both  in  magnitude  and  direction),  acting  at  the  point  On    If 


L  0  were  drawn  parallel  and  equal  to  0  L,  and  having  the  same  direc- 
tion, it  would  represent  the  effect  produced  on  the  body  by  the  com- 
bined action  of  the  forces  A  0,  BO,  CO,  and  DO. 

879.  In  the  last  figure,  it  will  be  noticed  that  0  EyE  F, 
F  G,  G  Z,  and  L  0  are  sides  of  a  polygon  0  E  F  G  Z,  in 
which  0  Z,  the  resultant,  is  the  closing  side,  and  that  its 
direction  is  opposed  to  that  of  all  the  other  sides.  This  fact 
is  made  use  of  in  what  is  called  the  method  of  the  poly- 
gon of  forces. 

To  find  the  resultant  of  several  forces  acting  upon  a  body 
at  the  same  point  : 

Rule  IV. — Through  a  convenient  point  on  the  drawing, 
draw  a  line  parallel  to  one  of  the  forces*  and  having  the  same 
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direction  and  magnitude.  At  the  end  of  this  line,  draw  an- 
other line  parallel  to  a  second  force,  and  having  the  same  di- 
rection and  magnitude  as  this  second  force  ;  at  the  end  of  the 
second  line,  draw  a  line  parallel  and  equal  in  magnitude  and 
direction  to  a  third  force.  Thus  continue  until  lines  have 
been  drawn  parallel  and  equal  in  magnitude  and  direction  to 
all  of  the  forces. 

The  straight  line  joining  the  free  ends  of  the  first  and  last 
lines  will  be  the  closing  sides  of  the  polygon  ;  mark  it  opposite 
in  direction  to  that  of  the  other  forces  around  the  polygon, 
and  it  will  be  the  resultant  of  all  the  forces. 

Example. — If  five  forces  act  upon  a  body  at  angles  of  60°,  120°,  180% 
240°,  and  270°,  towards  the  same  point,  and  their  respective  magnitudes 
are  60,  40,  30,  25,  and  20  pounds,  find  the  magnitude  and  direction  of 
their  resultant  by  the  method  of  polygon  of  forces.* 

Solution. — From  a  common  point  O,  Fig.  116,  draw  the  lines  of 


Fig.  116. 

action  of  the  forces,  making  the  given  angles  with  a  horizontal  line 
through  Oy  and  mark  them  as  acting  towards  0,  by  means  of  arrow- 
heads, as  shown.  Now,  choose  some  convenient  scale,  such  that  the 
whole  figure  may  be  drawn  in  a  space  of  the  requrred  size  on  the 
drawing.  Choose  any  one  of  the  forces,  as  A  O,  and  draw  O  F  parallel 
to  it,  and  equal  in  length  to  30  pounds  on  the  scale.  It  must  also  act  in 
the  same  direction  as  O  A  At  7%  draw  FG  parallel  to  BO,  and  equal 
to  40  pounds.     In  a  similar  manner,  draw  G  H%  H I%  and  IK  parallel  to 

♦Note. — As  stated  in  Art.  742,  all  angles  are  measured  from  a 
horizontal  line,  in  a  direction  opposite  to  the  movement  of  the  hands  of 
a  watch  (from  around  the  circle  to  the  left),  from  1°  or  less  up  to  360°. 
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CO,  DO,  and  E Ot  and  equal  to  60,  20,  and  25  pounds,  respectively. 
Join  O  and  K  by  O  K,  and  O  K  will  be  the  resultant  of  the  combined 
action  of  the  five  forces;  its  direction  is  opposite  to  that  of  the  other 
forces  around  the  polygon  O  F  G  H I  Kt  and  its  magnitude  =  55f 
pounds.     Ans. 

If  the  resultant  O  Ky  in  Fig.  116,  were  to  act  alone  upon 
the  body  in  the  direction  shown  by  the  arrow-head,  with  a 
force  of  55J  pounds,  it  would  produce  exactly  the  same 
effect  upon  a  body  as  the  combined  action  of  the  five  forces. 

If  O  Fy  F  Gt  G  H%  H  I%  and  /  K  represent  the  distances 
and  directions  that  the  forces  would  move  the  body,  if  act- 
ing separately,  O  K  is  the  direction  and  distance  of  move- 
ment of  the  body  when  all  the  forces  act  together. 

880.  From  what  has  been  said  before,  it  is  seen  that 
any  number  of  forces  acting  on  a  body  at  the  same  point, 
or  having  their  lines  of  action  pass  through  the  same  point, 
can  be  replaced  by  a  single  force  (resultant),  whose  line  of 
action  shall  pass  through  that  point. 

881.  Heretofore,  it  has  been  assumed  that  the  forces 
acted  upon  a  single  point  on  the  surface  of  the  body,  but  it 
will  make  no  difference  where  they  act,  so  long  as  the  lines 
of  action  of  all  the  forces  intersect  at  a  single  pointy  either 
within  or  without  the  body,  only  so  that  the  resultant  can 
be  drawn  through  the  point  of  intersection.  If  two  forces 
act  upon  a  body  in  the  same  straight  line  and  in  the  same 
direction,  their  resultant  is  the  sum  of  the  two  forces  ;  but,  if 
they  act  in  opposite  directions,  their  resultant  is  the  differ - 
ence  of  the  two  forces,  and  its  direction  is  the  same  as  that 
of  the  greater  force.  If  they  are  equal  and  opposite,  the 
resultant  is  zero,  or  one  force  just  balances  the  other. 

Example. — Find  the  resultant  of  the  forces  whose  lines  of  action 
pass  through  a  single  point,  as  shown  in  Fig.  117. 

Solution. — Take  any  convenient  pointy,  and  draw  a  line  gf  par- 
allel to  one  of  the  forces,  say  the  one  marked  40,  making  it  equal  in 
length  to  40  pounds  on  the  scale,  and  indicate  its  direction  by  the 
arrow-head.  Take  some  other  force — the  one  marked  87  will  be  con- 
venient; the  line/<?  represents  this  force.  From  the  point  <?,  draw  a 
line  parallel  to  some  other  force ;  say  the  one  marked  29,  and  make  it 
equal  in  magnitude  and  direction  to  it.  So  continue  with  the  other 
forces,  taking  care  that  the  general  direction  around  the  polygon  is  not 


ELEMENTARY  MECHANICS. 


315 


changed.  The  last  force  drawn  in  the  figure  is  a  b%  representing  the 
force  marked  25.  Join  the  points  a  and  g;  then,  ag  is  the  resultant 
of  all  the  forces  shown  in  the  figure.    Its  direction  is  from  g  to  a  op- 


Fio.  117. 


posed  to  the  general  direction  of  the  others  around  the  polygon.  It  does 
not  matter  in  what  order  the  different  forces  are  taken,  the  resultant  will 
be  the  same  in  magnitude  and  direction,  if  the  work  is  done  correctly. 

882.  The  various  methods  of  finding  the  resultant  of 
several  forces  are  all  grouped  under  one  head  :  The  compo- 
sition of  forces. 


THE   RESOLUTION   OF   FORCES. 

883.  Since  two  forces  can  be  combined  to  form  a  single 
resultant  force,  we  may  also  treat  a  single  force  as  if  it  were 
the  resultant  of  two  forces,  whose  action  upon  a  body  will 
be  the  same  as  that  of  a  single  force.  Thus,  in  Fig.  118, 
the  force  O  A  may  be  resolved  into  two  forces,  O  B  and  B  A% 
whose  directions  are  opposed  to  O  A. 

If  the  force  O  A  acts  upon  a  body,  moving  or  at  rest  upon 
a  horizontal  plane,  and  the  resolved  force  O  B  is  vertical, 
and  B  A   horizontal,   O  B9  measured  to  the  same  scale  as 
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OA,  is  the  magnitude  of  that  part  of  0  A  which  pushes  the 

body  downwards%  while  B  A  is  the  magnitude  of  that  part 
Q  of  the  force  0  A  which  is 

exerted  in  pushing  the  body 
in  a  horizontal  direction. 
0  B  and  B  A  are  called  the 
components  of  the  force 
0A,2ind  when  these  com- 
ponents are  vertical  and 
yiq.  us.  horizontal,  as  in  the  present 

case,  they  are  called  the  vertical  component  and  the  horizontal 

component  of  the  force  O  A. 

884.  It  frequently  happens  that  the  position,  magni- 
tude and  direction  of  a  certain  force  is  known,  and  that  it  is 
desired  to  know  the  effect  of  the  force  in  some  direction, 
other  than  that  in  which  it  acts.  Thus,  in  Fig.  118,  suppose 
that  O  A  represents,  to  some  scale,  the  magnitude,  direction, 
and  line  of  action  of  a  force  acting  upon  a  body  at  A,  and 
that  it  is  desired  to  know  what  effect  O  A  produces  in  the 
direction  B  A.  Now  B  A,  instead  of  being  horizontal,  as  in 
the  cut,  may  have  any  direction.  To  find  the  value  of  the 
component  of  O  A  which  acts  in  the  direction  B  A,  we 
employ  the  following  rule : 

Rule  V. — From  one  extremity  of  the  line  representing  the 
given  force •,  draw  a  line  parallel  to  the  direction  in  which  it  is 
desired  that  the  component  shall  act ;  from  the  other  extrem- 
ity of  the  given  force \  draw  a  line  perpendicular  to  the  com- 
ponent first  drawn,  and  intersecting  it.  The  length  of  the 
component ',  measured  frorn  the  point  of  intersection  to  the  in- 
tersection of  the  component  with  the  given  force,  will  be  mag- 
nitude of  the  effect  produced  by  the  given  force  in  the  required 
direction. 

Thus,  suppose  O  A,  Fig.  118,  represents  a  force  acting 
upon  a  body  resting  upon  a  horizontal  plane,  and  it  is  de- 
sired to  know  what  vertical  pressure  O  A  produces  on  the 
body.  Here  the  desired  direction  is  vertical;  hence,  from 
one  extremity,  as  Oy  draw  O  B  parallel  to  the  desired  direc- 
tion (vertical  in  this  case),  and  from  the  other  extremity, 
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draw  A  B  perpendicular  to  0  B9  and  intersecting  0  B  at 
B.  Then  0  B9  when  measured  to  the  same  scale  as  0  A% 
will  be  the  value  of  the  vertical  pressure  produced  by  0  A. 

Example. — If  a  body  weighing  200  pounds  rests  upon  an  inclined 
plane  whose  angle  of  inclination  to  the  horizontal  is  18%  what  force 
does  it  exert  perpendicular  to  the  plane,  and  what  force  does  it  exert 
parallel  to  the  plane,  tending  to  slide  downwards  ? 

Solution. — Let  ABC,  Fig.  119,  be  the  plane,  the  angle  A  being 
equal  to  18°,  and  let  W  be  the  weight  Draw  a  vertical  line  FD  » 
200  pounds,  to  represent  the  magnitude 
of  the  weight.  Through  F%  draw  FE 
parallel  to  A  B%  and  through  D  draw 
D  E  perpendicular  to  EF,  the  two  lines 
intersecting  at  E  FD  is  now  resolved 
into  two  components,  one,  FE%  tending 
to  pull  the  weight  downwards,  and  the 
other,  ED,  acting  as  a  perpendicular 
pressure  on  the  plane. 

Since  FD  is  perpendicular  to  A  C% 
and  ED  is  perpendicular  to  A  B,  the 
angle  D  =  angle  A  =  18°. 

Hence,  FE—  200  X  sin  18°  =  200  X  .80902  =  61.804  pounds,  and  ED 
c  200  X  cos  18°  =  200  X  .95106  =  190.212  pounds. 

Force  parallel  to  the  plane  =  61.804  pounds.  i  . 

Force  perpendicular  to  the  plane  =  190.212  pounds.  ) 


DYNAMICS. 

885*  Dynamics  may  be  defined  as  that  branch  of 
Mechanics  which  deals  with  bodies  moving  with  a  variable 
velocity.  In  Elementary  Mechanics  we  shall  consider  only 
falling  bodies  and  centrifugal  force. 


GRAVITATION. 

886*  Every  body  in  the  universe  exerts  a  certain 
attractive  force  on  every  other  body,  which  tends  to  draw 
the  two  bodies  together.  This  attractive  force  is  called 
gravitation. 

If  a  body  is  held  in  the  hand,  a  downward  pull  is  felt,  and 
if  let  go  of,  it  will  fall  to  the  ground.  This  pull  is  com- 
monly called  weight,  but  it  really  is  the  attraction  between 
the  earth  and  the  body. 


T.    1—23 
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887#  Force  of  gravity  is  a  term  used  to  denote  the 
attraction  between  the  earth  and  bodies  upon  or  near  its 
surface.  It  always  acts  in  a  straight  line  between  the  cen- 
ter of  the  body  and  the  center  of  the  earth.  The  force  of 
gravity  varies  at  points  on  the  earth's  surface. 

It  is  slightly  less  on  the  top  of  a  high  mountain  than  at 
the  level  of  the  sea.  For  this  reason,  the  weight  of  a  body 
also  varies.  But  if  the  weight  of  a  body  at  any  place  be 
divided  by  the  force  of  gravity  at  that  place,  the  result  is 
called  the  mass  of  the  body. 

888.  The  mass  of  a  body  is  the  measure  of  the  actual 
amount  of  matter  that  it  contains,  and  is  always  the  same. 

If  the  mass  of  the  body  be  represented  by  m,  its  weight 

by  Wf  and  the  force  of  gravity  at  the  place  where  the  body 

was  weighed,  by  gy  we  have 

weight  of  body  W  /^  ^  % 

mass  =  7 — - — t—, r^-,  or  m  =  — .  (lO.) 

force  of  gravity'  g  x        ' 

889.  Law  of  Gravitation  : — 

The  force  of  attraction  by  which  one  body  tends  to  draw 
another  body  towards  ity  is  directly  proportional  to  its  massf 
and  inversely  proportional  to  the  square  of  the  distance  be- 
tween their  centers. 

890.  Laws  of  Weight  :— 

Bodies  weigh  most  at  the  surface  of  the  earth.  Below  the 
surface,  the  weight  decreases  as  the  distance  to  the  center 
decreases. 

Above  the  surface  tlte  weight  decreases  as  the  square  of  the 
distance  increases. 

Illustration. — If  the  earth's  radius  is  4,000  miles,  a  body 
that  weighs  100  pounds  at  the  surface  will  weigh  nothing  at 
the  center,  since  it  is  attracted  in  every  direction  with  equal 
force.  At  1,000  miles  from  the  center,  it  will  weigh  25 
pounds,  since 

4,000  :  1,000  =  100  :  25. 

At  2,000  miles  from  the  center,  it  will  weigh  50  pounds, 

since 

4,000  :  2,000  =  100  :  50. 
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At  3,000  miles  from  the  center,  it  will  weigh  75  pounds, 
and  at  the  surface,  or  4,000  miles  from  the  center,  it  will 
weigh  100  pounds.  If  carried  still  higher,  say  1,000  miles 
from  the  surface,  or  5,000  miles  from  the  center  of  the 
earth,  it  will  weigh  64  pounds,  since 

5,000'  :  4,000s  =  100  :  64. 

At  4,000  miles  from  the  surface,  it  will  weigh  25  pounds, 

since 

8,000*  :  4,000'  =  100  :  25. 

891.     Formulas  for  Gravity  Problems: — 

Let  W=  weight  of  body  at  the  surface; 

w  =  weight  of  a  body  at  a  given  distance  above  or 

below  the  surface ; 

*/=  distance  between  the  center  of  the  earth  and 

the  center  of  the  body ; 

R  =  radius  of  the  earth  =  4,000  miles. 

Formula  for  weight  when  the  body  is  below  the  surface: 

wR  =  dW.  (11.) 

Formula  for  weight  when  the  body  is  above  the  surface: 

wd*  =  WR*.  (12.) 

Example. — How  far  below  the  surface  of  the  earth  will  a  25- pound 
ball  weigh  9  pounds  ? 

Solution. — Use  formula  ll9wR  =  d  IV. 
Substituting  the  values  of  R,  Wt  and  wt  we  have 

9x4,000  =  //x25,  or 

*/= ^ =  1,440  miles  from  the  center.    Ana. 

25 

Example. — If  a  body  weighs  700  pounds  at  the  surface  of  the  earth, 
at  what  distance  above  the  earth's  surface  will  it  weigh  112  pounds  ? 

Solution. — Use  formula  12,  w  */*=  JVR9. 
Substituting  the  values  of  R%  W%  and  «/,  we  have 

112  X  d%  =  700  X  4,000»,  or 

,=i/WxW  =  10000  milca 

Therefore,  10,000  —  4,000  =  6,000  miles  above  the  earth's  surface, 
Ans. 

Example. — The  top  of  Mt.  Hercules  was  said  to  be  32,000  feet,  say 
6  miles  above  the  level  of  the  sea.  If  a  body  weighs  1,000  pounds  at 
9ea-level,  what  would  it  weigh  if  carried  to  the  top  of  the  mountain  ? 

Solution.—    w  d'  =  WB*%  or  w  x  4,006*  =  1,000  x  4.0001 ;  whence, 

4,000*  X  1,000      ^  . 

w  =  — — iQrutk =  W1  pounds.    A  ns. 
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EXAMPLES  FOR  PRACTICE. 

1.     How  much  would   1,000    tons  of   coal  weigh    one   mile   below 
the  surface  ?  Ana.  1,899,000  lb. 

3.  How  much  would  the  coal  in  example  1  weigh  one  mile  above  the 
surface  ?  Ans.  1,999,000  lb.,  nearly. 

8.  How  far  above  the  earth's  surface  would  it  be  necessary  to  carry 
a  body  in  order  that  it  may  weigh  only  half  as  much  ? 

Ans.  1,656.854  miles,  nearly. 

4.  A  man  weighs  160  pounds  at  the  surface;  how  much  will  he 
weigh  60  miles  below  the  surface  ?  Ans.  158  lb. 

5.  If  a  body  weighs  100  pounds  400  miles  above  the  earth's  surface, 
how  much  will  it  weigh  at  the  surface  ?  Ans.  121  lb. 

Note. — Use  4,000  miles  as  the  radius  ef  the  earth. 


FALLING   BODIES. 

892.  If  a  leaden  ball  and  a  piece  of  paper  are  dropped 
from  the  same  height,  the  ball  would  strike  the  ground  first. 

This  is  not  because  the  leaden  ball  is  the 
heavier,  but  because  the  resistance  of  the  air 
has  a  greater  retarding  effect  upon  the  paper 
than  upon  the  ball.  If  we  place  this  same 
leaden  ball  and  a  piece  of  paper  in  a  glass 
tube,  Fig.  120,  from  which  all  of  the  air  has 
been  exhausted,  it  would  be  found  that  when 
the  tube  was  inverted,  both  would  drop  to 
the  bottom  in  exactly  the  same  time.  This 
experiment  proves  that  it  was  only  the  resist- 
ance of  the  air  that  caused  the  ball  to  reach 
the  ground  first,  in  the  former  experiment. 
This  resistance  of  the  air  may  be  nearly 
equalized  by  making  the  two  bodies  of  the 
same  shape  and  size.  For  example,  if  a 
wooden  and  an  iron  ball,  having  equal  diam- 
>'  eters,  were  dropped  from  the  same  height, 
fio.  120.        they    would    strike    the    ground    at    almost 

exactly  the  same  instant,  although  the  iron  ball  might  be 

ten  times  as  heavy  as  the  wooden  ball. 

893.  Suppose  there  were  several  leaden  balls,  as  shown 
in  Fig.  121,  at  a;  it  is  obvious  that  if  they  were  dropped 
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together,  all  would  strike  the  ground  at  the  same  time.    If  the 
balls  were  melted  together  into  one  $ 

ball,  as  b,   they  would  still  fall  to#  fl    a   a    a         /^ 
gether,  and  strike  the  ground  in  the  ^^ 

same  time  as  before.  ^  M' 

Since  a  number  of  horses  cannot  run  a  mile  in  less  time 
than  a  single  horse,  so  100  pounds  can  fall  no  further  in  a 
given  time  than  one  pound  can. 

894*  Acceleration  is  the  rate  of  change  of  velocity. 
If  a  force  acts  upon  a  body  free  to  move,  then,  according  to 
the  first  law  of  motion,  it  will  move  forever  with  the  same 
velocity  unless  acted  upon  by  another  force. 

Suppose  that,  at  the  end  of  one  second,  the  same  force 
were  to  act  again,  the  velocity  at  the  end  of  the  second 
second  would  be  twice  as  great  as  at  the  end  of  the  first 
second.  If  the  same  force  were  to  act  again,  the  velocity 
at  the  end  of  the  third  second  would  be  three  times  that  at 
the  end  of  the  first  second.  So,  if  a  constant  force  acts 
upon  a  body  free  to  move,  the  velocity  of  the  body  at  the 
end  of  any  time  will  be  the  velocity  at  the  end  of  one  second, 
multiplied  by  the  number  of  seconds. 

895*  This  constant  force  is  called  a  constant  acceler- 
ating force,  or  constant  retarding  force,  according  as 
the  velocity  is  constantly  increased  or  decreased. 

If  a  body  is  dropped  from  a  high  tower,  the  velocity  with 
which  it  approaches  the  ground  will  be  constantly  increased 
or  accelerated ;  for  the  attraction  of  the  earth,  or  force  of 
gravity,  is  constant,  and  acts  upon  the  body  as  a  constant 
accelerating  force.  It  has  been  found  by  careful  experi- 
ments that  this  force  of  gravity,  or  constant  accelerating 
force,  on  a  freely  falling  body,  is  equivalent  to  giving  the 
body  a  velocity  of  32.16  feet  in  one  second;  it  is  always  de- 
noted by  g.  As  was  mentioned  before,  g  varies  at  different 
points  of  the  earth,  being  32.0902  at  the  equator,  and 
32.2549  at  the  poles.  Its  value  for  this  latitude  (about  41° 
25'  north)  is  very  nearly  32.16,  and  this  value  should  always 
be  used  in  solving  problems.     It  has  also  been  found  by 
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Velocity  at  S^j 
theendof^  J 
one  second  8  '  ■ 
Is  3216  feet  ^ 
per  second.** 

*  I 

Telocity  at  the    *$*    A 

end  of  two  sec-  fctirL.21 

onds  is  64^32 
feet  per  second. 


< 


Telocity  at  the  end  of  three  j§ 
seconds  is  96.48  feet  per  second* 


Mocityai  the  end  of  four  seconds 
is  128.64  feet  per  second. 


Fig.  128. 
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experiment  that  a  freely  falling  body  starting  from  rest  will 
have  fallen  16.08  feet  at  the  end  of  the  first  second;  64.32 
feet  at  the  end  of  the  second  second;  144.72  feet  at  the  end 
of  the  third  second;  257.28  feet  at  the  end  of  the  fourth 
second,  etc.,  all  of  which  are  shown  in  the  diagram,  Fig.  122. 

Since  6432-i-2'-   144-72-9-3».   25728-i6-r 

and  2a,  3*,  4*  are  the  squares  of  the  number  of  seconds  dur- 
ing which  the  body  falls,  it  is  easy  to  see  that  the  space 
through  which  a  body  free  to  move  will  fall  in  a  given  time  is 
equal  to  16.08  multiplied  by  the  square  of  the  time  in  seconds. 

Since  16.08  =  — ^ —  =  ig,  the  space  =  ig  X  square  of  time 

At 

in  seconds. 

896.  Formulas  for  Falling  Bodies :  — 

Let  g  =  force  of  gravity  =  constant  accelerating  force  due 
to  the  attraction  of  the  earth ; 
/  =  number  of  seconds  the  body  falls; 
v  =  velocity  at  the  end  of  the  time  /; 
h  =  distance  that  a  body  falls  during  the  time  /. 

v=gt.  (13.) 

That  is,  the  velocity  acquired  by  a  freely  falling  body  at  the 
end  of  t  seconds  equals  82. 16,  multiplied  by  the  time  in  seconds. 

Example. — What  is  the  velocity  of  a  body  after  it  has  fallen  four 
seconds,  assuming  that  the  air  offered  no  resistance  ? 

Solution. — Using  formula  13, 

v  =  gt  =  32.16  X  4  =  128.64  feet  per  second.     Ans. 

'-7       (14.) 

That  is,  the  number  of  seconds  during  which  a  body  must 
have  fallen  to  acquire  a  given  velocity  equals  the  given  veloc- 
ity in  feet  per  second,  divided  by  82, 16. 

Example.— A  falling  body  has  a  velocity  of  192.96  feet  per  second; 
how  long  had  it  been  falling  at  that  instant  ? 

Solution. — Using  formula  14, 

.      v       192.96       _  A        k 

t  —  —  —  QO  to   =  6  seconds.     Ans. 
g        32. 16 
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h  =  £-.  (15.) 

2g 

That  ts,  the  height  from  which  a  body  must  fall  to  acquire 
a  given  velocity  equals  the  square  of  the  given  velocity \  di- 
vided by2x  82. 16. 

Example. — From  what  height  must  a  stone  be  dropped  to  acquire  a 
velocity  of  24,000  feet  per  minute  ? 

Solution. —    24,000  «*-  60  =  400  feet  per  second.   Using  formula  15, 
-       v*  400*  160,000       QAm  Ka.    „      A 

^  =  ^  =  2^82^=~64^  =  2'487-56feet     AnS' 

v  =  /2pT  (16.) 

That  isf  the  velocity  that  a  body  will  acquire  in  falling 
through  a  given  height  equals  the  square  root  of  the  product 
of  twice  82.16,  and  the  given  height. 

ExAMPttf. — A  body  falls  from  a  height  of  400  feet;  what  will  be  its 
velocity  at  th«  end  of  its  fall  ? 

Solution. — Using  formula  16, 

v=  ^Tgh '  =  j/ 2  x  32.16  X  400  =  160.4  feet  per  second.     Ans. 

h  =  \gt\  (17.) 

That  is,  the  distance  a  body  will  fall  in  a  given  time  equals 
S2.16  +  2,  multiplied  by  the  square  of  the  number  of  sec- 
onds. 

Example. — How  far  will  a  body  fall  in  10  seconds  ? 
Solution. — Using  formula  17, 

h  =  igfi  =  |  X  32.16  X  10»  =5  1,608  feet    Ana. 

2/1  (18.) 


=  V¥ 


g 

That  is,  the  time  it  will  take  a  body  to  fall  through  a  given 
height  equals  the  square  root  of  twice  the  height  divided  by 
82. 16. 

Example. — How  long  will  it  take  a  body  to  fall  4,116.48  feet  ? 
Solution. — Using  formula  18, 

,=  i/2X  4,110.48  =16seconds.     Ans. 
Y  32.16 

897»  A  body  thrown  vertically  upwards  starts  with  a 
certain  velocity  called  the  initial  velocity.  In  this  case 
gravity  acts  as  a  constant  retarding  force.  The  formulas 
given  above  will  also  apply  in  this  case. 
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Example. — If  a  cannon  ball  is  shot  vertically  upwards  with  an  initial 
velocity  of  2,000  feet  per  second,  (a)  how  high  will  it  go  ?  (d)  How 
long  a  time  must  elapse  before  it  reaches  the  earth  again  ? 

Solution. — (a)  Using  formula  15, 


V 


2,000* 


=  62,189  feet,  nearly,  =  11.778  miles.    Ana. 


2g       2x32.16 

To  find  the  time  it   takes  to  reach  a  height  of  62,189  feet,  use 
formula  14. 

,      v      2,000     ac%^  A 

t  =  —  =    '  „„  =  62.19  seconds. 
g      82.16 

Since  it  will  take  the  same  length  of  time  to  fall  to  the  ground,  the 

total  time  will  be  62.19  X  2  =  12438  seconds  =  2  minutes  438  seconds. 

Ans. 


PROJECTILES, 

898*  Any  body  thrown  into  the  air  is  a  projectile,  and 
is  acted  upon  by  three  forces — the  original  or  initial  force, 
the  force  of  gravity,  and  the  resistance  of  the  air.  We  shall 
here  consider  only  those  projectiles  which  are  thrown  hori- 
zontally. 

899#  The  range  is  the  horizontal  distance  between  the 
starting  point  and  the  point  where  the  body  strikes  the 
ground.  In  Fig.  123,  sup- 
pose that  A  represents  the 
starting  point  of  the  pro- 
jectile, and  that  it  is  shot 
horizontally  outwards  in 
the  direction  of  the  arrow 
with  a  velocity  of  70  feet 
per  second.  Now,  if  the 
resistance  of  the  air  be 
neglected,  the  velocity  in 
the  horizontal  direction  will 
be  uniform,  and  the  pro- 
jectile will  pass  over  equal 
spaces  in  equal  times.  Let 
A  1  represent  70  feet,  or 
the  space  passed  over  in  one  second.  At  the  end  of  five 
seconds,  if  gravity  had  not  acted   upon  the  projectile,  it 


Fig.  128. 
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would  have  been  at  5,  but  as  gravity  has  acted,  it  falls 
16.08  feet  the  first  second;  at  the  end  of  the  second  second 
it  has  fallen  64.32  feet,  etc. 

Let  A  b  represent  the  fall  in  one  second — that  is,  16.08 
feet,  drawn  to  the  same  scale  as  A  ly  which  represents  70 
feet.  Now,  complete  the  parallelogram  A  1  B  b,  and  B  will 
be  the  point  which  the  projectile  has  reached  at  the  end  of 
one  second.  If  A  c  represents  64. 32  feet,  and  the  parallelo- 
gram A  2  C  cis  completed,  the  projectile  will  be  at  C  at  the 
end  of  the  second  second.  Proceeding  in  this  manner,  find 
the  points  Df  £f  and  Ff  the  positions  of  the  projectile  at 
the  end  of  8,  ^,  and  6  seconds,  respectively.  Drawing  the 
curve  A  B  C  D  E  F  through  the  points  thus  found,  it  rep- 
resents the  path  of  the  projectile.  This  curve  is  called 
a  parabola* 

The  distance  H  F  is  the  range,  and,  as  is  easily  seen, 
equals  the  time  in  seconds  multiplied  by  the  original  velocity 
in  feet  per  second. 

900.  If  the  height  A  H  and  the  initial  velocity  are 
given,  and  it  is  desired  to  find  the  range  H  Fy  calculate  the 
time  that  it  will  take  to  fall  through  a  height  equal  to  the 
given  height,  and  multiply  the  time  thus  found  by  the  initial 
velocity. 

Example. — A  cannon  ball  is  fired  in  a  horizontal  direction  with  an 
initial  velocity  of  1,500  feet  per  second.  If  the  mouth  of  the  cannon  is 
25  feet  above  the  ground,  what  is  its  range  ? 

Solution. — Applying  formula  18,  Art  896, 

/  =  |/M  =  |/*y^p  =  1.247  seconds,  nearly. 
Range  =  W  =  1,500  X  1.247  =  1,870.5  feet.    Ans. 

Example. — A  projectile  has  an  initial  velocity  of  90  feet  per  second. 
If  it  is  desired  to  strike  an  object  15  feet  away,  how  far  below  the  hori- 
zontal line  of  direction  must  the  object  be  located  ? 

Solution. — The  object  must  be  located  as  far  below  as  the  distance 
that  the  body  would  fall,  through  the  action  of  gravity,  during  the 
time  it  would  take  in  passing  over  a  distance  of  15  feet  at  a  velocity  of 
90  feet  per  second. 

Hence,  15  -♦-  90  =  J  of  a  second.     Applying  formula  1 7,  Art.  896, 
&  =  \gt*  —  i  X  32.16  X  (D*  =  •447  f°ot>  nearly,  =  5.36  inches.     Ans, 
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EXAMPLES  FOR  PRACTICE. 

1.  A  body  starts  from  a  state  of  rest,  and  falls  freely  for  nine  sec- 
onds; how  far  will  it  fall  ?  Ans.  1,802.48  ft. 

2.  What  velocity  must  a  body  have  in  order  to  carry  it  upwards  600 
feet,  vertically  ?  Ans.  179.33  ft.  per  sec 

3.  A  baseball  is  thrown  vertically  upwards  to  a  height  of  200  feet; 

how  long  a  time  must  elapse  before  it  strikes  the  ground  ? 

Ans.  7.05  sec. 

4.  What  will  be  the  velocity  of  a  freely  falling  body  at  the  end  of  6 
seconds?  Ans.  192.96  ft.  per  sec. 

5.  A  baseball  is  thrown  horizontally  5  feet  above  the  ground,  with 
a  velocity  of  80  feet  per  second;  what  is  its  range  ?  Ans.  44.61  ft. 

6.  A  leaden  bullet  falls  from  a  tower  100  feet  high;  with  what 
velocity  will  it  strike  the  ground  ?  Ans.  80.2  ft  per  sec. 

7.  A  bullet  is  dropped  from  a  high  tower.  If  it  takes  4±  seconds  to 
reach  the  ground,  how  high  is  the  tower  ?  Ans.  290.445  ft. 

8.  A  freely  falling  body  has  a  velocity  of  400  feet  per  second;  how 
long  has  it  been  falling  ?  Ans.  12.438  sea 

CENTRIFUGAL   FORCE. 

901.  If  a  body  be  fastened  to  a  string  and  whirled  so  as 
to  give  it  a  circular  motion,  there  will  be  a  pull  on  the  string, 
which  will  be  greater  or  less  according  as  the  velocity  in- 
creases or  decreases.  The  cause  of  this  pull  on  the  string 
will  now  be  explained. 

Suppose  that  the  body  is  revolved  horizontally,  so  that  the 
action  of  gravity  upon  it  will  always  be  the  same.  According 
to  the  first  law  of  motion,  a  body  put  in  motion  tends  to 
move  in  a  straight  line  unless  acted  upon 
by  some  other  force,  causing  a  change  in 
the  direction.  When  a  body  moves  in  a 
circle  the  force  that  causes  it  to  move  in 
a  circle  instead  of  a  straight  line  is  ex- 
actly equal  to  the  tension  of  the  string. 
If  the  string  were  cut,  the  pulling  force  FlG* 124* 
that  drew  it  away  from  the  straight  line  would  be  removed 
and  the  body  would  then  " fly  off  at  a  tangent" — that  is,  it 
would  move  in  a  straight  line  tangent  to  the  circle,  as 
shown  in  Fig.  124. 

902.  Since,  according  to  the  third  law  of  motion,  every 
action  has  an  equal  and  opposite  reaction,  we  call  that  force 
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which  acts  as  an  equal  and  opposite  force  to  the  pull  of  the 
string  the  centrifugal  force,  and  it  acts  away  from  the 
center  of  motion. 

903.  The  other  force  or  tension  of  the  string  is  called 
the  centripetal  force,  and  it  acts  towards  the  center  of 
motion.  It  is  evident  that  these  two  forces  acting  in  oppo- 
site directions  tend  to  pull  the  string  apart,  and,  if  the 
velocity  be  increased  sufficiently,  the  string  will  break.  It 
is  also  evident  that  no  body  can  revolve  without  generating 
centrifugal  force.  The  value  of  the  centrifugal  force  of  any 
revolving  body,  expressed  in  pounds,  is 

F=  .00034  IV  R  N\        (19.) 
in  which  F  =  centrifugal  force; 

W=  total  weight  of  body  in  pounds; 

R  =  radius,  usually  taken  as  the  distance 
between  the  center  of  motion  and  the 
center  of  gravity  of  the  revolving  body, 
in  feet ; 

iV=  number  of  revolutions  per  minute. 

904.  In  calculating  the  centrifugal  force  tending  to 
burst  a  fly-wheel,  it  is  the  usual  practice  to  consider  one- 
half  the  rim  of  the  wheel  only,  and  not  to  take  the  arms  and 
hub  of  the  wheel  into  account.  In  this  case,  R  is  taken  as 
the  distance  between  the  inside  edge  of  the  rim  and  the  center 

of  the  shaft  and  the  whole  is  divided  by  3.1416.   ' 

tn  ifl 
Note. — The  general  formula  for  centrifugal  force  is  F=z— w-,  where 

m  =  the  mass  of  the  revolving  body,  v  =  velocity  of  center  of  gravity 

of  body  in  feet  per  second,  and  K  =  radius,  as  above.     Formula  19, 

IV  6O2/ 

Art.  903,  is  easily  derived  from  this.    Thus:  m  =  —  ;  JV=  5 — 5,  or 

J?"  &K  K 


v  =  »-=™;  hence.  F=  J  -  =^(^)'  =  -00034  WR  NK 

Example. — What  would  be  the  centrifugal  force  tending  to  burst  a 
cast-iron  fly-wheel  whose  outside  diameter  was  10  feet,  width  of  face 
20  inches,  and  thickness  of  rim  6  inches,  turning  at  the  rate  of  80  revo- 
lutions per  minute  ? 

Solution. — First  calculate  the  weight  of  one-half  the  rim.  The 
diameter  of  the  rim  =  10  X  12  =  120  inches;  the  diameter  of  the  cir- 
cle midway  between  the  inside  and  outside  diameters  of  the  rim  = 
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120  —  6  =  114  inches.  The  number  of  cubic  inches  in  the  rim  =  114  X 
3.1416  x  20  X  6  =  42,977  cubic  inches.  42,977  X  .261  X  i  =  5,608.5 
pounds  =  weight  =  W.    J?  =  ^  -  i  =  4*  f eet     jV=80. 

Hence,  F=  .00034  W R  N'  -+-  3. 1416  =  .00034  X  5,608.5  x  H  X  80*  -+- 
a  1416  =  17,481+  pounds.     Ans. 


STATICS. 

905.  Statica  may  be  defined  as  that  branch  of  Me- 
chanics which  treats  of  bodies  at  rest  or  of  bodies  moving 
with  a  uniform  velocity,  when  these  bodies  are  acted  upon 
by  forces.  A  body  is  in  static  equilibrium  when  the 
resultant  of  all  of  the  forces  acting  upon  the  body  is  zero. 


MOMENTS    OF   FORCES. 

906.  If  from  any  point  O,  Fig. 
125,  a  perpendicular  be  drawn  to  the  F*  B 
line  of  action  of  a  force,  the  product  "* 
of  the  magnitude  of  the  force  and 
the  length  of  the  perpendicular  is 
called  the  moment  of  the  force 
about  the  point  O. 

Thus,  in  the  figure,  the  moment  of 
the  force  F'  about  the  point  O  is  F' 
X  OB;  of  the  force  F"  about  the  point  O  is  F"  X  O  A, 
and  of  F'"  is  Fm  x  O  C. 

907.  The  use  of  the  moment  will  be  explained  further 
on,  when  the  necessity  arises  for  using  it.  The  point  O  is 
called  the  center  of  moments. 

908.  When  two  equal  forces  act  in  parallel  lines,  but  in 
opposite  directions,  they  constitute  what  is  called  a  couple. 

909.  In  Fig.  120,  the  equal  and  parallel  forces  F'  and 

^  p* ^    acting    in    opposite    directions 

(one  up  and  the  other  down),  form 
a  couple.  It  is  easy  to  see  that  if 
they  were  joined  by  a  connection, 
as  A  By  that  they  would  tend  to 
turn  A  B  about  the  point  C,  midway 
fig.  126.  between  F'  and  F'.     The  moment 


ir* 


830 


ELEMENTARY  MECHANICS. 


of  a  couple  about  any  point  is  always  the  same,  and  is  equal 
to  the  product  of  one  of  the  equal  forces  into  the  perpendicular 
distance  between  the  two  forces. 

Thus,  the  moment  of  the  couple  in  the  figure  equals  F'  or 
F'  multiplied  by  A  B.  An  example  of  a  couple  would  be  a 
wrench  applied  to  a  nut.  Here,  two  opposite  and  parallel 
sides  of  the  wrench  act  in  parallel,  but  opposite,  directions, 
against  two  parallel  sides  of  the  nut. 


CENTER   OF   GRAVITY. 

910.  The  center  of  gravity  of  a  body  is  that  point  at 
which  the  body  may  be  balanced,  or  it  is  the  poi?it  at  which 
the  whole  weight  of  a  body  may  be  considered  as  concentrated. 

In  a  moving  body,  the  line  described  by  its  center  of 
gravity  is  always  taken  as  the  path  of  the  body.  In  finding 
the  distance  that  a  body  has  moved,  the  distance  that  the 
center  of  gravity  has  moved  is  taken. 

911.  The  definition  of  the  center  of  gravity  of  a  body 
may  be  applied  to  a  system  of  bodies,  if  they  are  considered 
as  being  connected  at  their  centers  of  gravity. 

If  w  and  W9  Fig.  127,  be  two  bodies  of  known  weights, 
their  center  of  gravity  will  be  at  C.     The  point  C  may  be 

readily  determined,  as 
follows :  Take  C  as  the 
center  of  moments ; 
then,  since  the  weights 
are  to  balance  each 
other,  the  moment  of 

W  about  C  must  equal 
the  moment  of  w  about 
C;  or,  in  other  words, 

IV x  C  IV =  w  X  Cw. 

If  the  distance  between  the  centers  of  gravity  of  Wand  vt 
is  known,  it  is  very  easy  to  find  C  w  and  C  W.     For 


IF 


FIG.  127. 


ELEMENTARY  MECHANICS. 


831 


Let  /=the  distance  wW  between  the  centers  of  the 
bodies  ; 

/,  =  the  short  arm  CW ; 
w  =  weight  of  small  body  ; 
W  =  weight  of  large  body. 
Then,  since  wC  =  /  —  /„  we  have,  taking  the  moments 
about  the  point  Cy 

Wlx  =  w(l—  /,)  =  wl  —  wlx  ;  whence, 
lV/t  +  wl  s  =  ( W +  w)lx  =  wl,  or 

'. = i^h-     (2a) 

Example. — In  Fig.  127,  w  =  10  pounds.  Zf  =30  pounds,  and  the 
distance  between  their  centers  of  gravity  is  86  inches;  where  is  the 
center  of  gravity  of  both  bodies  situated  ? 

Solution. — Applying  formula  20, 

wl  10  X  86 


CW=h  = 


=  9  inches; 


W  +  iv  -  80  +  10 

hence,  the  center  of  gravity  is  9  inches  from  the  center  of  the  larger 
body.    Ans. 

The  general  method  for  finding  the  short  arm  CW  is, 
then,  as  follows  :  Multiply  the  weight  of  the  smaller  body  by 
the  distance  between  the  centers  of  the  two  bodies,  and  divide 
this  product  by  the  sum  of  the  weights  of  the  two  bodies, 

912.  It  is  now  very  easy  to  extend  this  principle,  to 
the  finding  of  the  center 
of  gravity  of  any  num-  f  J^ftfj, 
ber  of  bodies  when  their 
weights  and  the  dis- 
tances apart  of  their 
centers  of  gravity  are 
known,  by  applying 
the  principle  of  finding 
the  resultant  of  several 
forces;  that  is,  by  find- 
ing the  center  of  grav- 
ity of  two  of  the  bodies, 
as  \VX  and  IF4  in  Fig. 
128,  at  Cv  Plo#  ^ 


B32 


ELEMENTARY  MECHANICS. 


Assume  that  the  weight  of  both  bodies  is  concentrated  at 
Ctf  and  find  the  center  of  gravity  of  this  combined  weight 
at  Cx  and  of  W%  to  be  at  Ct ;  then,  find  that  the  center  of 
gravity  of  the  combined  weights  of  Wx%  W0  and  W%  (concen- 
trated at  CJ  and  W%  to  be  at  C,  and  C  will  be  the  center  of 
gravity  of  the  four  bodies. 

913.  To  find  the  center  of 
gravity  of  any  parallelogram  :  Draw 
the  two  diagonals,  Fig.  129 \  and  their 
point  of  intersection  C  will  be  the 
center  of  gravity. 


FIG.  129. 


914.  To  find  the  center  of  gravity  of  a  triangle,  as 
ABC>  Fig.  130  :  From  any  ver- 
tex\  as  At  draw  a  line  to  the  mid- 
die  point  D  of  the  opposite  side  B  C. 
From  one  of  the  other  vert  exes,  as  C, 
draw  a  line  to  F,  the  middle  point 
of  the  opposite  side  A  B  ;  the  point 
of  intersection^  O,  of  these  two  lines,  is  the  center  of  gravity. 


Fig.  131. 


It  is  also  true  that  the  distance  D  O  =  \  D  A,  and  that 
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F  0  =  i  F  C,  and  the  center  of  gravity  could  have  been 
found  by  drawing  from  any  vertex  a  line  to  the  middle 
point  of  the  opposite  side,  and  measuring  back  from  that 
side  $  of  the  length  of  the  line. 

The  center  of  gravity  of  any  regular  plane  figure  is  the 
same  as  the  geometrical  center. 

915*  To  find  the  center  of  gravity  of  any  irregular 
plane  figure,  but  of  uniform  thickness  throughout,  divide 
one  of  the  parallel  surfaces  into  triangles,  parallelograms, 
circles,  ellipses,  etc.,  according  to  the  shape  of  the  figure  ; 
find  the  area  and  center  of  gravity  of  each  part  separately, 
and  combine  the  centers  of  gravity  thus  found,  as  in  the 
case  of  more  than  two  bodies  whose  weights  were  known, 
except  that  the  area  of  each  part  is  used  instead  of  their 
weights.     See  Fig.  131. 

916.  Center  of  Gravity  of  a  Solid. — In  a  body  free 
to  move,  the  center  of  gravity  will  lie  in  a  vertical  plumb 


Fig.  132. 

line  drawn  through  the  point  of  support.  Therefore,  to 
find  the  position  of  the  center  of  gravity  of  an  irregular 
solid,  as  the  crank,  Fig.  132,  suspend  it  at  some  point,  as  Bt 
so  that  it  will  move  freely.  Drop  a  plumb  line  from  the 
point  of  suspension,  and  mark  its  direction.  Suspend  the 
body  at  another  point,  as  A>  and  repeat  the  process.     The 
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intersection  of  the  two  lines  will  be  directly  over  the  center 
of  gravity. 

Since  the  center  of  gravity  depends  wholly  upon  the 
shape  and  weight  of  a  body,  it  may  be  without  the  body,  as 
in  the  case  of  a  circular  ring,  whose  center  of  gravity  is  at 
the  center  of  the  circumference  of  the  ring. 


EQUILIBRIUM. 
917.     When  a  body  is  at  rest,  all  of  the  forces  which  act 
upon  it  are  said  to  balance  one  another,  or  to  be  in  equilib- 
rium.     The   most   important   of    the   forces    is    gravity, 
which  acts  upon  every  molecule  of  the  body. 

918*  There  are  three  states  of  equilibrium  :  Stable, 
unstable,  and  neutral. 

919.  A  body  is  in  stable  equilibrium  when,  if 
slightly  displaced  from  its  position  of  rest,  //  tends  to  return 
to  that  position. 

For  example,  a  cube,  a  cone  resting  on  its  base,  a  pendu- 
lum, etc. 

If  a  body  is  in  stable  equilibrium,  its  center  of  gravity 
is  raised  when  it  is  displaced. 

920.  A  body  is  in  unstable  equilibrium  when,  if 
slightly  displaced  from  its  position  of  rest,  //  tends  to  fall 
farther  from  that  position. 

For  example,  a  cone  standing  upon  its  point,  an  egg 
balanced  upon  its  end,  etc. 

Any  movement,  however  slight,  lowers  the  center  of 
gravity  when  the  body  is  in  unstable  equilibrium. 

921.  A  body  is  in  neutral  equilibrium  when  it  has 
no  tendency  to  move  either  way,  in  the  direction  of  its  mo- 
tion, after  being  slightly  displaced. 

For  example,  a  sphere  of  uniform  density  ;  a  cone  resting 
on  its  side. 

922*  A  vertical  line  drawn  through  the  center  of  gravity 
of  a  body  is  called  the  line  of  direction.  So  long  as  the  line 
of  direction  falls  within  the  base,  the  body  will  stand.  When 
the  line  of  direction  falls  without  the  base,  the  body  will  fall. 
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Let  A  C  B,  Fig.  133,  be  a  cylinder  whose  base  is  oblique 
to  the  center  line 
B  0  D  ;  and  let  O 
be  the  center  of 
gravity  of  this  cyl- 
inder. 

So  long  as  the 

perpendicular 

through  O  falls  be- 

fig.  lira.  between  A  and  C, 

the  cylinder  will  stand,  but  the  instant  that  it  falls  without 

the  base,  the  cylinder  will  fall. 

The  center  of  gravity  of  a  body  always  tends  to  seek  its 
lowest  point.  

EXAMPLES  FOR  PRACTICE. 

1.  There  are  three  weights  in  a  straight  line.  The  first  weighs 
401b. ;  the  second,  10  lb.,  and  the  third,  GO  lb.-  Distance  between  the  first 
and  second  is  6  ft.,  and  between  the  second  and  third,  10  ft.  Where  is 
the  center  of  gravity  ?  Ans.  8  ft.  5.434  in.  from  the  40-lb.  weight. 

2.  Find  the  perpendicular  distance  between  the  center  of  gravity 
and  the  longer  side  of  a  triangle  whose  sides  are  7  ft,  10  ft.,  and  15  ft 
long.     Solve  graphically.  Ans.  1.81  ft. 

B.  A  rectangle,  2  ft.  long  and  1  ft.  wide,  has  equal  weights  of  50  lb. 
each,  suspended  from  two  of  its  diagonally  opposite  corners.  A  weight 
of  60  lb.  and  another  of  80  lb.  are  suspended  from  the  other  two  corners. 
Supposing  the  rectangle  to  be  without  weight,  where  is  the  center  of 
gTavity  ?  ,       ( On  the  diagonal   joining  the  60-lb.  and 

'  (80-lb.  weights,  1.118  in.  from  the  center. 

4.  Find  the  center  of  gravity  of  a  quadrilateral  whose  sides  are  14, 
15,  16,  and  18  in.  long,  the  angle  between  the  18  and  16  in.  sides  being 
45*.    Give  the  perpendicular  distance  from  the  18  in.  side.    Ans,  6.48  in. 

SIMPLE    MACHINES. 

THE   LEVER. 

923.  A  lever  is  a  bar  capable  of  being  turned  about  a 
pin,  pivot  or  point,  as  in  Figs.  134,  135  and  136. 

924.  The  object  IK  to  be  lifted  is  called  the  weight; 
the  force  used  /'  is  called  the  power;  and  the  point  or 
pivot  Fh  called  the  fulcrum. 
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925*  That  part  of  the  lever  between  the  weight  and 
the  fulcrum,  or  F  by  is  called  the  weight  arm,  and  the 
part  between  the  power  and  the  fulcrum,  or  F  cy  is  called 
the  power  arm. 

926.  Take  the  fulcrum,  or  point  Fy  as  the  center  of 
moments;  then,  in  order  that  the  lever  shall  be  in  equilib- 
rium, the  moment  of  P  about  Fy  or  Px  F  cy  must  equal  the 
moment  of  W  about  Ff  or  WxFb.  That  is,  PxFc  — 
Wx  F  by  or,  in  other  words,  the  power  multiplied  by  the 

power  arm  equals  the  weight  multiplied  by  the  weight  arm. 

927.  If  F  be  taken  as  the  center  of  a  circle,  and  arcs  be 
described  through  b  and  cy  it  will  be  seen  that,  if  the  weight 
arm  is  moved  through  a  certain  angle,  the  power  arm  will 
move  through  the  same  angle ;  also,  that  the  vertical  dis- 
tance that  W  moves  will  be  the  sine  of  this  angle,  in  a 
circle  whose  radius  is  the  weight  arm,  and  that  the  vertical 
distance  that  P  moves  will  be  the  sine  of  the  same  angle  in 
a  circle  whose  radius  is  the  power  arm.  From  this  it  is  seen 
that  the  power  arm  is  proportional  to  the  distance  through 


&    k Jl 


Fio.  185.  Fig.  188. 

which  the  power  moves,  and  the  weight  arm  is  proportional 
to  the  distance  through  which  the  weight  moves. 

Hence,  instead  of  writing  Px  Fc  =  Wx  F  by  we  might 
have  written  it  Px  distance  through  which  P moves  z=.Wx 
distance  through  which  W  moves.  This  is  the  general  law 
of  all  machines,  and  can  be  applied  to  any  mechanism,  from 
the  simple  lever  up  to  the  most  complicated  arrangement. 
Stated  in  the  form  of  a  rule,  it  is  as  follows: 

Rule  VI. — The  power  multiplied  by  the  distance  through 
which  it  7noves  equals  the  weight  multiplied  by  t/te  distance 
through  which  it  moves. 
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"Example. — If  the  weight  arm  of  a  lever  is  6  inches  long  and  the 
power  arm  is  4  feet  long,  how  great  a  weight  can  be  raised  by  a  force 
of  20  pounds  at  the  end  of  the  power  arm  ? 

Solution. — 4  feet  =  48  inches.  Hence,  20x48=  WX&,  or  W= 
160  pounds.    Ans. 

Example. — (a)  What  is  the  ratio  between  the  power  and  the  weight 
in  the  last  example  ?  (b)  In  the  last  example,  if  P  moves  24  inches, 
how  far  does  W  move  ?    (c)  What  is  the  ratio  between  the  two  distances? 

Solution. — (a)  20  :  160  =  1:8;  that  is,  the  weight  moved  is  8  times 

the  power.    Ans. 

480 
(t)  20  X  24  =  160  X  x.    x  =  —  =  3  inches,  the  distance  that    W 

A  loU 

moves.    Ans. 

(c)  8  :  24  =  1 :  8,  or  the  ratio  is  1  :  8.    Ans. 

928*  The  law  which  governs  the  straight  lever  also 
governs  the  bent  lever;  but  care  must  be  taken  to  deter- 
mine the  true  lengths  of  the  lever  arms,  which  are  in  every 
case  the  perpendicular  distances  from  the  fulcrum  to  the  line 
of  direction  of  the  weight  or  power. 

Thus,  in  Figs.  137,  138,  139,  and  140,  F  c  in  each  case 
represents  the  power  arm,  and  F  b  the  weight  arm. 
c F  b  6 


Fio.  139.  Pig.  140. 

029.     The  Compound  Lever. — A  compound  lever  is 
a  series  of  single  levers  arranged  in  such  a  manner  that 
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when  a  force  is  applied  to  the  first  it  is  communicated  to 
the  second,  and  from  this  to  the  third,  and  so  on. 

Fig.  141  shows  a  compound  lever.  It  will  be  seen  that 
when  a  power  is  applied  to  the  first  lever  at  P  it  will  be 
communicated  to  the  second  lever  at  Pt  from  this  to  the 
third  lever  at  P>  and  thus  raise  the  weight  IV. 

The  weight  which  the  power  of  the  first  lever  could  raise 
acts  as  the  power  of  the  second,  and  the  weight  which  this 
could  raise  by  means  of  the  second  lever  acts  as  the  power 
of  the  third  lever,  and  so  on,  no  matter  how  many  single 
levers  make  up  the  compound  lever. 

In  this  case,  as  in  every  other,  the  power  multiplied  by 
the  distance  through  which  it  moves  equals  the  weight 
multiplied  by  the  distance  through  which  it  moves. 

Hence,  if  we  move  the  Pend  of  the  lever,  say,  4  inches, 
and  the  W  end  moves  \  of  an  inch,  we  know  that  the  ratio 

F 
P w_W 

\p  i r 
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Fig.  141. 

between  /*and  Wis  the  same  as  the  ratio  between  \  and  4; 
that  is,  1  to  20,  and,  hence,  that  10  pounds  at  P  would 
balance  200  pounds  at  IV,  without  measuring  the  lengths  of 
the  different  lever  arms.  If  the  lengths  of  the  lever  arms 
are  known,  the  ratio  between  P  and  W  may  be  readily 
obtained  from  the  following  rule: 

Rule  VII. — The  continued  product  of  the  power  and  each 
power  arm  equals  the  continued  product  of  the  weight  and 
each  weight  arm. 

Example. — If,  in  Fig.  141,  the  power  arms  P  p=  24  inches,  18  inches, 
and  30  inches,  and  weight  arms  W  F—  6  inches,  6  inches,  and  18  inches, 
(a)  how  great  a  force  must  be  applied  at  the  free  end  P  to  raise  1,000 
pounds  at  W"l    (b)  What  is  the  ratio  between  P  and  IV? 

Solution.—    P  x  24  x  18  x  30  =  1,000  X  6  x  6  x  18, 

D      648,000       KA  ,        A 

or  12  Qflo    =  50  pounds.    Ans. 

50:1,000  =  1:20,  or  P:  1V=1:2Q.    Ana 
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THE  WHEEL  AND  AXLE. 

930.  The  wheel  and  axle  consists  of  two  cylinders  of 
different  diameters,  rigidly  connected,  so  that  they  turn 
together  about  a  common  axis,  as  in  Fig.  142.     Then,  as 


before,  Px  distance  through  which  it  moves  =Wx  dis- 
tance through  which  it  moves;  and,  since  these  distances 
are  proportional  to  the  radii  of  the  power  cylinder  and 
weight  cylinder,  Py.Fc=Wy.Fb. 

It  is  not  necessary  that  an  entire  wheel  be  used;  an  arm, 
projection,  radius,  or  anything" 
which  the  power  causes  to  revolve 
in  a  circle,  may  be  considered  as 
the  wheel.  Consequently,  if  it  is 
desired  to  hoist  a  weight  with  a 
windlass,  Fig.  143,  the  force  is 
applied  to  the  handle  of  the  crank, 
and  the  distance  between  the  cen-  ****•  "*• 

ter  line  of  the  crank-handle  and  the  axis  of  the  drum  corre- 
sponds to  the  radius  of  the  wheel. 

Example. — If  the  distance  between  the  center  line  of  the  handle  and 
the  axis  of  the  drum,  in  Pig.  143,  is  18  inches,  and  the  diameter  of  the 
drum  is  8  inches,  what  force  will  be  required  at  P  to  raise  a  load  of  804 
pounds  ? 

Solution—    i>xl8  =  800x  v    ori>  =  l50;    Ana. 


840 
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031  •  Wheel  work. — A  combination  of  wheels  and  axles, 
as  in  Fig.  144,  is  called  a  train.  The  wheel  in  a  train  to 
which  motion  is  imparted  from  a  wheel  on  another  shaft, 
by  such  means  as  a  belt  or  gearing,  is  called  the  driven 
wheel  or  follower ;  the  wheel  which  imparts  the  motion 
is  called  the  driver. 


FtG.  144. 


932.  It  will  be  seen  that  the  wheel  and  axle  bears  the 
same  relation  to  the  train  that  the  simple  lever  does  to  the 
compound  lever;  that  is,  the  continued  product  of  the  power 
and  the  radii  of  the  driven  wheels  equals  the  continued  product 
of  the  weight \  the  radius  of  the  drum  that  moves  the  weighty 
and  the  radii  of  the  drivers. 

Example. — If  the  radius  of  the  wheels  is 20 inches,  of  C9  15  inches, 
and  of  E%  24  inches;  if  the  radius  of  the  drum  F  is  4  inches,  of  the 
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pinion  D,  5  inches,  and  of  the  pinion  £>  4  inches,  ho*  great  a  weight 
will  a  force  of  1  pound  at  P  raise  ? 

7  200 
Solution.—    1x20x15x24  =  Wx  4  X  5  X  4,  or  JV=  ^^  =  90 

pounds.    Ans. 

933.  Hence,  also,  if  W  were  raised  one  inch,  P  would 
move  90  inches,  or  P  would  have  to  move  90  inches  to  raise 
Wone  inch.  It  is  now  clear  that  another  great  law  has 
made  itself  manifest,  and  that  is  that,  whenever  there  is  a 
gain  in  power  without  a  corresponding  increase  in  the  initial 
force,  there  is  a  loss  in  speed. 

In  the  last  example,  if  P  were  to  move  the  entire  90  inches 
in  one  second,  W  would  move  only  1  inch  in  one  second. 
The  same  principle  may  be  applied  to  any  machine. 


THE  PULLEY. 

934*  A  pulley  is  a  wheel  turning  on  an  axle,  over  which 
a  cord,  chain,  or  band  is  passed  in  order  to  transmit  the 
force  through  the  cord,  chain,  or  band. 

935*  The  frame  which  supports  the  axle  of  the  pulley 
is  called  the  block. 


936*  A  fixed  pulley  is  one  whose  block 
is  not  movable,  as  in  Fig.  145.  In  this  case, 
if  the  weight  W  be  lifted  by  pulling  down  P9 
the  other  end  of  the  cord  W  will  evidently 
move  the  same  distance  upwards  that  Amoves 
downwards ;  hence,  P  must  equal  W, 


Pig.  145. 


937*  A  movable  pulley  is  one  whose  block  is  movable, 
as  in  Fig.  148.  One  end  of  the  cord  is  fastened  to  the  beam, 
and  the  weight  is  suspended  from  the  pulley,  the  other  end 
of  the  cord  being  drawn  up  by  the  application  of  a  force  P. 
A  little  consideration  will  show  that  if  P  moves  through  a 
certain  distance,  say  1  foot,  IV  will  move  through  half  that 
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distance,  or  6  inches;  hence,  a  pull  of  1  pound  at  /'will  lift 
2  pounds  at  W. 


Pig.  Ha.  Pig.  147. 

The  same  would  also  be  true  if  the  free  end  of  the  cord 
were  passed  over  a  fixed pulley,  as  in  Fig.  147,  in  which  case 
the  fixed   pulley  merely  changes  the  direction  in  which  P 
acts,  so  that  a  weight  of  1  pound  hung  on  the  free  end  of  the 
cord  will  balance  %  pounds  hung  from  the  movable  pulley. 
938.     A  combination  of  pulleys,  as  shown  in  Fig. 
148,  is  sometimes  used.     In  this  case  there 
are  three  movable  and  three  fixed  pulleys, 
and  the  amount  of  movement  of  W,  owing  to 
a  certain  movement  of  P,  is  readily  found. 

It  will  be  noticed  that  there  are  six  parts 
of  the  rope,  not  counting  the  free  end ;  hence, 
if  the  movable  block  be  lifted  1  foot,  P  re- 
maining in  the  same  position,  there  would 
be  1  foot  of  slack  in  each  of  the  six  parts  of 
the  rope,  or  six  feet  in  all.  Therefore,  P 
would  have  to  move  G  feet  in  order  to  take 
up  this  slack,  or  /'moves  six  times  as  far  as  W. 
Hence,  1  pound  at  ywill  support  6  pounds 
at  W,  since  the  power  multiplied  by  the  dis- 
tance through  which  it  moves  equals  the  weight 
multiplied  by  the  distance  through  which  it 
moves.  It  will  also  be  noticed  that  there  are 
Pio.  148.  three  movable  pulleys,  and  that  3x3  —  6. 
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Rule  VIII. — In  any  combination  of  pulleys  where  one  con- 
tinuous rope  is  used  a  load  on  the  free  end  will  balance  a 
weight  on  the  movable  block  as  many  times  as  great  as  the 
load  on  the  free  end  as  there  are  parts  of  the  rope  supporting 
the  load — not  counting  the  free  end. 

The  above  law  is  good,  whether  the  pulleys  are  side  by 
side,  as  in  the  ordinary  block  and  tackle,  or  whether  they  are 
arranged  as  in  the  figure. 

Example. — In  a  block  and  tackle  having  five  movable  pulleys,  how 
great  a  force  must  be  applied  to  the  free  end  of  the  rope  to  raise  1,250 
pounds  ? 

Solution. — Since  there  are  5  movable  pulleys,  there  are  10  parts  of 
the  rope  supporting  them,  and  1  pound  on  the  free  end  will  balance  10 
pounds  on  the  movable  block ;  therefore,  the  ratio  of  P  to  W  is  1  :  10, 

and  P  =   '       =  125  pounds.    Ans. 

939.  In  Fig.  149  is  shown  an  arrangement  called  a  dif- 
ferential pulley.  It  will  be  seen  that  if  a  force  be  applied 
at  P,  so  as  to  pull  the  point  P  down  to  D,  the 
rope  or  chain  will  wind  up  on  the  large  pulley  — IP^wJP 

A,  and  unwind  from  the  smaller  pulley  B, 
and  since  C  is  a  movable  pulley,  the  weight  W 
will  move  an  amount  equal  to  one-half  the      ^N^^^X' 

difference  between  the  amount  of  winding     |  jr" "™ 

on  A  and  unwinding  on  B. 

Let  the  radius  of  A  be  represented  by  R, 
and  of  B  by  r;  then,  when  P  is  pulled  down 
to  Dy  a  point  £  on  the  pulley  A  will  move 
through  a  certain  angle,  EOF,  the  length  of 
the  arc  E  F  being  equal  to  the  distance  P  D. 
Any  point  on  the  pulley  B,  which  is  fastened  to 
A,  will  turn  through  the  same  angle;  and  the 
difference  between  the  arc  K L,  through  which 
this  point  turns,  and  the  arc  E  FwiW  be  pro- 
portional to  the  difference  of  the  radii  R  and  r. 

When  P  moves  down  to  D,  the  point  H  on 
the  other  side  will  move  up  through  the  same  distance  to  H\ 
The  point  I  will  move  up  to  /',  a  distance  equal  to  the  length 


/ 


PIO.  149. 
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of  the  arc  K  L,  and  m  will  fall  through  the  same  distance 
to  m\  thus  causing  the  weight  W  to  be  raised  one  lialf  the 
difference  between  m  m'  and  P  D.  The  ratio  between  the 
distances  through  which  W  and  P  move  will  be 


arc  E F—  arc  K L 


Hence,  Wx 


2 

R-r 

2 


:  EFy  or 


=  Pxi?,or  fF= 


R-r 
2 
2  PR 


:  R. 


R 


(21.) 


Example. — If  ft  =  7  inches,  and  r  =  (ty  inches,  how  much  weight  can 
be  raised  at  W  with  a  force  of  50  pounds  at  P  ? 

0  ...      2/^       2X50X7      .,  JAA  .        A 

Solution.—    W  =  -t? — -  =  — K — s?—  =  1,400  pounds.    Ans. 


R-r 


7-6^ 


THE   INCLINED   PLANE. 

940.  An  Inclined  plane  is  a  slope  or  a  flat  surface, 
making  an  angle  with  a  horizontal  line. 

Three  cases  may  arise  in  practice  with  the  inclined  plane: 

I.  When  the  power  acts  parallel  to  the  plane,  as  in  Fig. 
150. 

II.  When  the  power  acts  parallel  to  the  base,  as  in  Fig. 
151. 

III.  When  the  power  acts  at  an  angle  to  the  plane,  or 
to  the  base,  as  in  Fig.  152. 

Case  I. — In  Fig.  150,  the  relation  existing  between  the 
power  and  the  weight  is  easily  found.  The  weight  ascends 
a  distance  equal  to  c  l>,  or  the  height  of  the  inclined  plane, 

while  the  power  descends 
through  a  distance  equal 
to  a  b9  or  the  length 
of  the  inclined  plane. 
Therefore,  the  power 
multiplied  by  the  length 
of  the  inclined  plane 
fho.  ifio.  equals  the  tveigkt  multi- 

plied by  the  height  of  the  inclined  plane.  Hence,  if  the 
length  a  b  =  40  feet,  and  the  height  c  b  =  20  feet,  W  X  20  = 
P  X  40,  or  1  pound  at  P  will  balance  2  pounds  at  W. 


2  lbs 
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Fig.  151. 


Case  II. — In  Fig.  151,  the  power  is  supposed  to  act  par- 
allel to  the  base  for  any  position  of  IV,  the  pulley  being 

shifted  up  and  down; 
therefore,  while  W  is 
moving  from  the  level 
a  c  to  by  or  through  the 
height  c  b  of  the  in- 
clined plane,  P  will 
move  a  distance  down- 
*  wards,  relative  to  the 
1  lb.  axis  of  the  pulley,  equal 
to  the  length  of  the 
base  a  c.  Hence,  when  the  power  acts  parallel  to  the  base, 
W  X  height  of  the  inclined  plane  =  P  x  length  of  base. 

If  the  length  of  the  base  is  40  feet,  and  the  height  of  the 
inclined  plane  is  20  feet,  W  X  20  =  P  X  40,  and  1  pound  at 
P  will  balance  2  pounds  at  W. 

Case  III.— For  Fig. 
152  no  rule  can  be  given. 
The  ratio  of  the  power 
to  the  weight  must  be 
determined  for  every 
position  of  Why  means 
of  the  triangle  or  paral- 
lelogram of  forces. 

This  case  will  be  ex- 
plained by  means  of  an 
example,  as  it  affords  a 
splendid  illustration  of  the  principle  of  resolution  of  forces. 

Example. — In  Fig.  153,  a  body  W  is  shown  resting  on  an  inclined 
plane  A  Bt  whose  dimensions  are  marked  on  the  cut ;  the  weight  P  acts  to 
pull  the  body  up  the  plane  by  means  of  the  rope  r  and  pulley  p.  It 
is  required  to  find  what  the  weight  of  sP  must  be  in  order  to  start  Wup 
the  plane.  Suppose  W  weighs  120  pounds,  and  that  friction  is  neglect- 
ed. It  is  also  required  to  find  the  perpendicular  pressure  which  W 
exerts  against  the  plane. 

Solution. — Through  the  point  a,  the  center  of  gravity  of  IV,  draw 
a  b  vertical,  and  make  it  of  such  a  length  as  to  represent  120  pounds 
to  a  convenient  scale,  say  60  pounds  =  1  inch.     Drawing  a  c  and  cb% 


Fig.  168. 
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respectively,  parallel  and  perpendicular  to  the  plane,  a  c  represents 
the  magnitude  of  the  force  which  must  be  exerted  parallel  to  A  B  in 
order  to  put  the  body  in  equilibrium — i.  e. ,  to  balance  the  force  which 
gravity  exerts  in  pulling  the  body  down  the  plane.  If  the  rope  r  were 
parallel  to  A  Bt  ac  would  represent  the 
weight  of  P;  but,  since  r  makes  an  angle 
with  the  plane,  Pwill  not  be  equal  to 
a  c.  To  find  what  the  weight  of  P  must 
be,  draw  a  d  parallel  to  a  ct  but  indicate 
it  as  acting  in  the  opposite 
direction,  or  from  a  to  d  in- 
stead of  from  a  to  c.    Now 


treat  a  d  as  though  it  were  a  compo- 
nent of  the  force  acting  in  the  rope — 
i.  e.,  draw  de  perpendicular  to  a  d,  in- 
stead of  perpendicular  to  a  e.     The 
reason  for  this   is   that  if  d  e  were 
drawn  perpendicular  to  a  e  it  could 
be  resolved  into  components,  one  of 
which  would  be  parallel  to  a  d,  a  re- 
sult which  we  wish  to  avoid ;  in  other  Fl°'  1&8* 
words,  we  want  de  perpendicular  to  the  plane.     The  line  a  e,  measured 
to  the  same  scale  as  a  by  will  give  the  value  of  P.     Measuring  it,  its 
length  is  .89" ;  hence,  P  =  .89  X  60  =  53.4  pounds.    Ans. 

To  determine  the  perpendicular  pressure  against  the  plane,  it  will 
be  noticed  that  ab  equals  the  pressure  due  to  gravity.  Since  cb  and 
de  are  both  perpendicular  to  A  B,  they  are  parallel,  and  since  de  acts 
in  the  opposite  direction  to  c  bt  the  actual  pressure  against  the  plane  is 
given  by  the  difference  between  cb  and  de.  Making  cf  equal  to  det 
fb  represents  the  perpendicular  pressure  against  the  plane  when  the 
force  P  (=  ae)  acts  as  shown.  The  length  of  fb  is  1.39'  ;  hence,  the 
perpendicular  pressure  is  1.39  X  60  =  83.4  pounds.     Ans. 

Since  ca  and  ad  are  parallel  and  equal,  and  cf  and  de  are  also 
parallel  and  equal,  it  follows  that  af  and  a  e  must  also  be  parallel  and 
equal.  Consequently,  the  force  P  might  have  been  found  by  drawing 
af  parallel  to  the  direction  in  which  the  pull  on  the  rope  acts,  and 
bf  perpendicular  to  the  plane  A  B.  Thus,  suppose  that  the  weight 
occupies  the  position  shown  by  the  dotted  lines.     Then,  drawing  ag 
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parallel  to  «V,  ag  represents  the  weight  of  P,  and  g  b  represents  the 
perpendicular  pressure  of  the  body  IV  against  the  plane.  Measuring 
ag.  its  length  is  .78";  hence,  P=  .79  X  80  =  47.4  pounds.  Measuring 
gi,  its  length  is  1.65" ;  hence,  the  perpendicular  pressure  =  1.65  X  90  = 
99  pounds. 

941.      The    Wedge.— 

The  wedge  is  a  movable 
inclined  plane,  and  is  used 
for  moving  a  great  weight  a 
short  distance.  A  common 
method  of  moving  a  heavy 
body  is  shown  in  Fig.  154.  Fic.  1M_ 

Simultaneous  blows  of  equal  force  are  struck  on  the  heads 
of  the  wedges,  thus  raising  the  weight  W,  The  laws  for 
wedges  are  the  same  as  for  Case  II  of  the  inclined  plane. 


the:  SCREW. 

942.      A   screw 

is  a  cylinder  with  a 
spiral  groove  winding 
around  its  circumfer. 
ence.  This  spiral  is 
called  the  thread  of 
the  screw.  The  dis- 
tance that  the  thread 
is  drawn  back  or  ad- 
vanced in  one  turn  of 
the  screw  is  called  the 
pitcb  of  the  screw. 
'ig.  155  is  turned  in  a 
of  a  force  applied  at 
idle  P.  For  one  com- 
of  the  handle,  the 
•anced  lengthwise  an 
he  pitch.  If  the  nut 
sight  be  placed  upon 
rew,  as  shown,  it  will 
.lly  a  distance  equal 
ine  revolution  of  the 
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screw.  During  this  revolution  the  force  at  P  will  move 
through  a  distance  equal  to  the  circumference,  whose  radius 
is  P  F.  Hence,  W  X  pitch  of  thread  =  Px  circumference 
of  P. 

943.  Single-threaded  screws  of  less  than  1  inch  pitch 
are  generally  classified  by  the  number  of  threads  they  have 
in  1  inch  of  their  length.  In  such  cases,  one  inch  divided  by 
the  number  of  threads  equals  the  pitch  ;  thus,  the  pitch  of  a 
screw  that  has  8  threads  per  inch  is  \' ;  one  of  32  threads 
per  inch  is  <fa\  etc. 

Example. — It  is  desired  to  raise  a  weight  by  means  of  a  screw  having 
5  threads  per  inch.  The  force  applied  is  forty  pounds  at  a  distance  of  14 
inches  from  the  center  of  the  screw ;  how  great  a  weight  can  be  raised  ? 

Solution. — Diameter  of  the  circumference  passed  through  by  the 
force  =  14 X  2  =  28  inches.     Therefore,  Wxi  =  40x28x3. 1416,  or 
W  =  17,593  pounds.    Ans. 

VELOCITY  RATIO. 

944*  The  ratio  of  the  distance  that  the  power  moves  to 
the  distance  which  the  weight  moves  on  account  of  the 
movement  of  the  power  is  called  the  velocity  ratio. 

Thus,  if  the  power  is  moving  12  inches  while  the  weight  is 
moving  1  inch,  the  velocity  ratio  is  12  to  1,  or  12;  that  is, 
P  moves  12  times  as  fast  as  W. 

945*     If  the  velocity  ratio  is  known,  the  weight  which 

any  machine  can  raise  equals  the  power  multiplied  by  the 

velocity  ratio.     If  the  velocity  ratio  is  8.7  to  1,  or  8.7,  W=z 

8.7  X  P,  since  Wx  1  =  Px  8.7. 

Note. — In  all  of  the  preceding  cases,  including  the  last,  friction  has 
been  neglected. 

FRICTION. 

946.  Friction  is  the  resistance  that  a  body  meets  from 
the  surface  on  which  it  moves. 

947.  The  ratio  between  the  resistance  to  the  motion 
of  a  body  due  to  friction  and  the  perpendicular  pressure  be* 
tween  the  surfaces  is  called  the  coefficient  of  friction. 
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If  a  weight    Wy  as  in  Fig.  156,  rests  upon  a  horizontal 

plane,  and  has  a  cord  fastened  to  it  passing  over  a  pulley  #, 

from  which  a  weight  -Pis  suspended,  then,  if  Pis  just  suffi- 
ce* 
cient  to  start  W>  the  ratio  of  P  to  Wy  or  j^,  is  the  coefficient 

of  friction  between  W  and  the  surface  it  slides  upon. 

The  weight  W  is  the  perpendicular  pressure,  and  P  is  the 
force  necessary  to  overcome  the  resistance  to  the  motion  of 
Wdue  to  friction. 


i 


100  lbs. 
W 


Pig.  166. 


10  lb*. 


If  W=  100  pounds  and  P=  10  pounds,  the  coefficient  of 

P        10 
friction  for  this  particular  case  would  be  -ttf  =  ttt^-  =  .1. 

W       100 

948.     Laws  of  Friction  :  — 

I.     Friction  is  directly  proportional  to  the  perpendicu- 
lar  pressure  between  the  two  surfaces  in  contact. 

II.  Friction  is  independent  of  the  extent  of  the  surfaces 
in  contact  when  the  total  perpendicular  pressure  remains  the 
same. 

III.  Friction  increases  with  the  roughness  of  the  sur- 
faces. 

IV.  Friction  is  greater  between  surfaces  of  the  same 
material  than  between  those  of  different  materials. 

V.     Friction  is  greatest  at  the  beginning  of  motion. 

VI.     Friction  is  greater  between  soft  bodies  than  be- 
tween hard  ones. 

VII.     Rolling  friction  is  less  than  sliding  friction. 

VIII.     Friction  is  diminished  by  polishing  or  lubricating 
the  surfaces* 


T.    l.-25 
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Law  I  shows  why  the  friction  is  so  much  greater  on  jour- 
nals after  they  begin  to  heat  than  before.  The  heat  causes 
the  journal  to  expand,  thus  increasing  the  pressure  between 
the  journal  and  its  bearing,  and,  consequently,  increasing  the 
friction. 

Law  II  states  that,  no  matter  how  small  the  surface  may 
be  which  presses  against  another,  if  the  perpendicular  pres- 
sure is  the  same,  the  friction  will  be  the  same.  Therefore, 
large  surfaces  are  used  where  possible ;  not  to  reduce  the 
friction,  but  to  reduce  the  wear  and  diminish  the  liability  of 
heating. 

For  instance,  if  the  perpendicular  pressure  between  a 
journal  and  its  bearing  is  10,000  pounds,  and  the  coefficient 
of  friction  is  .2,  the  amount  of  friction  is  10,000  X  .2  =  2,000 
pounds. 

Suppose  that  one-half  the  area  of  the  surface  of  the  jour- 
nal is  80  square  inches;  then,  the  amount  of  friction  for 
each  square  inch  of  bearing  is  2,000  -f-  80  =  25  pounds. 

If  half  the  area  of  the  surface  had  been  160  square  inches, 
the  friction  would  have  been  the  same — that  is,  2,000  pounds; 
but  the  friction  per  square  inch  would  have  been  2,000  -f- 
160  =  12£  pounds,  just  one-half  as  much  as  before,  and  the 
wear  and  liability  to  heat  would  be  one-half  as  great  also. 


COEFFICIENTS  OF  FRICTION. 

TABLE    17. 

Description  of  Surfaces 
in  Contact. 

Disposition 
of  Fibers. 

State  of  the 
Surfaces. 

Coefficient 
of  Friction* 

Oak  on  oak 

Parallel 
Parallel 
Parallel 
Parallel 
Parallel 
Parallel 

• 

Dry 
Soaped 

Dry 
Soaped 

Dry 

Soaped 

Slightly 
Unctuous 

Slightly 
Unctuous 

Slightly 
Unctuous 

.48 

Oak  on  oak 

.16 

Wrought  iron  on  oak 

Cast  iron  on  oak 

.62 
.21 
.49 

Wrought  iron  on  cast  iron. . 
Wrought  iron  on  bronze .... 

r. = 

.19 
.18 

.18 

.15 

• 
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EFFICIENCY. 

949.  The  force  which  is  required  to  raise  a  weight,  or 
overcome  an  equal  resistance  in  any  machine,  is  always 
greater  than  this  weight  or  resistance,  divided  by  the  velocity 
ratio  of  the  machine. 

Thus,  if  there  were  no  friction,  a  machine  whose  velocity 
ratio  was  5  would,  by  an  application  of  100  pounds  of  force, 
raise  a  weight  of  500  pounds. 

Now,  suppose  that  the  friction  in  the  machine  is  equiva- 
lent to  10  pounds  of  force,  then  it  would  take  110  pounds  of 
force  to  raise  500  pounds. 

If,  in  the  above  illustration,  friction  were  neglected,  110 
pounds  X  5  =  550  pounds,  or  the  weight  that  110  pounds 
would  raise ;  but,  owing  to  the  f rictional  resistance,  it  only 
raised  500  pounds ;  therefore,  we  have  for  the  ratio  between 

the  two  4t^  =  -01.     That  is,  500  :  550  =  .91  :  1. 
550 

950.  This  ratio  between  the  weight  actually  raised  and 
the  applied  force  multiplied  by  the  velocity  ratio  is  called 
the  efficiency  of  the  machine. 

Let  F  =  the  force  applied  to  the  machine ; 
V=  the  velocity  ratio  of  the  machine; 
W=  the  weight  actually  lifted,  or  equivalent  resistance 

overcome ; 
E  =  the  efficiency  of  the  machine. 

Then,  m  =  -£y-  (22.) 

Example. — In  a  machine  having  a  combination  of  pulleys  and  gears, 
the  velocity  ratio  of  the  whole  is  9.75.  A  force  of  250  pounds  just  lifts 
a  weight  of  1,626  pounds;  what  is  the  efficiency  of  the  machine  ? 

•\ir  h    (Mil 

Solution.— E  =  y-y  =  250x9.75  =  '6671,  °f  66'71  *    AnS" 
Since  the  total  amount  of  friction  varies  with  the  load,  it 
follows  that  the  efficiency  will  also  vary  for  different  loads. 

Example. — A  pulley  block  with  a  velocity  ratio  of  7  has  an  efficiency  of 
88  £  for  a  load  of  3,000  pounds;  what  power  is  required  to  start  the  load? 

Solution. — E  =-rnr>  or  «38  =  -k-r: 

r  V  t  r 

Hence,  F  =  —£ — =-  =  1,128  pounds,  nearly.     An*. 
.00  X  • 
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EXAMPLES  FOR  PRACTICE. 

1.  A  wedge  is  caused  to  move  a  weight  vertically  by  means  of  a 
screw,  which  pulls  the  wedge  horizontally  on  its  base.  If  the  screw 
has  5  threads  per  inch  and  the  handle  is  10  inches  long,  what  force  will 
be  necessary  to  apply  to  the  handle  to  raise  a  weight  of  1,400  pounds, 
the  height  of  the  wedge  being  8  inches,  and  the  length,  14  inches  ? 

Ans.  2.546  lb.,  nearly. 

2.  If  the  distance  from  the  fulcrum  to  the  point  at  which  a  force  of 
135  pounds  is  applied  to  a  lever  is  4  feet,  and  the  distance  from  the 
fulcrum  to  the  weight  is  1^  inches,  how  great  a  weight  will  the  force 
lift  ?  Ans.  4,320  lb. 

3.  It  is  desired  to  raise  a  weight  of  600  pounds  by  means  of  a  block 
and  tackle  having  two  fixed  and  two  movable  pulleys;  what  force  must 
be  applied  at  the  free  end  of  the  rope  ?  Ans.  150  lb. 

4  If,  in  the  last  example,  the  free  end  of  the  rope  be  attached  to  a 
windlass  whose  drum  is  5  inches  in  diameter,  and  which  has  a  handle 
situated  15  inches  from  the  axis  of  the  drum,  what  force  will  be  neces- 
sary to  raise  the  weight  ?  Ans.  25  lb. 

5.  It  is  required  to  pull  a  wagon  up  an  inclined  plane  one  mile  long. 
The  height  of  the  plane  being  120  feet,  and  the  weight  of  the  wagon 
and  load  2,816  pounds,  what  force  will  be  necessary  ?  Ans.  64  lb. 

6.  In  Fig.  144,  the  radius  of  the  wheel  A  is  32  inches,  of  C,  18  inches, 
and  of  E%  30  inches;  the  radius  of  the  drum  .Fis  10  inches,  of  the  pinion 
Df  4  inches,  and  of  the  pinion  B,  6  inches.  If  P  moves  4  feet  6  inches, 
how  far  will  the  weight  IV  move  ?  Ans.  f  in. 

7.  In  the  last  example,  how  great  a  force  must  be  applied  at  P  to 
raise  a  weight  of  2,160  pounds  ?  Ans.  80  lb. 

8.  In  example  4,  if  the  friction  be  taken  as  22£  of  the  load  lifted, 
what  force  will  be  necessary  ?    What  will  be  the  efficiency  ? 

Ans.|*>-51b-    , 

______  (  82*.  nearly. 


WORK   AND   ENERGY. 

951*  Work  is  the  overcoming  of  resistance  continually 
occurring  along  the  path  of  motion. 

Mere  motion  is  not  work,  but  if  a  body  in  motion  con- 
stantly overcomes  a  resistance,  it  does  work. 

952.  The  unit  of  work  is  one  pound  raised  vertically 
one  foot,  and  is  called  one  foot-pound.  All  work  is  meas- 
ured by  this  standard.  A  horse  going  up  hill  does  an 
amount  of  work  equal  to  his  own  weight,  plus  the  weight  of 
the   wagon   and   contents,    plus   the    frictional   resistances 
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reduced  to  an  equivalent  weight,  multiplied  by  the  vertical 
height  of  the  hill.  Thus,  if  the  horse  weighs  1,200  pounds, 
the  wagon  and  contents  1,200  pounds,  and  the  frictional  re- 
sistances equal  400  pounds,  then,  if  the  vertical  height  of  the 
hill  is  100  feet,  the  work  done  is  equal  to  (1,200  +  1,200  + 
400)  X  100  =  280,000  foot-pounds. 

953.  If  the  force  necessary  to  overcome  the  resistance 
be  represented  by  F,  the  space  through  which  the  resistance 
acts  by  5,  and  the  work  done  by  £7,  then  [f=FS. 

If  W—  the  weight  of  a  body,  and  h  =  the  height  through 
which  it  is  raised,  £/=  W  h.     Hence,  the  work  done 

U=FS  =  Wh.        (23.) 

954.  The  total  amount  of  work  is  independent  of  time, 
whether  it  takes  one  minute  or  one  year  in  which  to  do  it ; 
but,  in  order  to  compare  the  work  done  by  different  machines 
with  a  common  standard,  time  must  be  considered. 

When  time  is  considered,  the  unit  of  time  is  always  one 
minute,  and  the  unit  which  measures  the  capacity  of  any 
contrivance  for  producing  work  then  becomes  one  foot- 
pound per  minute.  This  unit  is  called  the  unit  of 
power.  The  term  power  as  here  used  has  a  different  mean- 
ing from  that  previously  given  to  it,  which  simply  meant 
force  acting  to  produce  motion  in  simple  machines.  The 
student  should  carefully  distinguish  between  the  two.  There 
will  be  no  difficulty  in  doing  this,  as  the  wording  of  the 
sentence  in  which  it  occurs  will  always  show  whether  force 
or  work  per  minute  is  meant.  The  power  of  a  machine 
may  always  be  determined  by  dividing  the  work  done  in  foot- 
pounds by  the  time  in  minutes  required  to  do  the  work;  i.  e., 

FS 
Power  =  -y-,  (24.) 

in  which  F  and  5  have  the  same  values  as  in  formula  23, 
and  T=  the  time  in  minutes.  Hence,  if  a  certain  machine 
does,  say,  10,000  foot-pounds  of  work  in  10  minutes,  its 
power  is  10,000  -f- 10  =  1,000  foot-pounds  per  minute;  if  an- 
other machine  does  the  same  work  in  5  minutes,  its  power 
is  10,000  -r-  5  =  2,000  foot-pounds  per  minute — just  twice  as 
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much.  Hence,  we  say  that  the  power  of  the  second  ma- 
chine is  twice  that  of  the  first,  and  understand  thereby  that 
if  both  machines  work  for  the  same  length  of  time  the 
second  machine  will  do  twice  as  much  work  as  the  first 
machine. 

955*  Since  the  unit  of  power  is  very  small,  and  would 
lead  to  the  use  of  very  large  numbers  in  expressing  the 
power  of  large  machines,  the  common  standard  to  which  all 
work  is  reduced  is  the  horsepower,  which  equals  33,000  units 
of  power. 

One  horsepower  is  33,000  foot-pounds  per  minute;  in  other 
words,  it  is  33,000  pounds  raised  vertically  one  foot  in  one 
minute,  or  1  pound  raised  vertically  33,000  feet  in  one  minute, 
or  any  combination  that  will  give  33,000  foot-pounds  in  one 
minute  by  multiplying  the  resistance  in  pounds  by  the  distance 
in  feet  through  which  it  is  overcome,  and  dividing  by  the  time 
in  minutes. 

Thus,  110  pounds  raised  vertically  5  feet  in  one  second,  is 
a  horsepower;  for,  since  one  second  =  -£$  of  a  minute,  110  X 
5  -r-  -gV  =  33,000  foot-pounds  in  one  minute.  The  abbrevia- 
tion for  horsepower  is  H.  P. 

Example. — If  the  coefficient  of  friction  is  .3,  how  many  horsepower 
will  it  require  to  draw  a  load  of  10,000  pounds  on  a  level  surface  a  dis- 
tance of  one  mile  in  one  hour  ? 

Solution. — 10,000  X  .3  =  3,000  pounds  =  the  force  necessary  toover- 

come  the  resistance  (resistance  of  the  air  is  neglected).    One  mile  =  5,280 

feet ;  one  hour  =  60  minutes. 

-,               FS       3,000X5,280      _,  AAA  .     .  ,  .      . 

Power  =  ■  T    = ^- =  264,000  foot-pounds  per  minute. 

Horsepower  =        '        =  8  H.P.     Ans. 

956.  Energy  is  a  term  used  to  express  the  ability  of  an 
agent  to  do  work.  Work  cannot  be  done  without  motion, 
and  the  work  that  a  moving  body  is  capable  of  doing  in  being 
brought  to  rest  is  called  the  kinetic  energy  of  the  body. 

Kinetic  energy  means  the  actual  energy  of  a  body  in 
motion.  The  work  which  a  moving  body  is  capable  of  doing 
in  being  brought  to  rest  is  exactly  the  same  as  the  kinetic 
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energy  developed  by  it  when  falling  in  a  vacuum  through  a 

height  sufficient  to  give  it  the  same  velocity. 

Let  W =  the  weight  of  the  body  in  pounds; 

v  =  its  velocity  in  feet  per  second ; 

h  =■  the  height  in  feet  through  which  the  body  must 

fall  to  produce  the  velocity  v; 

W 
m  =  the  mass  of  the  body  =  — .     (See  formula  10» 

Art.  888.) 

957.    The  work  necessary  to  raise  a  body  through  a  height 
h  is  W/i.  The  velocity  produced  in  falling  through  a  height 


v* 


h  is  v  =  y^gh,  and  h  =  — .     (See  formulas  15  and  16» 

Art.  896.) 

v9  W 

Therefore,  work  =  Wh  =  W  r—  =  +  X  —  X^  =  +*»v*or 

%g  g 

Wh  =  ±mv*.        (25.) 

In  other  words,  if  the  weight  of  the  body  and  its  velocity  are 
given,  the  work  necessary  to  bring  it  to  rest  is  equal  to  one- 
half  the  product  of  the  mass  and  the  square  of  the  velocity  in 
feet  per  second.     This  is  the  kinetic  energy  of  a  moving  body. 

If  a  body,  whose  weight  is  64.32  pounds,  is  moving  with  a 
velocity  of  20  feet  per  second,  the  kinetic  energy  is  £  mv*  = 
W  64  32 

%g  X  *  =  2^3236  X  2°'  =  40°  foot-P°unds- 

958.  The  height  through  which  a  body  would  have  to 
fall  in  a  vacuum  to  gain  a  velocity  of  20  feet  per  second  is 
,        v9  400  400        -  .     - 

A=  2j=  2^WU  =  Gl32;  thC  W°rk  d°ne   m   raiSmg    a 

body  through  this  height  is  Wh  =  G4.32  X  ttti^  =  400foot- 

pounds,  the  same  result  as  before.  The  distinction  between 
kinetic  energy  and  work,  then,  is  this :  A  body  moving  with 
a  certain  velocity \  and  meeting  with  no  resistance,  is  not  doing 
any  work,  but  has  a  certain  amount  of  kinetic  energy  stored 
up  in  it,  which  depends  upon  the  velocity  and  mass  of  the 
body. 
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If  a  resistance  be  interposed  just  sufficient  to  stop  the 
body,  the  body  will  then  do  an  amount  of  work  equal  to  its 
kinetic  energy. 

Example. — If  a  body  weighing  25  pounds  falls  from  a  height  of  100 
feet,  how  much  work  can  be  done  ? 

Solution.— Work  =  Wh  =  25  X  100  =  2,500  foot-pounds.     Ans. 

Example. — A  body  weighing  50  pounds  has  a  velocity  of  100  feet  per 
second ;  what  is  its  kinetic  energy  ? 

o  tt-     *•  i        *       Wv*      50x100*      -  •—<>„« 

Solution.— Kinetic  energy  =  |  m  v*  =  -= —  =  2  Jgo  16  =  7»778*68 

foot-pounds.     Ans.  * 

Example. — In  the  last  example,  how  many  horsepower  would  be 
required  to  give  the  body  this  amount  of  kinetic  energy  in  8  seconds  ? 

Solution. — 1  H.P.  =33,000  pounds  raised  one  foot  in  one  minute. 
If  7,773.63  foot-pounds  of  work  are  done  in  3  seconds,  in  one  second 

7  77H  6S 
there  would  be  done    *   Q  ' —  =  2,591.21   foot-pounds  of  work,  and  in 

o 

one  minute,  2,591.21  X  60  =  155,472.6  foot-pounds. 

The  number  of  horsepower  developed  would  be 

H.P.  =  ^^-6  =  4.7118  H.P.    Ans.  | 

959.  Potential  energy  is  latent  energy ;  it  is  the  energy 
which  a  body  at  rest  is  capable  of  giving  out  under  certain 
conditions. 

If  a  stone  be  suspended  by  a  string  from  a  high  tower,  it 
has  potential  energy  due  to  its  position.  If  the  string  be 
cut,  the  stone  will  fall  to  the  ground,  and  during  its  fall  its 
potential  energy  will  change  into  kinetic  energy,  so  that,  at 
the  instant  it  strikes  the  ground,  its  potential  energy  is 
wholly  changed  into  kinetic  energy. 

At  a  point  equal  to  one-half  the  height  of  the  fall,  the 
potential  and  kinetic  energies  were  equal.  At  the  .end  of 
the  first  quarter,  the  potential  energy  was  £,  and  the  kinetic 
energy  \ ;  at  the  end  of  the  third  quarter,  the  potential 
energy  was  £,  and  the  kinetic  energy  f . 

A  pound  of  coal  has  a  certain  amount  of  potential  energy. 
When  the  coal  is  burned,  the  potential  energy  is  liberated, 
and  changed  into  kinetic  energy  in  the  form  of  heat.  The 
kinetic  energy  of  the  heat  changes  water  into  steam,  which 
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thus  has  a  certain  amount  of  potential  energy.  The  steam 
acting  on  the  piston  of  an  engine  causes  it  to  move  through 
a  certain  space,  thus  overcoming  a  resistance,  changing  the 
potential  energy  of  the  steam  into  kinetic  energy,  and  thus 
doing  work. 

Potential  energy,  then,  is  the  energy  stored  within  a  body, 
which  may  be  liberated  and  produce  motion,  thus  generating 
kinetic  energy,  and  enabling  work  to  be  done. 

960.  The  principle  of  conservation  of  energy  teaches 
that  energy,  like  matter,  can  never  be  destroyed.  If  a  clock 
is  put  in  motion,  the  potential  energy  of  the  spring  is  changed 
into  the  kinetic  energy  of  motion,  which  turns  the  wheels, 
thus  producing  friction.  The  friction  produces  heat,  which 
dissipates  into  the  surrounding  air,  but  still  the  energy  is 
not  destroyed — it  merely  exists  in  another  form.  The  poten- 
tial energy  in  coal  was  received  from  the  sun,  in  the  form  of 
heat,  ages  ago,  and  has  laid  dormant  for  millions  of  years. 


FORCE  OF  A  BLOW. 

961  •  The  average  force  of  a  blow  may  be  determined 
as  follows: 

In  driving  a  nail  into  a  piece  of  wood  with  a  hammer,  the 
head  of  the  hammer  must  be  capable  of  exerting,  in  a  very 
short  time,  a  force  equal  to  that  of  a  load  sufficiently  heavy 
to  produce  by  its  weight  a  movement  of  the  nail  into  the  wood, 
equal  to  the  movement  of  the  nail  produced  by  the  hammer; 
in  other  words,  the  striking  force,  multiplied  by  the  distance 
that  the  nail  is  driven  into  the  wood,  must  equal  the  kinetic 
energy  of  the  hammer. 

Suppose  that  the  velocity  of  the  hammer,  as  it  strikes  the 
nail,  is  30  feet  per  second,  that  the  weight  of  the  head  is  2 
pounds,  and  that  the  nail  is  driven  into  the  wood  {  of  an 
inch.  Let  the  resistance  offered  by  the  wood,  which  is  the 
same  as  the  striking  force  of  the  hammer,  be  represented  by 
F\  then,  since  \  inch  =  -£s  of  a  foot, 

^A  =  }«X  *'=  2X32.16  X  3°'  =  28,  nCarly* 
Therefore,  F=  28  X  48  =  1,344  pounds. 
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Had  the  penetration  been  -J  of  an  inch,  instead  of  J  of  an 
inch,  the  value  of  F  would  have  been  twice  as  large,  or  2,688 
pounds.  This  is  as  it  should  be,  since  the  work  done  is  the 
same  in  both  cases,  while  the  distance  through  which  the 
force  acts  is  only  half  as  great  in  the  second  case  as  in  the 
first  case.  Hence,  in  order  that  the  work  may  be  the  same, 
the  force  must  be  doubled. 

Example. — If  the  head  of  a  drop-hammer,  weighing  400  pounds,  falls 
from  a  height  of  10  feet,  and  compresses  a  piece  of  cold  iron  .01  of  an 
inch,  what  was  the  striking  force  of  the  hammer  ? 

Solution. — .01  of  an  inch  =  ^fj-of  a  foot. 

FX  ^=  Wh  =  400X10  =  4,000. 

Hence,    F=  4,0°^^  *2  =  4,800,000  lb.    Ans. 


DENSITY   AND   SPECIFIC   GRAVITY. 

962.     The  density  of  a  body  is  its  mass  divided  by 

its  volume  in  cubic  feet.* 

Let  D  be  the  density;  then,  the  density  of  a  body  is, 

tn  WW 

D  —  -T?.    Since  w  =  — ,  D  =  — Tr.         (26.) 

Example. — Three  cubic  feet  of  cast  iron  weigh  1,850  pounds;  what 
is  the  density  of  cast  iron  ? 

Solution.-/?  =  J£  =  ^§^  =  18.993. 

Example. — A  cubic  foot  of  water  weighs  62.42  pounds;  (a)  what  is 
its  density  ?  (b)  What  is  the  ratio  between  the  density  of  cast  iron  and 
the  density  of  water  ? 

W  62  42 

Solution. — (a)    D  =  — jy  =  on    ' — T  =  1.941  =  density.    Ans. 
v  '  gV       32.16  X 1 

ifi)  ^^  =  7. 21  =  ratio.     Ans. 

963.     The  specific  gravity  of  a  body   is  the  ratio 

between  its  weight  and  the  weight  of  a  like  volume  of  water. 

•Note. — Some  writers  define  density  as  the  weight  of  a  unit  of 
volume  of  the  material.  When  English  measures  are  used,  the  density 
of  any  material,  according  to  this  definition,  is  the  weight  of  a  cubic 
foot  of  the  material  in  pounds. 
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964.  Since  gases  are  so  much  lighter  than  water,  it  is 
usual  to  take  the  specific  gravity  of  a  gas  as  the  ratio 
between  the  weight  of  a  certain  volume  of  the  gas  and  the 
weight  of  the  same  volume  of  air. 

Example. — A  cubic  foot  of  cast  iron  weighs  .450  pounds;  what  is  its 
specific  gravity,  a  cubic  foot  of  water  weighing  62.42  pounds  ? 

Solution. — According  to  the  definition, 

450 


62.42 


=  7.21.     Ans. 


Note. — Notice  that  this  answer  is  the  same  as  that  of  the  preceding 
example ;  hence,  the  specific  gravity  of  a  body  is  also  the  ratio  of  the 
density  of  a  body  to  the  density  of  water. 

965.  The  specific  gravities  of  different  bodies  are  given 
in  printed  tables ;  hence,  if  it  is  desired  to  know  the  weight 
of  a  body  that  cannot  be  conveniently  weighed,  calculate  its 
cubical  contents ,  and  multiply  the  specific  gravity  of  the  body 
by  the  weight  of  a  like  volume  of  water ^  remembering  that  a 
cubic  foot  of  water  weighs  62.]$  pounds. 

Example. — How  much  will  3,214  cubic  inches  of  cast  iron  weigh  ? 
Take  its  specific  gravity  as  7.21. 

Solution. — Since  1  cubic  foot  of  water  weighs  62.42  pounds,  3,214 
cubic  inches  weigh 

?^  X  62.42  =  116.098  pounds. 

Then,  116.098  X  7.21  =  837.067  pounds.     Ans. 

Example. — What  is  the  weight  of  a  cubic  inch  of  cast  iron  ? 

62  42 
Solution. — t-^q  X  7.21  =  .26044  pound.    Ans. 

1,  iM 

One  cubic  foot  of  pure  distilled  water  at  a  temperature  of 
39.2°  Fahrenheit  weighs  62.425  pounds,  but  the  value  usually 
taken  in  making  calculations  is  62.5  pounds. 

Example. — What  is  the  weight  in  pounds  of  7  cubic  feet  of  oxygen  ? 

Solution. — One  cubic  foot  of  air  weighs  .08073   pound,  and  the 
specific  gravity  of  oxygen  is  1.1056,  compared  with  air;  hence, 
.08073  X  1.1056  X  7  =  .62479  pound,  nearly.     Ans. 


EXAMPLES  FOR  PRACTICE. 

1.  A  man  jumps  from  a  railroad  train  traveling  at  the  rate  of  60 
miles  per  hour;  if  he  weighs  160  lb.,  what  is  the  kinetic  energy  of  his 
body  ?  %    Ans.  19,263.68  ft-lb. 
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2.  A  hammer  strikes  a  nail  with  a  velocity  of  40  ft.  per  sec ;  if  the 
head  weighs  1J  lb.,  and  the  nail  is  driven  ^  in.,  what  is  the  force  of  the 
blow?  Ans.  1,488  lb. ,  nearly. 

8.  A  load  of  20,000  lb.  is  pulled  up  an  inclined  plane  1£  miles  long 
in  5  minutes  ;  if  the  height  of  the  plane  is  800  ft.,  and  the  force  acting 
along  the  plane  necessary  to  overcome  friction  is  9%  of  the  load,  what 
is  the  horsepower  required  ?  Ans.  125.77  H.  P. 

4.  If  a  cubic  foot  of  a  certain  substance  weighs  162}  lb.,  what  is  its 
specific  gravity  ?  Ans.  2.6. 

5.  A  mixture  of  lead  and  tin  has  a  specific  gravity  of  9.28;  what  is 
the  weight  of  a  cubic  inch  ?  Ans.  5.87  oz. 

6.  A  weight  of  11,625  lb.  is  raised  vertically  10  ft  in  8  minutes,  by 
means  of  a  block  and  tackle  and  a  windlass ;  the  f rictional  resistances 
being  26g,  how  many  horsepower  were  required  ?  Ans.  1.48  H.  P. 

7.  A  body  weighing  24,062.5  lb.  is  drawn  on  a  horizontal  surface  at 
the  rate  of  600  ft.  per  min. ;  the  coefficient  of  friction  being  8g,  what 
horsepower  will  be  necessary  to  overcome  the  resistance  of  friction  ? 

Ans.  85  H.  P. 

8.  A  solid  cast  iron  sphere,  12"  in  diameter,  falls  through  a  height 
of  50  ft ;  what  will  be  its  kinetic  energy  on  striking  ?   Ans.  11,781  ft. -lb. 

966.  The  table  of  specific  gravities  gives  the  specific 
gravities  of  a  variety  of  substances  likely  to  be  met  with  in 
ordinary  practice.  The  weights  per  cubic  foot  are  calcu- 
lated on  a  basis  of  62.5  pounds  of  water  per  cubic  foot. 
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HYDROSTATICS. 

967.  Hydrostatics  treats  of  liquids  at  rest  under  the 
action  of  forces. 

Liquids  are  very  nearly  incompressible.  A  pressure  of  15 
pounds  per  square  inch  compresses  water  less  than  xvhnf  °f 
its  volume. 

Fig.  157  represents  two  cylindrical  vessels  of  exactly  the 
same  size.  The  vessel  a  is  fitted  with  a  wooden  block  of 
the  same  size  as  the  cylinder, 
and  can  move  in  it;  the  vessel  b 
is  filled  with  water,  whose  depth 
is  the  same  as  the  length  of  the 
wooden  block  in  a.  Both  ves- 
sels are  fitted  with  air-tight  pis- 
tons P  whose  areas  are  each  10 
square  inches. 

Suppose,  for  convenience,  that 
the  weights  of  the  cylinders, 
pistons,  block,  and  water  be 
neglected,  and  that  a  force  of 
100  pounds  be  applied  to  both 
pistons.   The  pressure  per  square  a 

inch  will  be  Yu"  =  10  pounds.  In  fiq.  ibt. 

the. vessel  a,  this  pressure  will  be  transmitted  to  the  bottom 
of  the  vessel,  and  will  be  10  pounds  per  square  inch;  it  is 
easy  to  see  that  there  will  be  no  pressure  on  the  sides.  In 
the  vessel  b,  an  entirely  different  result  is  obtained.  The 
pressure  on  the  bottom  will  be  the  same  as  in  the  other 
case — that  is,  10  pounds  per  square  inch — but,  owing  to  the 
fact   that  the  molecules  of  the  water  arc  perfectly  free  to 
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move,  this  pressure  of  10  pounds  per  square  inch  is  trans- 
mitted in  every  direction  with  the  same  intensity;  that  is  to 
say,  the  pressure  at  any  point,  e,  d,  c,  f,  g,  h,  etc.,  due  to 
the  force  of  100  pounds,  is  exactly  the  same,  and  equals  10 
pounds  per  square  inch. 

This  may  be  easily  proven  experimentally  by  means  of  an 
apparatus  like  that  shown  in  Fig.  158.  Let  the  area  of  the 
piston  a  be  20  square  inches ; 
of  b,  7  square  inches;  of  c, 
1  square  inch ;  of  d,  (i  square 
inches;  vie,  K  square  inches; 
and  of  f,  i  square  inches. 

If  the  pressure  due  to  the 
weight  of  the  water  be  neg- 
lected, and  a  force  of  5 
pounds  be  applied  at  c 
(whose  area  is  1  square 
inch),  a  pressure  of  5  pounds 
per  square  inch  will  be  trans- 
mitted in  all  directions ; 
and  in  order  that  there  shall 
Kui.  iw,  be  no  movement,  a  force  of 

6  X  5  =  30  pounds  must  be  applied  at  d,  40  pounds  at  e,  20 
pounds  at  /,  100  pounds  at  a,  and  33  pounds  at  b. 

If  a  force  of  !)i)  pounds  were  applied  to  a,  instead  of  100 
pounds,  the  piston  a  would  rise,  and  the  other  pistons 
b,  c,  d,  e,  and/"would  move  inwards;  but,  if  the  force  ap- 
plied to  a  were  100  pounds,  they  would  all  be  in  equilibrium. 
Had  101  pounds  been  applied  at  a,  the  pressure  per  square 
inch  would  be  '2"„'-  =  ■1'-l)5  pounds,  which  would  be  trans- 
mitted in  all  directions;  and,  since  the  pressure  due  to  c  is 
only  5  pounds  per  square  inch,  it  is  now  evident  that  the 
piston  a  will  move  downwards,  and  the  pistons  b,  c,  d,  e, 
and  f  will  be  forced  outwards. 

The  whole  may  be  summed  up  as  follows: 
9GH.      Rule. —  The  pressure  per  unit  of  urcn  exerted  any- 
where upon  a  muss  of  liquid  is  transmitted  undiminished  in 
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all  directions,  and  acts  with  the  same  force  upon  all  surf  aces 
in  a  direction  at  right  angles  to  those  surfaces. 

This  law  was  first  discovered  by  Pascal,  and  is  the  most 
important  in  Hydromechanics.  Its  meaning  should  be 
thoroughly  understood. 

Example. — If  the  area  of  a  piston  e  in  Fig.  108  were  8.25  square 
inches,  and  a  force  of  150  pounds  were  applied  to  it,  what  forces  would 
have  to  be  applied  to  the  other  pistons  to  keep  the  water  in  equilibrium, 
assuming  that  their  areas  were  the  same  as  given  before  ? 

Solution. — g-p=  =  18.1821b.  persq.  in.,  nearly. 


20X18^82  =  363.84  lb.= 
7xl8.1S2  =  127.2741b.= 
1X18.182=  18.182  1b.: 
6x18. 182  =  109. 092  lb.= 
4X18.182=    72.7281b.= 


"orce  to  balance  a. 

to  balance  c. 
to  balance  d. 
to  balance  f. 


969.  The  pressure  due  to  the  weight  of  a  liquid  may  be 

downwards,  upwards,  or  sideways. 

970.  Downward   Pressure. — In  Fig.  159,  the  pres- 
sure on  the  bottom  of  the  vessel  a  is,  of  course,  equal  to 


Fig.  1». 
the  weight  of  the  water  it  contains.  If  the  area  of  the 
bottom  of  the  vessel  b,  and  the  depth  of  the  liquid  contained 
in  it,  are  the  same  as  in  the  vessel  a,  the  pressure  on  the 
bottom  of  b  will  be  the  same  as  on  the  bottom  of  a.  Sup- 
pose the  bottoms  of  the  vessels  a  and  //are  (i  inches  square, 
and  that  the  part  erf,  in  the  vessel  bt  is  2  inches  square,  and 
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that  both  vessels  are  filled  with  water.     Then,  the  weight 

62  5 
of  1  cubic  inch  of  water  being      *      =.03617  pound,  and 

1,  i  /CO 

the  number  of  cubic  inches  in  a,  6  X  6  X  24  =  864  cubic 
inches,  the  weight  of  the  water  is  864  X  .03617  =  31.25 
pounds.     Hence,  the  total  pressure  on  the  bottom  of  the 

vessel  a  is  31.25  pounds,  or'    '       =  .868  pound  per  square 

inch. 

The  pressure  in  b>  due  to  the  weight  contained  in  the  part 
e  c,  is  6  X  6  X  10  X  .03617  =  13.02  pounds. 

The  weight  of  the  part  contained  in  c  d  is  2  X  2  X  14  X 
.03617  =  2.0255  pounds,  and  the  weight  per  square  inch  of 

area  in  c  d  is  — -f—  =  .5064  pound. 

According  to  Pascal's  law,  this  weight  (pressure)  is  trans- 
mitted equally  in  all  directions ;  therefore,  every  square  inch 
of  the  large  part  of  the  vessel  b  will  be  subjected  to  a  pres- 
sure of  .5064  pound.  The  area  of  the  part  e  c  is  6  X  6  =  36 
square  inches,  and  the  total  pressure  due  to  the  weight  of 
the  water  in  the  small  part  will  be  .5064  X  36  =18.23  pounds. 
Hence,  the  total  pressure  on  the  bottom  of  b  will  be  13.02  + 
18.23  =  31.25  pounds,  the  same  result  as  in  the  case  of  the 
vessel  a. 

If  an  additional  pressure  of  10  pounds  per  square  inch 
were  applied  to  the  upper  surface  of  both  vessels,  the  total 
pressure  on  their  bottoms  would  be  31.25+  (6  X  6  X  10)  = 
31.25  +  360  =  391.25  pounds. 

In  case  this  pressure  were  obtained  by  means  of  a  weight 
placed  on  a  piston,  as  shown  in  Figs.  157  and  158,  the  weight 
for  the  vessel  a  would  be  6  X  6  X  10  =  360  pounds,  and  for 
the  vessel  by  2  X  2  X  10  =  40  pounds. 

971.  The  General  Law  for  the  Downward  Pres- 
sure upon  the  Bottom  of  any  Vessel  : 

Rule. —  The  pressure  upon  the  bottom  of  a  vessel  containing 
a  fluid  is  independent  of  the  shape  of  the  vessel,  and  is  equal 
to  the  weight  of  a  prism  of  the  fluid  whose  base  has  the  same 
area  as  the  bottom  of  the  vessel,  and  whose  altitude  is  the  dis~ 
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tance  between  the  bottom  and  the  upper  surface  of  the  fluid, 
plus  the  pressure  per  unit  of  area  upon  the  upper  surface  of 
the  fluid  multiplied  by  the  area  of  the  bottom  of  the  vessel. 

Suppose  that  the  vessel  by  in  Fig.  159,  is  inverted,  as 
shown  at  c;  the  pressure  upon  the  bottom  in  this  case  will 
also  be  .868  pound  per  square  inch,  but  it  will  require  a 
weight  of  3,490  pounds  to  be  placed  upon  the  piston  at  the 
upper  surface  to  make  the  pressure  on  the  bottom  391.25 
pounds,  instead  of  a  weight  of  40  pounds,  as  in  the  other 
case. 

Example. — A  vessel  filled  with  salt  water,  having  a  specific  gravity 
of  1.08,  has  a  circular  bottom  13  inches  in  diameter.  The  top  of  the 
vessel  is  fitted  with  a  piston  3  inches  in  diameter,  on  which  is  laid  a 
weight  of  75  pounds ;  what  is  the  total  pressure  on  the  bottom,  if  the 
depth  of  the  water  is  18  inches  ? 

Solution. — The  weight  of  1  cubic  inch  of  the  water  is  — -   ^     ' —  = 

1,4  iwO 

.037254  lb. 

18  X  13  X  .7854  X  18  X  .037254  =  89.01  pounds  =  the  pressure  due  to 
the  weight  of  the  water. 

75 

5— — t rKfr"7=  10*61  lb.  per  sq.  in.  due  to  the  weight  on  the  piston. 

oX«  X  •  <o»)4 

13  X  13  X  .7854  X  10.61  =  1,408.29  lb.  =  pressure  on  the  bottom  due  to 

the  weight. 

Total  pressure  =  1,408.29  +  89.01  =  1,497.3  lb.     Ans. 

972.  Upward  Pressure.- In  Fig.  159  the  vessel  b 
is  of  exactly  the  same  size  as  that  shown  at  c.  There  is 
no  upward  pressure  on  the  surface  c  due  to  the  weight  of 
the  water  in  the  large  part  e  cy  but  there  is  an  upward  pres- 
sure on  c  due  to  the  weight  of  the  water  in  the  small  J>art 
c  d.  The  pressure  per  square  inch  due  to  the  weight  of  the 
water  in  c  d  was  found  to  be  .5004  pound  (see  Art.  970); 
the  area  of  the  upper  surface  c  of  the  large  part  e  c  is  evi- 
dently (6  X  6)  —  (2  X  2)  =  30  —  4  =  32  square  inches,  and 
the  total  upward  pressure  due  to  the  weight  of  the  water  is 
.5064  X  32  =  16.2  pounds. 

If  an  additional  pressure  of  10  pounds  per  square  inch 
were  applied  to  a  piston  fitting  the  top  of  the  vessel,  the 
total  upward  pressure  on  the  surface  c  would  be  16.2  + 
(32  X  10)  =  336.2  pounds. 

T.    I.— 26 
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973.  General  Law  for  Upward  Pressure  s 
Rule. —  The  upward  pressure  on  any  submerged  horizontal 

surface  equals  the  weight  of  a  prism  of  the  liquid  whose  base 
lias  an  area  equal  to  the  area  of  the  submerged  surface,  and 
whose  altitude  is  the  distance  between  the  submerged  surface 
and  the  upper  surface  of  the  liquid,  plus  the  pressure  per  unit 
of  area  on  the  upper  surface  of  the  fluid  multiplied  by  the 
area  of  the  submerged  surface. 

Example. — A  horizontal  surface  6  inches  by  4  inches  is  submerged 
in  a  vessel  of  water  26  inches  below  the  upper  surface.  If  the  pressure 
on  the  water  is  16  pounds  per  square  inch,  what  is  the  total  upward 
pressure  on  the  horizontal  surface  ? 

Solution.—  6  x  4  X  38  x  .03617  =  22.57  lb.,  or  the  upward  pressure 
due  to  the  weight  of  the  water. 

6x4x16  =  384  lb.,  or  the  upward  pressure  due  to  the  outside  pres- 
sure of  16  lb.  per  sq.  in. 

The  total  upward  pressure  =  384  +  23.57  =  406.57  lb.     Ans. 

974.  Lateral  (Sideways)  Pressure. — Suppose  the 
top  of  the  vessel  shown  in  Fig.  160  {a)  is  10  inches  square, 


Pio.  iw. 
and  that  the  projections  at  a  and  b  are  1  inch  x  1  inch,  and 
10  inches  long. 

The  pressure  per  square  inch  on  the  bottom  of  the  vessel, 
due  to  the  weight  of  the  liquid,  is  1  X  1  X  18  X  the  weight 
of  a  cubic  inch  of  the  liquid. 
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The  pressure  at  a  depth  equal  to  the  distance  of  the  upper 
surface  b  below  the  top  of  the  vessel  is  1  X  1  X  17  X  the 
weight  of  a  cubic  inch  of  the  liquid. 

Since  both  of  these  pressures  are  transmitted  in  every 
direction,  they  are  also  transmitted  laterally  (sideways),  and 
the  pressure  per  unit  of  area  on  the  projection  b  is  a  mean  be- 
tiveen  the  two,  and  equals  1  X  1  X  17^-  X  the  weight  of  a 
cubic  inch\of  the  liquid. 

To  find  the  lateral  pressure  on  the  projection  ay  imagine 
that  the  dotted  line  c  is  the  bottom  of  the  vessel ;  then  the 
conditions  will  be  the  same  as  in  the  preceding  case,  except 
that  the  depth  is  not  so  great. 

The  lateral  pressure  on  a  is  thus  seen  to  be  1  X  1  X  11£  X 
the  weight  of  a  cubic  inch  of  the  liquid. 

General  Law  for  Lateral  Pressure  : 

975.  R  ule. —  The  pressure  upon  any  vertical  surface  due 
to  the  weight  of  a  liquid  is  equal  to  the  weight  of  a  prism  of 
the  liquid  whose  base  has  the  same  area  as  the  vertical  sur- 
face, and  whose  altitude  is  the  depth  of  the  center  of  gravity 
of  the  vertical  surface  below  the  level  of  the  liquid. 

Any  additional  pressure  is  to  be  added  as  in  the  previous 
cases. 

Example. — A  well  8  feet  in  diameter  and  20  feet  deep  is  filled  with 
water;  what  is  the  pressure  on  a  strip  of  the  wall  1  inch  wide,  the 
center  of  which  is  1  foot  from  the  bottom  ?  What  is  the  pressure  on 
the  bottom  ?  What  is  the  upward  pressure  per  square  inch,  2  feet 
6  inches  from  the  bottom  ? 

Solution. —  1x36x3.1416  =  113.1  sq.  in.  =  area  of  the  strip. 
Depth  of  center  of  gravity  =  20  —  1  =  19  ft. 

113.1  X  19  X  12  X  .03617  =  932.71    lb.  =  total     pressure     upon     the 

strip.     Ans. 

932  71 
The  pressure  per  square  inch  is  ^tJ—t"  =  8-247  lb.,  nearly. 

1 1  o.  1 

36  X  36  X  .7854  X  20  X  12  X  .03617  =  8,836  lb.  =■.  the  pressure  on  the 
bottom.     Ans. 

20  -  2.5  =  17.5.  1  x  17.5  X  12  X  .03617  =  7.596  lb.  =  the  upward  pres- 
sure per  square  inch,  2  ft.  6  in.  from  the  bottom,  since  2  ft.  6  in.  = 
2.5  ft.     Ans. 

The  effects  of  the  lateral  pressure  are  illustrated  in  Fig. 


368  HYDRAULICS. 

160  (£).  A  tall  vessel  e  has  a  stop-cock  near  its  base,  and 
is  arranged  to  float  upon  the  water,  as  shown.  When  this 
vessel  is  filled  with  water,  the  lateral  pressures  at  any  two 
points  of  the  surface  of  the  vessel,  and  opposite  to  each 
other,  are  equal.  Being  equal,  and  acting  in  opposite  direc- 
tions, they  destroy  each  other  (see  Art.  881),  and  no 
motion  can  result;  but,  if  the  stop-cock  be  opened,  there 
will  be  no  resistance  to  that  pressure  acting  on  the  surface 
equal  to  the  area  of  the  opening,  the  pressure  which  for- 
merly acted  causing  the  water  to  flow  out,  while  its  equal 
and  opposite  pressure  will  cause  the  vessel  to  move  back- 
wards through  the  water  in  a  direction  opposite  to  that  of 
the  spouting  water. 

Since  the  pressure  on  the  bottom  of  a  vessel  due  to  the 
weight  of  the  liquid  is  dependent  only  upon  the  height  of 
the  liquid,  and  not  upon  the  shape  of  the  vessel,  it  follows 
that  if  a  vessel  has  a  number  of  radiating  tubes,  as  Fig. 
161,  the  water  in  each  tube  will  be  on  the  same  level,  no 


matter  what  mi\y  be  the  shape  of  the  tubes.  For,  if  the 
water  were  higher  in  one  tube  than  in  the  others,  the  down- 
ward pressure  on  the  bottom  due  to  the  height,  of  the  water 
in  this  tube  would  be  greater  than  that  due  to  the  height  of 
the  water  in  the  other  tubes. 

Consequently,  the  upward  pressure  would  also  be  greater; 
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the  equilibrium  would  be  destroyed,  and  the  water  would 
flow  from  this  tube  into  the  vessel,  and  rise  in  the  other 
tubes  until  it  was  at  the  same  level  in  all,  when  it  would  be 
in  equilibrium.  This  principle  is  expressed  in  the  familiar 
saying,  Water  seeks  its  level 

This  explains  why  city  water  reservoirs  are  located  on 
high  elevations,  and  why  water  on  leaving  the  hose-nozzle 
spouts  so  high. 

If  there  was  no  resistance  by  friction  and  air,  the  water 
would  spout  to  a  height  equal  to  the  level  of  the  water  in 
the  reservoirs.  If  a  long  pipe,  whose  length  was  equal  to 
the  vertical  distance  between  the  nozzle  and  the  level  of  the 
water  in  the  reservoir,  was  attached  to  the  nozzle,  the  water 
would  just  reach  the  end  of  the  pipe.  If  the  pipe  was 
lowered  slightly,  the  water  would  trickle  out. 

Fountains,  canal  locks,  and  artesian  wells  are  examples  of 
the  application  of  this  principle. 

Example— The  water  level  in  a  city  reservoir  is  150  feet  from  the 
level  of  the  street;  what  is  the  pressure  of  the  water  per  square  inch 
on  the  hydrant  ? 

Solution.—    1  xlSOx  12  x. 03617  =  66.108  lb.  per  sq.  in.    Ans. 

976.  The  weight  of  a  column  of  water  1  inch  square 
and  1  foot  high  is.  O3017  X  12  =  .434  pound,  nearly.  Hence, 
if  the  depth  (head)  is  given,  the  pressure 

per  square  inch  may  be  found  by  mul- 
tiplying the  depth  in  feet  by  .434.  The 
constant  .434  is  the  one  ordinarily  em- 
ployed in  practical  calculations. 

977.  In  Fig.  162,  let  the  area  of  the 
piston  a  be  1  square  inch ;  of  b,  40  square 
inches.  According  to  Pascal's  law,  1 
pound  placed  upon  a  will  balance  40 
pounds  placed  upon  b. 

Suppose  that  a  moves  downwards  10 
inches;  then,    10  cubic  inches  of  water  Plain, 

will  be  forced  into  the  tube  b.  This  will  be  distributed 
over  the  entire  area  of  the  tube  b  in  the  form  of  a  cylinder, 
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whose  cubical  contents  must  be  10  cubic  inches,  whose  base 
has  an  area  of  40  square  inches,  and  whose  altitude  must 
be  4£  =  ]  of  an  inch;  that  is,  a  movement  of  10  inches  of 
the  piston  a  will  cause  a  movement  of  \  of  an  inch  of  the 
piston  b. 

Here  is  the  old  principle  of  machines:  The  power  multi- 
plied by  the  distance  through  which  it  moves  equals  the  weight 
multiplied  by  the  distance  through  which  it  moves. 

Hence,  if  1  pound  on  the  pistons  represents  the  power  P, 
the  equivalent  weight  W  on  b  may  be  obtained  from  the 
equation  Px  10=  IV X  i,  or  10=  ±  IV,  and  IV  =  40. 

Another  familiar  fact  is  also  recognized,  for  the  velocity 
ratio  of  P  to  W  is  10  :  \,  or  40.  Since  in  any  machine  the 
weight  equals  the  power  multiplied  by  the  velocity  ratio, 
W=  Px  40,  and  when  P=  1  pound,  W  =  40  pounds. 

978.     This  principle  is  made  use  of  in  the  hydraulic  press 


-epresented  in  Fig.  103.     As  the  man  depre 
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he  forces  down  the  piston  a  upon  the  water  in  the  cylinder 
A.  The  water  is  forced  through  the  bent  tube  d  into  the 
cylinder  in  which  the  large  piston  C  works,  and  causes  it  to 
rise,  thus  lifting  the  platform  K,  and  compressing  the  bales. 
If  the  area  of  a  be  1  square  inch,  and  that  of  Cbe  100  square 
inches,  the  velocity  ratio  will  be  100. 

If  the  length  of  the  lever  between  the  hand  and  the  ful- 
crum is  10  times  the  length  between  the  fulcrum  and  the 
piston  a,  the  velocity  ratio  of  the  lever  will  be  10,  and  the 
total  velocity  ratio  of  the  hand  to  the  piston  C  will  be  1,000. 

Hence,  a  force  of  100  pounds  applied  by  the  hand  will 
raise  100x1,000  =  100,000  pounds.  But,  if  the  average 
movement  of  the  hand  per  stroke  is  10  inches,  it  will  require 

'         =  100  strokes  to  raise  the  platform  1  inch,  and  it  is 

again  seen  that  what  is  gained  in  power  is  lost  in  speed. 

Applications  of  this  principle  are  seen  in  the  hydraulic 
machines  used  for  forcing  locomotive  drivers  on  their  axles, 
etc.,  and  for  testing  the  strength  of  boiler  shells. 

Example. — A  suspended  vertical  cylinder  is  tested  for  the  tightness 
of  its  heads  by  filling  it  with  water.  A  pipe  whose  inside  diameter  is 
£  of  an  inch,  and  whose  length  is  20  feet,  is  screwed  into  a  hole  in  the 
upper  head,  and  then  filled  with  water ;  what  is  the  pressure  per  square 
inch  on  each  head,  if  the  cylinder  is  40  inches  in  diameter  and  60  inches 
long? 

Solution.— Area  of  heads  =  40*  X  .7854  =  1,256.64  sq.  in. 

Pressure  per  square  inch  on  the  bottom  head,  due  to  the  weight  of 
the  water  in  the  cylinder  =  1  X  60  X  .03617  =  2.17  lb.  (±)«  X  .7854  = 
.04909  sq.  in.,  the  area  of  the  pipe. 

.04909  X  20  X  12  X  .03617  =  .426  lb.  =  the  weight  of  water  in  pipe  = 
the  pressure  on  a  surface  area  of  .04909  sq.  in. 

The  pressure  per  square  inch  due  to  the  water  in  the  pipe  is  -^r^r^  X 

.426  =  8.68  lb.  per  sq.  in.  upon  the  upper  head.     Ans. 

The  pressure  per  square  inch  on  the  lower  head  is  8.68  +  2.17  =  10.85 
lb.  per  sq.  in.     Ans. 

Example. — In  the  last  example,  if  the  pipe  is  fitted  with  a  piston 
weighing  ^  of  a  pound,  and  a  5-pound  weight  is  laid  upon  it,  what  is 
the  pressure  per  square  inch  upon  the  upper  head  ? 

Solution. — In  addition  to  the  pressure  of  .426  pound  on  the  area  of 
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.04900  sq.  in.,  there  is  now  an  additional  pressure  upon  this  area  of 
5  +  i  =  5.25  lb.,  and  the  total  pressure  upon  this  area  is  .426  +  5.35  = 
5.676  lb. 

The  pressure  per  square  inch  is  -    ^  X  5.676  =  115.6  lb.    Ans. 

979.  Pressure  Upon  Oblique  Surfaces. — Hereto- 
fore, the  pressure  upon  horizontal  and  vertical  surfaces  only 
has  been  considered.  The  pressure  upon  sides  which  are 
oblique  to  the  bottom  wilt  now  be  considered. 

According  to  the  law  of  Pascal,  the  pressure  which  a  fluid 
exerts   upon    a    surface    is    at 
right    angles    to    the    surface; 
hence,  in  Fig.  164,  the  pressure  . 
acts  in  a  direction  indicated  by 
the  arrow-head  on  the  line  CD, 
t  and    the    lateral     pressure    on 
every  square  unit  of  area  of  the 
side  F  H  will  be  in  the  direc- 
tion  C  D.      According  to  the 
'  law  for  lateral  pressure   (Art. 
975),  the  total  perpendicular 
pressure  upon  the  side  FH  will 
be:   Area  of  side  F  Hx  i  A  H x  the  weight  of   a  cubic 
inch  of  the  fluid. 

Let  the  line  C  D  represent  this  perpendicular  pressure, 
and  call  it  P.  Now,  resolve  P  into  two  components,  one,  Pit 
acting  horizontally,  and  the  other,  P1t  acting  vertically. 
The  angle  C  D  E  =  F  H  A,  for  C  D  is  perpendicular  to 
F  H,  and  E  D  is  perpendicular  to  A  H.  (See  Art.  692.) 
Therefore,  P,  =  P  X  cos  C  D  E  =  P  X  cos  F  H  A  ;  but  the 
cosine  of  F  H  A  is  numerically  equal  to  A  H,  which  equals 
the  projection  of  f //on  a  line  at  right  angles  to  E  D, 

The  angle  G  D  C =  E  C  D  =  A  F  H,  since  C  D  is  per- 
pendicular to  F  H,  and  G  D  is  perpendicular  to  A  F;  con- 
sequently, the  vertical  component  Pt  =  P  cos  G  D  C  = 
Pcos  A  F  H.  But  the  cosine  A  F H  is  numerically  equal  to 
A  F,  which  equals  the  projection  of  F  //upon  a  line  at  right 
angles  to  G  D.  Hence,  the  rule  for  finding  the  pressure 
exerted  by  a  fluid  in  any  direction  upon  a  plane  surface  is: 
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Rule. — The  pressure  exerted  by  a  fluid  in  any  direction 
upon  any  plane  surface  is  equal  to  the  weight  of  a  prism  of 
the  fluid  whose  base  is  the  projection  of  the  surface  at  right 
angles  to  the  direction  considered,  and  whose  height  'is  the 
depth  of  the  center  of  gravity  of  the  surface  below  the  level 
of  the  liquid. 

980.  When  the  pressure  per  unit  of  area  is  so  great  that 
the  pressure  may  be  regarded  as  uniformly  distributed  over 
the  area  of  the  surface  pressed  against, 
the  preceding  rule  holds  good  for  any 
surface.  Consequently,  if  a  cylinder  is 
filled  with  water,  and  a  pressure  is  ap- 
plied, the  pressure  upon  any  half  section 
of  the  cylinder,  as  A  C  B  (¥'\g.  165),  tend- 
ing to  separate  one  half  from  the  other,  is 
equal  to  the  projected  area  of  the  half 
cylinder  (or  the  inside  diameter  times  the  length  of  the  cylinder), 
multiplied  by  the  depth  of  the  center  of  gravity  of  the  cylinder 
(or  %  d)t  multiplied  by  the  weight  of  a  cubic  unit  of  water, 
plus  the  diameter  of  the  shell  multiplied  by  the  pressure  per 
square  inch  multiplied  by  the  length  of  the  cylinder. 

If  */=  the  inside  diameter  in  inches  and  /  =  the  length  of 
the  cylinder  in  inches,  the  pressure  due  to  the  weight  of  the 
water  (when  the  cylinder  is  horizontal  and  filled  with  water) 

upon  the  half  cylinder  A  C B  =  d  X  /  X  ~  X  the  weight  of  a 

At 

d* 
cubic  inch  of  water  =  /  X  -5-  X  the  weight  of  a  cubic  inch  of 

water. 

The  pressure  due  to  an  additional  pressure  Px  pounds  per 
square  inch  =  /  X  d  X  Pv  Thus,  if  a  cylinder  60  inches  long 
and  40  inches  in  diameter,  lying  horizontally,  is  filled  with 
water,  the  pressure  on  any  half  section,  as  A  C B,  due  to  the 
weight  of  the  water,  will  be  found  as  follows: 

60  X  %-  X  .03617  =  1,736.16  pounds. 

At 

If  there  were  an  additional  pressure  per  square  inch  of  50 
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pounds,     the    total     pressure    would     be     60  X  40  X  50  + 
1,736.16  =  121,736.16  pounds. 

If  the  cylinder  were  vertical  instead  of  horizontal,  the 
depth  of  the  center  of  gravity  would  evidently  be  \  I  below 
the  surface,  and  the  pressure  tending  to  separate  one  half 
from  the  other,  due  to  the  weight  of  the  water,  would  be 

/  r 

rfx/XrX  weight  of  a  cubic  inch  of  water  =  d  X  -^-  X  weight 

of  a  cubic  inch  of  water. 

Any  additional  pressure  should  be  calculated  as  in  the 
previous  case. 

Example. — What  would  be  the  pressure  due  to  the  weight  of  the 
water  if  the  cylinder  in  the  last  example  were  vertical  ? 

60' 
Solution.—    40  x  -5-  X  .03617  =  2,604.24  lb.    Ans. 

In  the  case  of  a  sphere,  the  projected  area  is  evidently  the 
area  of  a  circle  whose  diameter  is  the  same  as  the  diameter 
of  the  sphere.     Hence,  the  pressure  upon  a  hemisphere  due 

to  the  weight  of  the  water  will  be  d2  X  .7854  X  •$  X  the 

At 

weight  of  a  cubic  inch  of  water  =  —  X  .7854  X  the  weight 

At 

of  a  cubic  inch  of  water. 

The  pressure  upon  a  hemisphere  whose  diameter  is  20 

inches,  when  filled  with  water,  due  to  the  weight   of   the 

20* 
water  only,  will  be—  X  .7854  X  .03617  =  113.63  pounds. 

z 

For  an  additional  pressure  P  in  pounds  per  square  inch, 
the  pressure  on  the  hemisphere  due  to  this  will  be  d*  X 
.7854  X  P 

Example. — If  the  ends  of  the  vessel  shown  in  Fig.  164  make  right 
angles  with  the  bottom,  and  the  distance  between  them,  or  length  of 
the  vessel,  is  12  feet,  what  are  the  horizontal,  vertical,  and  perpendicular 
pressures  against  the  sides,  both  making  equal  angles  with  the 
bottom  ? 

Solution. — Apply  rule,  Art.  979.  In  finding  the  horizontal  pres- 
sure, the  direction  considered  is  that  of  the  line  E  D ;  that  is,  horizon- 
tal. The  projected  area  of  the  surface  whose  edge  is  /^V/ projected  at 
right  angles  to  ED    is  A  Hx  length  of  vessel  =  6  X  12  =  72  sq.  ft. 
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Depth  of  center  of  gravity  =  6  -*-  2  =  3  ft.     Hence,  horizontal  pres- 
sure =  6  X  12  X  3  X  62.5  =  13,500  lb.     Ans. 

Note. — We  multiply  by  62.5,  because  all  dimensions  are  in  feet. 

In  a  similar  manner,  the  vertical  pressure  is  found.  Thus,  direction 
considered  is  that  of  the  line  G  D.  Projected  area  of  surface  FH, 
when  projected  at  right  angles  to  G  Dy  =  FA  X  length  of  vessel. 

Q  ft 

FA  =  -^—  =  1|  ft.   Vertical  pressure  =  H  X  12  X  3  X  62.5  =  3,375  lb. 

Ans. 
To  find  the  perpendicular  pressure,  first  find  the  length  of  the  side 

FH.   FH  =  |/6T+  (1£)«  =  6. 1847  ft.  Perpendicular  pressure  =  6.1847  X 
12  X  3  X  62.5  =  13,916  lb.,  nearly.     Ans. 

Example. — A  sphere  having  a  diameter  of  30  inches  is  filled  with 
water  and  subjected  to  an  additional  pressure  of  75  pounds  per  square 
inch ;  what  is  the  total  pressure  tending  to  separate  one  vertical  half 

section  of  the  sphere  from  its  opposite  half  ? 

30s 
Solution. — The  pressure  due  to  the  weight  of  the  water  is  -^-  X 

.7854  X. 03617  =  883.5  lb. 

30s  X  .7854  X  75  =  53,014.5  lb.  =  additional  pressure. 

Total  pressure  tending  to  separate  any  two  halves  =  53,014.5+883.5  = 
53,398  lb.     Ans.  

BUOYANT  EFFECTS  OF  WATER. 

981.  In  Fig.  166  (a)  is  shown  a  6-inch  cube  entirely 
submerged  in  water.  The  lateral  pressures  are  equal,  and 
act  in  opposite  directions.  The  upward  pressure  =  6  X 
6  X  21  X  .03617;  the  downward  pressure  =  6  X  6  X  15  X 
.03617,  and  the  difference  =  6  X  6  X  6  X  .03617  =  the  vol- 
ume of  the  cube  in  cubic  inches  X  the  weight  of  1  cubic  inch 
of  water.  That  is,  the  upward  pressure  exceeds  the  down- 
ward pressure  by  the  weight  of  a  volume  of  water  equal  to 
the  volume  of  the  body. 

This  excess  of  upward  pressure  over  the  downward  pres- 
sure acts  against  gravity ;  consequently,  if  a  body  be  im- 
mersed in  a  fluids  it  zvill  lose  in  weight  an  amount  equal  to 
the  weight  of  the  fluid  it  displaces.  This  is  called  the  prin- 
ciple of  Archimedes,  because  it  was  first  stated  by  him. 

Archimedes'  principle  may  be  experimentally  demon- 
strated with  the  beam  scales,  as  shown  in  Fig.   166  (b). 

From  one  scale  pan  suspend  a  hollow  cylinder  of  metal  /, 
and  below  that  a  solid  cylinder  a  of  the  same  size  as  the 
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hollow  part  of  the  upper  cylinder.  Put  weights  in  the 
other  scale  pan  until  they  exactly  balance  the  two  cylinders. 
If  a  be  immersed  in  water,  the  scale  pan  containing  the 
weights  will  descend,  showing  that  a  has  lost  some  of  its 
weight.  Now,  fill  t  with  water,  and  the  volume  of  water 
that  can  be  poured  into  t  will  equal  that  displaced  by  a. 
The  scale  pan  that  contains  the  weights  will  gradually  rise 
until  t  is  filled,  when  the  scales  balance  again. 

If  the  immersed  body  is  lighter  than  the  liquid,  the  up- 


(0)  (ft) 

Pic.  iw. 
ward  pressure  will  cause  it  to  rise  and  extend  partly  out  of 
the  liquid,  until  the  weight  of  the  body  and  the  weight  of 
the  liquid  displaced  are  equal.  If  the  immersed  body  is 
heavier  than  the  liquid,  the  downward  pressure  plus  the 
weight  of  the  body  will  be  greater  than  the  upward  pres- 
sure, and  the  body  will  fall  downwards  until  it  touches 
bottom  or  meets  an  obstruction.  If  the  weights  of  equal 
volumes  of  the  liquid  and  the  body  are  equal,  the  body  will 
remain  stationary,  and  be  in  equilibrium  in  any  position  or 
at  any  depth  beneath  the  surface  of  the  liquid. 

An  interesting  experiment  in  confirmation  of  the  above 
facts  may  be  performed  as  follows:  Drop  an  egg  into  a  glass 
jar  filled  with  fresh  water.     The  mean  density  of  the  egg 
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being  a  little  greater  than  that  of  water,  the  egg  will  fall  to 
the  bottom  of  the  jar.  Now,  dissolve  salt  in  the  water, 
stirring  it  so  as  to  mix  the  fresh  and  salt  water.  The 
salt  water  will  presently  become  denser  than  the  egg,  and 
the  egg  will  rise.  Now,  if  fresh  water  be  poured  in  until 
the  egg  and  water  have  the  same  density,  the  egg  will  re- 
main stationary  in  any  position  that  it  may  be  placed  below 
the  surface  of  the  water. 

EXAMPLES  FOR  PRACTICE. 

1.  The  diameter  of  the  plunger  of  a  hydraulic  press  used  in  an 
engineering  establishment  is  12'.  Water  is  forced  into  the  cylinder  of 
the  press  by  means  of  a  small  pump  having  a  plunger  whose  diameter 
is  £ *,  and  stroke  is  4".  What  pressure  is  exerted  by  the  large  plunger, 
when  the  force  acting  on  the  small  plunger  is  125  pounds  ? 

Ans.  82,0001b. 

2.  If  the  small  plunger,  in  the  last  example,  makes  96  working 
strokes  per  minute,  (a)  how  long  will  it  take  the  large  plunger  to  move 
8'  ?    (b)  What  is  the  velocity  ratio  ?  »        (  (a)  5$  min. 

'  I  (b)  256  :  1. 

3.  A  vertical  pipe,  88  feet  high,  is  filled  with  water;  (a)  what  is  the 
pressure  on  bottom  ?  (b)  If  the  diameter  of  the  pipe  is  8',  what  is  the 
total  pressure  on  a  strip,  2£'  high,  whose  center  of  gravity  is  21  feet 
from  the  bottom  ?  .        ( (a)  38.2  lb.  per  sq.  in.,  nearly. 

( (b)  1,827.03  lb. 

4.  A  sphere,  16'  in  diameter,  is  submerged  in  water  with  its  center 
of  gravity  43  ft.  8"  below  the  surface.  What  is  (a)  the  total  lateral 
pressure?    (b)  the  total  pressure?  .        (  (a)  7,620.8  lb. 

'  (  (b)  15,241.6  lb. 

SPECIFIC  GRAVITY. 

982.  In  Art.  963  it  was  stated  that  the  specific  grav- 
ity of  a  body  was  the  ratio  between  the  weight  of  the  body 
and  the  weight  of  an  equal  volume  of  water,  but  no  meth- 
ods were  given  for  finding  this  ratio.  Some  of  these  methods 
will  now  be  explained. 

Archimedes'  principle  affords  an  easy  and  accurate 
method  of  finding  the  specific  gravity  of  solids  not  easily 
soluble  in  water.  Weigh  the  body  in  air;  then,  weigh  the 
body  in  water,  suspending  it  by  a  string,  and  attaching  the 
string  to  a  scale  pan  in  place  of  the  two  cylinders  shown  in 
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Fig.  166  (b).  The  difference  between  the  two  weights  will  be 
the  weight  of  an  equal  volume  of  water.  The  ratio  of  the 
weight  in  air  to  the  difference  thus  found  will  be  the  specific 
gravity.     The  abbreviation  for  specific  gravity  is  Sp.  Gr. 

Let  W^be  the  weight  of  the  solid  in  air  and  IV  the  weight 
in  water;  then  W  —  IV  =  the  weight  of  a  volume  of  water 
equal  to  the  volume  of  the  solid,  and 

W 

SP-  Gr-  =  W=W"        (27-> 

Example. — A  body  in  air  weighs  36*  ounces  and  in  water  30  ounces; 
what  is  its  specific  gravity  ? 

Solution. — Substituting  in  formula  27, 

c     n     _        W 36*       _86i      KQ       . 

bp*  Ur*  "  IV-  W  ~  36*  -  30  ~  "6f  ~  5'**     AnS* 

983.  If  the  body  is  lighter  than  water,  a  piece  of  iron 
or  other  heavy  substance  must  be  attached  to  it,  sufficiently 
heavy  to  sink  both.  Then,  weigh  both  bodies  in  air  and  both 
in  water.  Weigh  both  sepatately  in  air,  and  zueigh  the 
heavier  body  in  water.  Subtract  the  weights  of  the  bodies  in 
air  and  in  water,  and  the  result  will  be  the  weight  of  a 
volume  of  the  zvater  equal  to  the  volume  of  the  two  bodies. 
Find  the  difference  of  the  weights  of  the  heavy  body  in  air 
and  in  water,  and  the  result  ivill  be  the  weight  of  a  volume 
of  water  equal  to  the  volume  of  the  heavy  body.  Subtract 
this  last  result  from  the  former \  and  the  result  will  be  the 
weight  of  a  volume  of  water  equal  to  the  volume  of  the  light 
body.  The  weight  of  the  light  body  in  air  divided  by  the 
weight  of  its  equal  volume  of  water  is  the  specific  gravity  of 
the  light  body. 

Let  W  =  weight  of  both  bodies  in  air; 
W  =  weight  of  both  bodies  in  water; 
w  =  weight  of  light  body  in  air; 
1Vr  =  weight  of  heavy  body  in  air; 
H7a  =  weight  of  heavy  body  in  water. 

Then,  the  specific  gravity  of  the  light  body  is  given  by 

w 
Sp.  Gr.  =  {iy_ir)_(iv_f^y  (27a. ) 
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Example. — A  piece  of  cork  weighs  4.8  ounces  in  air.  A  piece  of  cast 
iron  weighs  86  ounces  in  air  and  81  ounces  in  water.  The  weight  of 
the  iron  and  cork  together  in  water  is  15.8  ounces;  what  is  the  specific 
gravity  of  the  cork  ?  of  the  cast  iron  ? 

Solution. — Substituting  in  formula  2,7a  the  values  given, 

q     p w __ 418 4.8  _ 

P*  ~  (  W-  W)  -{Wx-Wi)~  (40.8  -  15.8)  -  (36  -  31)  "  20  "~ 

.24,  the  specific  gravity  of  the  cork.     Ans. 

W  36 

By  formula  27,  Sp.  Gr.  =        __    <       =  =  7.2,   the  specific 

gravity  of  the  iron.     Ans. 

984.  To  find  the  specific  gravity  of  a  liquid: 

Weigh  an  empty  flask;  fill  it  with  water,  then  weigh  it 
and  find  the  difference  between  the  two  results^  this  will 
equal  the  weight  of  the  water.  Then,  weigh  the  flask  filled 
with  the  liquid,  and  subtract  the  weight  of  the  flask;  the 
result  is  the  weight  of  a  volume  of  the  liquid  equal  to  the  vol- 
ume of  the  water.  The  weight  of  the  liquid  divided  by  the 
weight  of  the  water  is  the  specific  gravity  of  the  liquid. 

Let  W  =  the  weight  of  the  flask  and  liquid ; 
W  =  the  weight  of  the  flask  and  water ; 
w  =  the  weight  of  the  flask. 

Then,  Sp.  Gr.  =  ^^.  {27b.) 

Example. — If  the  weight  of  the  flask  is  8  ounces,  the  weight  when 
filled  with  water  is  33  ounces,  and  when  filled  with  alcohol  28  ounces, 
what  is  the  specific  gravity  of  the  alcohol  ? 

Solution. — Substituting  in  formula  27£, 

IV -w       28-8       Q      A 
SP-  Gn  =  W7^^  =  33TT8  =  •*     Ans- 

The  method  of  finding  the  specific  gravity  of  gases  is  about 
the  same  as  that  just  given  for  liquids,  the  air  being  pumped 
out  of  the  flask  by  an  air  pump.  As  there  are  great  diffi- 
culties attending  the  operation,  the  method  will  not  be 
described. 

985.  Instruments  called  hydrometers  are  in  general 
use   for   determining    quickly  and  accurately  the    specific 
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gravities  of  liquids  and  some  forms  of  solids.     They  are  of 
two  kinds,  viz. : 

1.  Hydrometers  of  constant  weight,  as  Beaume's. 

2.  Hydrometers  of  constant  volume,  as  Nicholson's. 

A  hydrometer  of  constant  weight  is  shown  in  Fig.  167  (a). 
It  consists  of  a  glass  tube,  near  the  bottom  of  which  are  two 
bulbs.  The  lower  and  smaller  bulb  is  loaded  with  mercury 
or  shot,  so  as  to  cause  the  instrument  to  remain  in  a  verti- 
cal position  when  placed  in  the  liquid.  The  upper  bulb  is 
filled  with  air,  and  its  volume  is  such  that  the  whole  instru- 
ment is  lighter  than  an  equal  volume  of  water. 

The  point  to  which  the  hydrometer  sinks  when  placed  in 


to)  pio  m     »> 

water  is  usually  marked,  the  tube  being  graduated  above 
and  below  in  such  a  manner  that  the  specific  gravity  of  the 
liquid  can  be  read  directly.  It  is  customary  to  have  two 
instruments,  one  with  the  zero  point  near  the  top  of  the 
stem  for  use  in  liquids  heavier  than  water,  and  the  other 
with  the  zero  point  near  the  bulb  for  use  in  liquids  lighter 
than  water. 

These  instruments  are  more  commonly  used  for  determin- 
ing the  degree  of  concentration  or  dilution  of  certain  liquids, 
as  acids,  alcohol,  milk,  solutions  of  sugar,  etc.,  rather  than 
their  actual  specific  gravities.      They  are  then  known  as 
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acidometers,  alcoholometers,  lactometers,  saccharometers,  etc., 
according  to  the  use  to  which  they  are  put. 

986.  Nicholson's  Hydrometer. — This  instrument  is 
shown  in  Fig.  167  (6).  It  consists  of  a  hollow  cylinder 
carrying  at  its  lower  end  a  basket  d,  heavy  enough  to  keep 
the  apparatus  upright  when  placed  in  water.  At  the  top  of 
the  cylinder  is  a  vertical  rod,  to  which  is  attached  a  shallow 
pan  a  for  holding  weights,  etc.  The  cylinder  must  be  of 
such  size  that  the  apparatus  may  be  so  much  lighter  than 
water  that  a  certain  weight  W  must  be  placed  in  the  pan  to 
sink  it  to  a  given  point  c  on  the  rod.  The  body  whose 
specific  gravity  it  is  desired  to  find  must  weigh  less  than  W. 
It  is  placed  in  the  pan  a,  and  enough  weight  w  is  added  to 
sink  the  point  c  to  the  water-level.  It  is  evident  that  the 
weight  of  the  given  body  is  IV—  w.  The  body  is  now 
removed  from  the  pan  a  and  placed  in  the  basket  d,  an  addi- 
tional weight  being  added  to  sink  the  point  c  to  the  water- 
level.  Represent  the  weight  now  in  the  pan  by  W.  The 
difference  IV  —  w  is  the  weight  of  a  volume  of  water  equal 
to  the  volume  of  the  body.     Hence, 

sp-  Gr-  =  w=%-      (27'-> 

Example. — The  weight  necessary  to  sink  the  hydrometer  to  the 
point  c  is  16  ounces;  the  weight  necessary  when  the  body  is  in  the  pan  a 
is  7.8  ounces,  and  when  the  body  is  in  the  basket  d,  10  ounces;  what  is 
the  specific  gravity  of  the  body  ? 

e  o      r*  W-w       16-7.3      8.7      0000      A 

Solution. — Sp.  Gr.  =  yjy, =  ^ — ^  =  7^r=  3.222.    Ans. 

r  W  —w       10  —  7.3      2.7 

987.  Archimedes'  principle  gives  a  very  easy  and  accu- 
rate method  of  finding  the  volume  of  an  irregularly  shaped 
body.  Thus,  subtract  its  weight  in  water  from  its  weight 
in  air,  and  divide  by  .03617 ;  the  result  will  be  in  cubic  inches, 
or  divide  by  62.5  and  the  result  will  be  in  cubic  feet. 

If  the  specific  gravity  of  the  body  is  known,  its  cubical 
contents  can  be  found  by  dividing  its  weight  by  its  specific 
gravity,  and  then  dividing  again  by  either  .03617  or  62.5. 

7.    /.— 27 
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Example. — A  certain  body  has  a  specific  gravity  of  488  and  weighs 
76  pounds;  how  many  cubic  inches  are  there  in  the  body  ? 

76 


Solution. — 


=  479.72  cu.  in.     Ans. 


4.88  X. 08617 

Since  the  weight  of  a  cubic  foot  of  water  varies  for  differ- 
ent temperatures,  and  with  the  amount  of  impurities  it  con- 
tains, it  is  necessary  to  have  some  standard  when  getting 
the  specific  gravity.  This  standard  is  pure  distilled  water 
at  its  maximum  density,  which  occurs  at  a  temperature  of 
39.2°  Fahrenheit.  At  this  temperature  water  weighs 
62.425  pounds  per  cubic  foot;  but  for  ordinary  calculations 
it  is  customary  to  take  it  as  weighing  1,000  ounces,  or 
62.5  pounds,  per  cubic  foot. 


CAPILLARY  ATTRACTION. 

988.  If  a  clean  glass  rod  be  placed  vertically  in  water, 
the  water  will  be  drawn  up  around  the  tube.  (See  ay  Fig. 
168.)  If  the  SJdtme  rod  be  placed  in  mercury,  the  liquid  will 
be  depressed  instead  of  raised.  On  examination,  it  will  be 
found  that  water  wets  the  glass,  while  mercury  does  not.  If 
the  rod  be  greased  and  placed  in  water,  the  surface  of  the 


fig.  168. 

water  will  be  depressed  about  the  rod.  If  a  clean  lead  or 
zinc  strip  be  placed  in  mercury,  the  surface  of  the  mercury 
will  be  raised  about  the  strip. 

In  the  last  two  cases,  the  greased  rod  came  out  dry,  no 
water  adhering  Lo  it,  while  the  mercury  did  adhere  to  the 
lead  or  zinc,  strip,  which  came  out  wet. 

In  general,  all  liquids  that  will  wet  the  solids  placed  in 
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them  will  be  lifted,  while  those  that  do  not  will  be  pushed 
down. 

These  phenomena  are  called  capillary  attraction,  be- 
cause they  are  best  shown  in  very  fine  or  hair-like  tubes.  In 
Fig.  168,  b  is  a  glass  tube  in  water,  and  c  is  a  glass  tube  in 
mercury.  The  surface  of  the  water  in  the  tube  b  is  concave, 
while  the  surface  of  the  mercury  in  the  tube  c  is  convex. 

The  amount  which  a  liquid  will  ascend  or  be  depressed 
varies  inversely  as  the  diameter  of  the  tube.  Thus,  water 
will  rise  twice  as  far  in  a  tube  -^  of  an  inch  in  diameter  as 
in  one  -fa  of  an  inch  in  diameter. 

There  are  many  illustrations  of  capillary  action.  It  is 
capillary  attraction  that  aids  the  ascent  of  sap  in  the  pores 
of  plants.  It  lifts  the  oil  between  the  fibers  of  a  lamp  wick  to 
the  place  of  combustion.  It  enables  cloth  and  sponges  to 
take  up  moisture.  It  causes  blotting  paper  to  absorb  ink  ; 
but  when  the  paper  is  sized,  its  pores  are  filled,  and  the  ink 
dries  by  evaporation.  It  is  capable  of  exerting  great  force, 
as  is  shown  in  the  effects  produced  by  the  swelling  of  wood 
and  other  substances  when  kept  wet.  Dry  wooden  wedges 
driven  into  a  groove  cut  around  a  cylinder  of  stone,  and 
occasionally  wet,  will  cause  it  to  break  asunder.  As  the 
pores  between  the  fibers  of  a  rope  run  around  it  in  spiral 
lines,  the  swelling  produced  by  wetting  a  tight  rope  will 
cause  the  fibers  to  shorten,  and  to  contract  the  rope  with 
immense  force. 

EXAMPLES  FOR  PRACTICE. 

1.  If  a  certain  quantity  of  red  lead  weighs  5  pounds  in  air,  and  4.441 
pounds  in  water,  what  is  its  specific  gravity  ?  Ans.  8.94  +. 

2.  A  piece  of  iron  weighing  1  pound  in  air  and  .861  pound  in  water 
is  attached  to  a  piece  of  wood  weighing  1  pound  in  air.  When  both 
bodies  are  placed  in  water  they  weigh  .2  pound.  What  is  (a)  the 
specific  gravity  of  the  iron?    (b)  of  the  wood  ?  .        (  (a)  7.194. 

'  I  (b)  .602. 

3.  An  empty  flask  weighed  13  oz. ;  when  filled  with  water,  it  weighed 
22  oz.,  and  when  filled  with  sulphuric  acid,  29.56  oz.  What  was  the 
specific  gravity  of  the  acid  ?  Ans.  1.84. 

4.  How  many  cubic  feet  of  brick,  having  a  specific  gravity  of  1.9, 
are  required  to  weigh  260  pounds  ?  Ans.  2.19  cu.  ft.,  nearly. 
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HYDROKINETICS. 


THE    MEAN    VELOCITY. 

989.     Hydrokinetics,  also    called    hydrodynamics 

and  hydraulics,  treats  of  water  in  motion.  The  velocity 
is  not  the  same  at  all  points  of  the  flow,  unless  all  cross- 
sections  of  the  pipe,  or  canal,  are  equal.  That  velocity 
which,  being  multiplied  by  the  area  of  the  cross-section  of  the 
stream^  will  equal  the  total  quantity  discharged  is  called  the 
mean  velocity. 

Let  Q  =  the  quantity   in   cubic   feet   which   passes  any 
section  in  1  second; 
A  =  the  area  of  the  section  in  square  feet; 
vm  =  the  mean  velocity  in  feet  per  second. 

Then,  Q  =  Avm,         (28a.) 

and  ^m  =  Z*  (28*.) 

Example. — The  area  of  a  certain  cross-section  of  a  stream  is  27.9 
square  inches ;  the  mean  velocity  of  the  water  through  this  section  is 
51  feet  per  second ;  what  is  the  quantity  discharged,  in  cubic  feet  ? 

27  9 
Solution. —     Q  =  A  vm  =  -^j  X  51  =  9.9  cu.  ft.  per  sec    Ans. 

Note. —    1  square  foot  =  144  square  inches. 

Example. — In  the  last  example,  what  would  the  mean  velocity  have 
been  had  the  area  of  the  cross-section  been  86  square  inches,  to  dis- 
charge the  same  quantity  ? 

0                                    Q       9.9       9.9x144       nn  a  r  A 

Solution.—    ^m  =  -^  =  —  =  — ^ =  39.6  ft.  per  sec.    Ans. 

144 


VELOCITY    OF    EFFLUX. 

990.  If  a  small  aperture  is  made  in  a  vessel  containing 
water,  the  velocity  with  which  the  water  issues  from  the 
vessel  is  the  same  as  if  it  had  fallen  from  the  level  of  the 
surface  to  the  level  of  the  aperture,  all  resistances  being 
neglected.     This  velocity  is  called  the  velocity  of  efflux. 

The  vertical  height  of  the  level  surface  of  the  water  above 
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the  horizontal  line  through  the  center  of  the  aperture  is 
called  the  head.  In  Fig.  109,  a  is  the  head  for  the  aper- 
ture A  ;  b  is  the  head  (or  the  aperture  B,  and  c  is  the  head 
for  the  aperture  C. 

Let  v  =  the  velocity  of  efflux 
in  feet  per  second ; 
h  =  the  head  in  feet  at 
the  aperture  con- 
sidered ; 
W=  the  weight  of  the 
water  in  pounds 
flowing  through  this 
aperture  per  second.  fm.  m 

Were  it  not  for  the  resistance  of  the  air,  friction,  and  the 
effect  of  the  falling  particles,  the  issuing  water  would  spout 
to  the  level  of  the  water  in  the  vessel ;  that  is,  to  a  height 
equal  to  its  head.     The  kinetic  energy  of  the  issuing  water 

IVv* 
will  be  expressed  by  — — .     The  work  it  can  do  will  be  Wh. 

Wv* 
Since  the  kinetic  energy  equals  the  work,  -= —  =  Wh,  or 

v  =  ^%gh  ;  that  is,  the  velocity  of  efflux  is  the  same  as  if 
the  same  weight  of  water  had  fallen  through  a  height  equal 
to  its  head. 

Example.— A  small  orifice  is  made  in  a  pipe  50  feet  below  the  water 

level ;  what  is  the  velocity  of  the  issuing  water  ? 

Solution.—    v  =  \TgA~  =  f'Sx  32.18  x  50  =  56.7  ft.  per  sec.    Ans. 

From  the  above  formula,  as  in  the  laws  of  falling  bodies, 

//  =  — .     Here,  h  is  called  the  head  due  to  the  velocity  v. 
■ig 

Consequently,  if  the  velocity  of  efflux  is  known,  the  head 

can  be  found. 

r  has  a  velocity  of  80  feet  per 
;  to  flow  with  this  velocity  ? 

Solution—    A  =  s—  =  ,.  „oa  ,„■  =  55.97  feet.    Ana. 
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991.  Suppose  that  a  tall  vessel  be  fitted  with  a  piston, 
and  that  it  has  an  orifice  near  the  bottom  fitted  with  a  stop- 
cock. If  an  additional  pressure  be  applied  to  the  piston,  it 
is  evident  that  the  velocity  of  efflux  will  be  increased. 

Let  /  be  the  pressure  per  unit  of  area  at  the  level  of  the 
water,  due  to  the  additional  pressure  on  the  piston.  If  the 
unit  of  area  is  one  square  inch,  the  height  of  a  column  of 

water  that  will  cause  a  pressure  equal  to  /  is  -j^-  feet. 

If  the  unit  of  area  is  1  square  foot,  the  height  of  a  column 

of  water  is  —-=  feet.     Denote  this  height  corresponding  to 

the  additional  pressure  by  hx.  The  original  head  of  the 
water  in  the  vessel  is  //;  hence,  //,+  A  =  the  total  head,  and 
the  velocity  of  efflux,  when  the  cock  is  opened,  will  be 


v  =  V*g(K  +  k)-  (29.) 

The  total  head,  //t  +  A,  is  called  the  equivalent  head, 
and  must,  in  all  cases,  be  reduced  to  feet  before  substituting 
in  the  formula. 

Example. — The  area  of  a  piston  fitting  a  vessel  filled  with  water  is 
27.36  square  inches.  The  total  pressure  on  the  piston  is  80  pounds; 
the  weight  of  the  piston  is  25  pounds,  and  the  head  of  the  water  at  the 
level  of  the  orifice  is  6  feet  10  inches;  what  is  the  velocity  of  the  efflux, 
assuming  that  there  are  no  resistances  ? 

Solution. —    80  -4-  25  =  105  lb.  =  the  total  pressure  on  the  upper  sur- 

105 
face  of  the  liquid.     9r. '     =  3.8377  lb.  per  sq.  in. 

8  8377 
*      .     =  8.8426  feet  =  head  in  feet  due  to  the  pressure  of  105  pounds= 
.4.14 

*i.     6  ft.  10  in.  =  6.8333  ft.  =  h. 


v  =  */2if(//i+  h)  =  f"2  ^(8.8426  +  6.8333)  =  |/2  X  32.16  X  15.6759  = 
31.75  ft.  per  sec.     Ans. 

992.  When  water  issues  from  the  side  of  a  vessel,  it 
will  be  subjected  to  the  same  laws  that  govern  pro- 
jectiles. The  range  may  be  calculated  in  the  same  manner 
by  taking  the  velocity  of  efflux  as  the  initial  velocity  of  the 
projectile. 
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The  range  may  be  calculated  more  conveniently  by  the 
following  formula  : 

R=^Ty,  (30.) 

in  which  R  is  the  range,  /;  is  the  head,  or  equivalent  head  at 
the  level  of  the  orifice,  and  y  is  the  vertical  height  of  the 
orifice  above  the  point  where  the  water  strikes,  all  dimen- 
sions being  in  feet.     In  Fig.   170,  the  upper  surface  of  the 


water  is  free.  For  the  orifice  E,/i  =  BE  and_y  =  EA;  for 
the  orifice  C,  It  —  B  Cand  y  =  C  A. 

The  greatest  range  is  obtained  when  //  —y;  that  is,  when 
the  orifice  is  half  way  between  the  upper  surface  of  the 
water  and  the  level  of  the  place  where  the  stream  strikes. 
If  two  orifices  are  situated  equally  distant  from  the  middle 
orifice,  giving  the  greatest  range,  as  Candi:  in  Fig.  170, 
the  ranges  of  the  water  issuing  from  them  will  be  equal. 

Example. — The  vertical  height  above  the  ground  of  the  surface  of 
the  water  in  a  vessel  is  12  feet.  If  an  orifice  is  situated  4  feet  from  the 
upper  surface,  what  is  the  range  ?  What  is  the  greatest  range  ?  Where 
is  the  other  point  of  equal  range  ? 

Solution.—    R  =  tfi/iy  =  ^4  x  4  x  B  =  11.31  ft.,  nearly.    Ans. 

Greatest  range  ^=  ^4x8x6  =  13  feet.     Ans. 

6  —  4  =  3;  hence,  the  point  of  equal  range  h  0  -f-  2  =  8  feet  below  the 
surface  of  the  water. 


Proof.— Range  =  tf\ky=  \>i  x  »X4  =  11.81  ft.,  as  before. 
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993.  When  the  water  flows  through  an  orifice  of  large 
size  in  the  bottom  of  the  vessel,  compared  with  the  area  of 
the  base,  a  different  rule  must  be  used  from 
that  given  above.  In  Pig.  171,  suppose  that 
the  area  of  the  orifice  in  the  bottom  of  the  ■ 
vessel  is  a,  and  that  the  area  of  the  bottom 
is  A  ;  then,  the  velocity  v  is  expressed  by 
the  formula 

„=      /H^.         (31.) 

That  is,  the  velocity  of  efflux  from   the 

(,a<)  bottom  of  a  vessel,  infect  per  second,  equals 

Fio.  in.  the  square  root  of  3  g  times  the  Itead,  divided 

by  1  minus  the  ratio  of  the  square  of  the  area  of  the  orifice 

to  the  square  of  the  area  of  the  bottom. 

The  value  of  v  given  in  the  last  formula  is  always  greater 
than  the  theoretical  velocity  that  would  be  produced  by  the 
head  //,  where  h  is  the  depth  of  the  orifice  below  the  surface 
of  the  water  in  the  vessel.  This  increase  is  due  to  the  fact 
that,  in  order  to  keep  the  vessel  full,  that  is,  in  order  to  keep 
the  head  //  constant,  a  quantity  of  water  must  flow  in  at  the 
top  equal  to  the  quantity  discharged  at  the  orifice.  The 
head  equivalent  to  the  velocity  of  this  entering  water  must 
be  added  to  the  head  //  in  order  to  obtain  the  actual  head 
producing  flow  from  the  orifice,  and  the  value  of  v  given  by 
the  formula  is  the  velocity  produced  by  the  sum  of  the  two 
heads. 

If  the  area  of  the  cross-section  of  the  base  is  more 
than  20  times  the  area  of  the  orifice,  use  the  formula 
v=  fogTt.     That  is, 

Rule. —  The  velocity  of  efflux  from  a  small  orifice,  -when 
the  cross-sectional  area  of  the  vessel  is  equal  to,  or  more  than, 
twenty  times  the  area  of  the  orifice,  equals  the  square  root  of 
2  g  times  the  head. 

Example.— A  vessel  has  a  rectangular  cross-section,  11  X  14  inches, 
and  the  upper  surface  of  the  water  is  14  feet  above  the  bottom.     If  an 
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orifice  4  inches  square  is  made  in  the  bottom  of  the  vessel,  what  is  the 
velocity  of  the  efflux  ? 

Solution. — Area  of  the  cross-section  is  14  X  11  =  154  sq.  in.  Area 
of  orifice  is  4  X  4  =  16  sq.  in.  Since  154  -4- 16  =  9fl,  the  area  of  the  base 
is  less  than  20  times  the  area  of  the  orifice;  hence,  using  formula  31, 

v  =  J^ZT.  =     /»  X  82.16X  14  =  80lW  ft  ^  ^     A^ 

V     1"Af       *  1""l54« 

Example. — If  the  orifice  had  been  2  inches  square  in  the  above 
example,  what  would  the  velocity  of  efflux  have  been  ?  Also,  if  it  had 
been  8  inches  square  ? 

Solution. —  2  inches  X  2  inches  =  4  sq.  in.,  or  the  area  of  the  orifice. 
Since  154  -4-  4  =  38|,  the  area  of  the  base  is  greater  than  20  times  the 
area  of  the  orifice ;  hence,  using  the  last  rule, 

v  —  fag  h  =  4/2  x  32.16  X  14  =  80.008  feet  per  second.     Ans. 

8  inches  X  8  inches  =  64  square  inches,  or  the  area  of  the  orifice  in 
the  second  case. 


v  =      /  2*\    =       /2X  32.16X14  =  g2  99  feet  gecond  ._ 

V  i--2l     V      1-  — 


A*         f  1548 

cally,  33  feet  per  second.     An9. 


THE  STANDARD  ORIFICE. 

994.  An  orifice  in  the  side  or  bottom  of  a  vessel  or 
reservoir,  and  at  a  distance  below  the  surface  of  the  water, 
is  called  a  standard  orifice  when  the  flow  through  it 
takes  place  in  such  a  manner  that  the  jet  touches  the 
opening  on  the  inside  edge  only.  A  hole  in  a  thin  plate,  as 
at  (a),  Fig.  172,  is  such  an  orifice,  as  is  also  a  square-edged 
hole  in  the  side  of  the  vessel,  as  at  (b),  when  the  thickness 
of  the  side  is  not  so  great  that  the  jet  touches  it  beyond 
the  inner  edge.  If  the  sides  of  the  reservoir  are  very 
thick,  a  standard  orifice  can  be  made  by  beveling  the  outer 
edges,  as  shown  at  (r). 

When  a  jet  issues  from  such  an  orifice,  it  contracts  so 
that  the  diameter  is  least  at  a  distance  from  the  edge 
equal  to  about  one-half  the  diameter  of  the  orifice.  Beyond 
this  point  the  jet  gradually  enlarges,  and  gradually  be- 
comes broken  by  the  effect  of  the  resistance  of  the  air. 

The   coefficient  of   contraction    is   the   number   by 
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which  the  area  of  the  orifice  is  to  be  multiplied  in  order  to 
obtain  the  least  cross-section  of  the  jet.  Experiments  on 
jets  from  standard  orifices  have  given  values  for  this  coeffi- 
cient varying   from  .57  to  .71.     The  most  probable  mean 

value  is  about  .62. 

The  coefficient  of  velocity 
is  the  number  by  which  the  theo- 
retical velocity  must  be  multiplied 
in  order  to  obtain  the  actual  maxi- 
mum velocity,  or  velocity  where 
the  cross-section  of  the  jet  is  least. 
If  v  is  the  theoretical  velocity, 
v'  the  actual  velocity,  and  c'  the 
coefficient  of  velocity,  we  have 
the  formula 

v'  =  c,v  =  e'i/*£h.  (32.) 

It  is  found  that  c'  is  greater  for 
high  heads  than  for  low,  and  values 
ranging  from  .975  to  nearly  1 
have  been  obtained  by  different 
experimenters.  An  average  value 
usually  taken  is  .98. 

Example.— What  is  the  actual  veloc- 
ity of  discharge  from  a  small  standard 
orifice   in   the   side  of  a  vessel,   if  the 
head  is  20  feet  ? 
Solution. — 

v'  =  c^igk  =  .98  ^2x32.16x20= 
p,a  1ISi  35.15  ft.  per  second.     Ans. 

Use  of  Logarithms. — Most  of  the  problems  occurring 
in  hydraulics  involve  the  operations  of  multiplication,  divi- 
sion, involution,  and  evolution  in  such  a  way  that  they  are 
most  readily  solved  by  the  use  of  logarithms.  The  student 
should,  therefore,  review  the  section  on  logarithms  care- 
fully and  learn  to  apply  them  at  once  in  the  solution  of  the 
problems  given  in  this  section. 

Example.— Solve  the  last  example  by  the  use  of  logarithms. 
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Solution. — First  find  the  logarithm  of  the  product  of  the  numbers 
under  the  radical  sign  from  the  table  of  logarithms,  as  follows: 

log  2  =  .30103 
log  32.16  =  1.50732 
log  20      =  1.30103 

3.10938 

The  logarithm  of  the  square  root  of  the  above  product  is  found 
by  dividing  its  logarithm  by  2 ;  thus, 

log  4/2x32.16x20  =  3.10938  -*-  2  =  1.55469. 

Finally,  the  logarithm  of  the  product  of  .98  multiplied  by  the 
quantity  under  the  radical  sign  is  the  sum  of  the  logarithm  of  .98  and 
1.55469,  orT.99123  +  1.55469  =  1.54592.  From  the  table  of  Logarithms, 
the  number  corresponding  to  this  logarithm  is  found  to  be  35.15.  Ans. 

It  was  shown  in  Art.  989  that  the  theoretical  discharge 
from  an  orifice  whose  area  is  a  is  <2  =  tf  vmy  where  vm  is  the 
theoretical  mean  velocity  due  to  the  head. 

The  actual  discharge  is,  in  the  same  way,  Q  =  a'  i/y  in 
which  a'  is  the  area  and  v1  the  mean  velocity  where  the 
cross-section  of  the  jet  is  least. 

The  coefficient  of  discharge  is  the  number  by  which 
the  theoretical  discharge  is  to  be  multiplied  to  give  the 
actual  discharge.  Let  c"  be  this  factor;  then  Q  =  c'  Q  = 
a'v'  =  .62*  X  .98  7'=  .C>076av=  .6076  a^2g/i. 

Since  the  coefficients  of  contraction  and  velocity  vary,  it 
is  evident  that  the  coefficient  of  discharge  varies  also.  As 
an  average  value  we  may  take  c"  =  .61,  and  we  then  have 

Q  =  c'  Q  =  c" asftgli-  .61  a  \f%gh.  (33.) 

Example. — What  will  be  the  actual  discharge  from  a  circular 
standard  orifice  3  inches  in  diameter  under  a  head  of  25  feet  ? 

Solution. — The  area  of  a  3-inch  circle  =  .7854  X  3*  =  7.0686  square 

.     .  7.0686       A.Q  -     . 

inches  =  —t-t-a —  =  .049  square  foot. 
144 

Q  =  c*  a  \fog~h  =  -61  X  -049  ^2  x  32.16x25  =  1.1985  cu.  ft.  per  second. 

Ans. 

995.  Standard  orifices  are  sometimes  used  to  measure 
the  quantity  of  water  flowing  in  a  stream  or  from  a  pipe  or 
other  channel.  When  used  for  this  purpose  they  are  either 
circular,  square,  or  rectangular.      The   coefficient  of 
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discharge  varies  for  each  of  these  forms,  and  is  also  differ- 
ent for  different  heads  and  areas  of  orifice. 

996.     For  a  circular  orifice  the  discharge  in  cubic  feet 
per  second  may  be  obtained  from  the  formula 


Q  =  ,rt%Udtc\^gh  =  6.299  d*  c  \Hi.  (34a.) 

Here  d  is  the  diameter  of  the  orifice  in  feet,  h  the  head  on 
the  center  of  the  orifice  in  feet,  and  c  a  coefficient  that  de- 
pends on  d  and  //  and  is  to  be  taken  from  the  table  of  Co- 
efficients for  Circular  Vertical  Orifices. 

For  values  of  d  and  //  between  those  given  in  the  table  the 
value  of  c  may  be  found  by  interpolation,  but  for  most  cases 
the  value  of  c  corresponding  to  the  nearest  values  of  rfand 
h  will  be  near  enough  for  practical  purposes. 

Example. — What  is  the  discharge  from  a  circular  orifice  \\  inches 
in  diameter,  if  the  head  is  7  feet  ? 

Solution. — The  diameter  of  the  orifice  is  .125  foot;  from  the  table 
of  Coefficients  for  Circular  Vertical  Orifices,  the  coefficient  is  found  to 
be  .600  for  an  orifice  .10  foot  in  diameter  under  a  head  of  6  feet,  and 
the  same  for  a  head  of  8  feet.  In  the  same  way,  the  coefficient  for  a 
diameter  of  .2  foot  is  .598  from  6  feet  to  8  feet  head.  For  an  orifice 
.125  foot  in  diameter,  the  coefficient  is  .600  —  (.002  X  .25)  =  .5995. 

From  the  formula 

Q  =  6.299  X  .125*  X  .5995  4/7"=  .15011  cubic  foot  per  second. 

If  we  use  the  nearest  value  of  c  given  in  the  table,  the  result  is 

Q  =  6.299  X  .125*  X  6  4/7  =  .15623, 

a  result  that  differs  from  the  first  by  about  .08  of  1  per  cent.,  which  is 
much  less  than  the  probable  errors  in  measuring  //  and  d. 

Note. — The  values  of   the  constants  and  coefficients  used  in  the 
formulas  for  the  flow  of   water  are  average  values  determined  from 
experiment,  and  are,  therefore,  only  approximately  correct.     In  prac 
tice   it  is  useless  to  use  more  than  four  decimal  places,  and  in  most 
cases  three  are  enough. 

997.  The  discharge  for  a  square  vertical  orifice  is  given 
by  the  formula 


Q  =  cdt\/2j7i  =  S.02cdti/7i.  (34*.) 

Here  d  \s  the  length  in  feet  of  one  side  of  the  orifice,  h  is  the 
head  in  feet  on  the  center  of  the  orifice,  Q  is  the  discharge  in 
cubic  feet  per  second,  and  c  is  a  coefficient  that  depends  on 
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h  and  d.  The  values  of  c  for  different  values  of  h  and  d  are 
to  be  taken  from  the  table  of  Coefficients  for  Square  Vertical 
Orifices. 

998.  For  rectangular  orifices  the  discharge  in  cubic  feet 
per  second  is  given  by  the  formula 

Q  =  cx$bV*iWK-VK),        (34*0 

in  which  b  is  the  breadth  of  the  orifice,  hx  the  head  measured 
from  the  upper  edge  of  the  orifice,  and  h%  the  head  measured 
from  the  lower  edge,  all  in  feet. 

If  d  is  the  depth  of  the  orifice  in  feet,  and  //  the  head  in 
feet,  on  its  center,  the  discharge,  when  //  is  greater  than  4  dy 
may  be  taken  from  the  formula 


Q  =  cbdfagh  =  %.02cbdj/h.  (34^.) 

For  approximate  computations  the  value  of  c  that  may  be 
used  in  formulas  34*  and  34*/  is  c  =  .615.  The  table  of 
Coefficients  for  Rectangular  Vertical  Orifices  gives  average 
values  of  c  for  orifices  1  foot  wide  with  different  values  of  d 
and  h. 

Example. — A  rectangular  orifice  has  a  depth  d  =  2  feet  and  a 
breadth  b  =  3  feet.  The  depth  of  the  top  edge  below  the  surface  of 
the  water  is  5  feet ;  what  is  the  discharge  in  cubic  feet  per  minute  ? 

Solution. — Use  formula  34r;   ^i=5;  ^,,  =  5  +  2  =  7;   Q  =  .615x 

i  b  V*fiWW  -  VW)  =  -615  X  f  X  3  X  V'2x~32.T6(  tfV  -  V&)  =  72.41 
feet  per  second  =  72.41  x  60  =  4,344.6  cu.  ft.  per  minute.     Ans. 

Example. — A  dam  across  a  stream  has  an  opening  closed  by  a  sluice 
gate,  see  Fig.  173  (a),  in  such  a  way  that  the  gate  when  opened  forms  a 
practical  standard  orifice  of  rectangular  cross-section.  The  width  of 
the  opening  is  1  foot,  and  it  is  found  that  the  dam  is  kept  just  filled 
when  the  gate  is  opened  9  inches.  What  is  the  rate  of  flow  of  the 
stream,  if  the  center  of  the  opening  is  6  feet  below  the  surface  of  the 
water  in  the  dam  ? 

Solution. — From  the  table  of  Coefficients  for  Standard  Rectangular 
Vertical  Orifices,  we  find  that  the  value  of  c*  for  an  orifice  1  foot  wide 
and  .75  foot  in  depth  to  be  .604  when  the  head  is  6  feet.  Since  the 
head  is  more  than  four  times  the  depth,  formula  34^/  may  be  used, 
from  which  we  have 

g  =  8.02  X  .604  x  1  X  .75  +/W=  8.9  cu.  ft.  per  second.     Ans. 
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999.  If  the  orifice  is  made  at  the  side  of  the  reservoir, 
as  shown  at  a,  Fig.  173  (b),  or  at  the  bottom,  as  shown  at  b, 
the  contraction  of  the  steam  is  reduced  and  the  discharge 
increased.     Experiments  show  an  increase  in  the  discharge 


<t)  (*)  (,) 

Fig.  17*. 
of  about  3.5  per  cent,  for  a,  and  from  6  to  12  per  cent,  for  b. 
These  values  have  not  been  accurately  determined,  and  where 
accurate  measurements  are  to  be  made  the  orifice  should 
always  be  arranged  as  shown  in  Fig.  172. 

If  the  inner  edge  of  the  orifice  is  rounded,  as  shown  in 
Fig.  173  (c)  and  ((/),  the  coefficient  of  discharge  is  increased, 
and  may  be  made  nearly  1,  if  the  edge  is  rounded  as  shown 
at  (rf).  Orifices  with  rounded  edges  should  never  be  used 
for  measuring  water. 

An  example  of  a  submerged  rectangular  orifice  is 
shown  in  Fig.  17lt  («■).  The  discharge  is  given  by  the 
formula 

Q=.V>\hbd>>f%gk„  (34*.) 
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where  h0  is  the  difference  in  level  of  the  water  on  the  two 
sides  of  the  orifice,  b  is  the  breadth  of  the  orifice,  and  d  its 
depth,  all  in  feet. 

EXAMPLES  FOR  PRACTICE. 

1.  What  is  the  discharge  in  cubic  feet  per  minute  from  a  standard 
circular  orifice  whose  diameter  is  2$  inches,  if  the  head  is  20  feet  ? 

Ans.  48.71  cu.  ft.  per  min. 

2.  A  square  orifice  in  the  side  of  a  reservoir  measures  .2  foot  on 
each  side,  and  the  head  on  the  center  is  22  feet ;  what  is  the  discharge 
in  cubic  feet  per  second  ?  Ans.  .9058  cu.  ft.  per  sec. 

8.     What  is  the  discharge  from  a  rectangular  orifice  1  foot  wide,  if 

•  the  head  on  the  upper  edge  is  2£  feet  and  the  depth  of  the  orifice 

10$  inches  ?  Ans.  7.302  cu.  ft.  per  sec. 

4.  What  is  the  approximate  discharge  from  a  rectangular  gate  in 
the  side  of  a  dam  when  the  breadth  is  15  inches,  the  depth  6  inches, 
and  the  head  on  the  upper  edge  \\  feet?  Use  the  approximate 
coefficient  of  discharge,  c  =  .615.  Ans.  6.72  cu.  ft.  per  sec. 

5.  What  is  the  discharge  from  a  submerged  rectangular  orifice  \\ 
feet  wide  and  1  foot  deep,  if  the  difference  in  the  level  of  the  water  on 
the  two  sides  of  the  orifice  is  3$  feet  ?  Ans.  13.84  cu.  ft.  per  sec. 


WEIRS. 

lOOCh  A  weir  is  an  obstruction  placed  across  a  stream 
for  the  purpose  of  diverting  the  water,  so  as  to  make  it  flow 
through  a  desired  channel.  This  channel  may  be  a  notch 
or  opening  in  the  obstruction  itself,  and  it  has  been  found 
that,  when  properly  constructed  and  carefully  managed, 
such  a  weir  forms  one  of  the  most  convenient  and  accurate 
devices  for  measuring  the  discharge  of  streams. 

Many  careful  experiments  have  been  made  to  determine 
the  quantity  of  water  that  will  flow  over  different  forms  of 
weirs  under  varying  conditions.  As  the  result  of  these 
experiments  two  forms  have  come  to  be  generally  used,  and 
the  amount  of  flow  in  any  particular  case  is  determined  by 
simple  formulas  and  tabulated  coefficients  that  depend  on 
observed  conditions. 

lOOl.  A  -weir  with  end  contractions  is  shown  in 
Fig.   174  (a).      The   notch  is  narrower  than   the  channel 
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through  which  the  water  flows;  this  causes  a  contraction  at 
the  bottom  and  at  the  two  ends  of  the  issuing  stream. 

1002.     A    weir    without   end   contractions,   also 
called   a  wler  with  end   contractions  suppressed,    is 


shown  in  Fig.  174  (i).  In  this  case  the  notch  is  as  wide  as 
the  channel  leading  to  it;  consequently,  the  issuing  stream 
is  contracted  at  the  bottom  only. 

1003.  The  edge  a  of  the  notch,  Fig.  174  (c)  and  (</), 
is  called  the  crest  of  the  weir.  The  inner  edges  of  the 
notch  are  made  sharp,  so  that  the  water  in  passing  through 
it  touches  only  along  a  line.  For  very  accurate  work  the 
edges,  both  vertical  and  horizontal,  should  be  made  with  a 
thin  plate  of  metal  having  a  sharp  inner  edge,  as  shown  in 
Fig.  174  (r);  but  for  ordinary  work,  the  edges  of  the  board 
in  which  the  notch  is  cut  may  be  chamfered  off  to  an  angle 
of  about  30°,  as  shown  at  (d). 

The  bottom  edge  of  the  notch  must  be  straight  and  set 
perfectly  level,  and  the  sides  must  be  set  carefully  at  right 
angles  to  the  bottom. 

The  head  H  producing  the  flow,  Fig.  174  (c)  and  (</), 
is  the  vertical  distance  from  the  crest  to  the  surface  of  the 
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water.  It  must  be  measured  at  a  point  so  far  from  the  crest 
that  the  curvature  of  the  flowing  water  will  not  affect  the 
measurement. 

The  distance  from  the  crest  of  the  weir  to  the  bottom  of 
the  feeding  canal  or  reservoir  should  be  at  least  three  times 
the  head;  and,  with  a  weir  having  end  contractions,  the  dis- 
tance from  the  vertical  edges  to  the  sides  of  the  canal  should 
also  be  at  least  three  times  the  head. 

The  water  must  approach  the  weir  quietly,  and  with  little 
velocity.  It  is  sometimes  necessary  to  provide  means  for 
reducing  the  velocity  of  the  water  as  it  approaches  the  weir. 

1004.  Pig-  175  shows  a  simple  form  of  weir  located  in 
a  small  stream  for  the  purpose  of  measuring  its  discharge. 

A  plank  dam  is  put  across  the  stream  at  a  convenient 
point,  care  being  taken  to  prevent  any  leakage  under  or 
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around  the  dam.  The  length  of  the  notch  is  great  enough 
to  provide  for  the  flow  with  a  head  of  between  .5  and  1.5 
feet.  A  stake  E  is  driven  firmly  into  the  ground  at  a 
point  about  6  feet  up  the  stream  from  the  weir  and  near  the 

r.  /.— & 
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bank,  as  shown.  The  stake  is 
driven  until  its  top  is  at  exactly 
the  same  level  as  the  crest  B.  The 
head  is  the  vertical  distance  from 
the  top  of  this  stake  to  the  surface 
of  the  water  and  it  may  be  meas- 
ured by  a  square  or  two-foot  rule, 
as  shown  in  the  figure. 

THE  HOOK  GAUGE. 

1005.  For  accurate  weir 
measurements,  such  as  are  made 
in  testing  the  efficiency  of  water- 
wheels,  the  head  on  the  crest  is 
measured  with  an  instrument 
called  a  hook  gauge;  see  Fig. 
176.  A  hook  a  is  attached  to  the 
lower  end  of  a  sliding  scale  b.  The 
scale  is  graduated  to  hundredths  of 
a  foot  and  is  provided  with  a  ver- 
nier by  means  of  which  it  can  be 
read  to  thousandths.  The  scale  and 
hook  can  be  raised  or  lowered  by 
means  of  the  screw  s.  The  instru- 
ment is  fastened  securely  to  solid 
and  substantial  beams  or  masonry, 
at  a  point  over  the  water  a  few 
feet  up-stream  from  the  weir,  and 
where  the  surface  of  the  water  is 
quiet  and  protected  from  the  influ- 
ence of  wind  or  eddies.  The  gauge 
is  set  so  that  the  scale  will  read 
zero  when  the  point  of  the  hook  is 
at  the  same  level  as  the  crest  of 
the  weir.  When  the  point  of  the 
hook  is  raised  to  the  surface  of  the 
water,  it  lifts  the  surface  slightly 
before  breaking  through.     To  use 
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the  gauge,  start  with  the  hook  below  the  surface  of  the 
water  and  raise  it  slowly  until  a  slight  pimple,  caused  by  the 
lifting  of  the  surface,  appears  over  the  point ;  the  reading 
of  the  scale  for  this  position  of  the  hook  gives  the  head  on 
the  crest.  

THE  DISCHARGE  OF  WEIRS. 

1006.  When  the  dimensions  of  the  notch  and  the  head 
on  the  crest  of  a  weir  are  known,  the  discharge  can  be  com- 
puted by  means  of  the  following  formulas  and  tables  of  co- 
efficients : 

Let   /  =  length  of  the  weir; 

H  =  measured  head ; 

v  =  velocity  with  which  the  water  approaches  the 
weir ; 

h  =  head  equivalent  to  the  velocity  with  which  the 
water  approaches  the  weir ; 

c  =  coefficient  of  discharge ; 

Q  =  theoretical  discharge ; 

Q  =  actual  discharge. 

The  theoretical  discharge  per  second  is 

If  there  is  no  velocity  of  approach,  this  becomes 

Q  =  \*/TglH\  (35*.) 

The  actual  discharge  for  weirs  without  end  contractions  is 
given  by  the  formulas 

Q  =  c{\^)l(H+\h)*=*.ZWcl{H+±h)\  (36*.) 

and       Q  =  c  (iV*g)  I H*  =  5. 347  <:///*.  (36*.) 

For  weirs  with  end  contractions,  the  formulas  are 

Q  =  c$^l{H+lAh)*=b.Urtcl(H+\Ah)\  (37*.) 
and         &  =  cii'Ilr/tf*  =  5.U1c/H*.  (37*.) 


400  HYDRAULICS. 

Example. — What  is  the  discharge  of  the  stream  in  Fig.  175,  if  the 
length  of  the  weir  is  5  feet,  the  head  10+  inches,  the  coefficient  of  dis- 
charge .608,  and  the  velocity  of  approach  =  0  ? 

Solution. — Applying  formula  37 £,  we  have 

g'  =  .603  X  5.347  X  5  X  .875*  =  13. 1934  cu.  ft.  per  second.     Ans. 

1 007.  The  velocity  of  approach  is  the  mean  velocity 
with  which  the  water  flows  through  the  canal  leading  to  the 
weir.     If  A  is  the  area  of  the  cross-section  of  the  water  in 

Q 
this  canal,  we  have  v  =  —-,  from  which  we  see  that  Q!  must 

be  determined  approximately  by  assuming  v  =  0,  and  then 
use  this  value  of  Q!  to  find  v.  V  may  also  be  measured 
approximately  by  means   of  a  float  on    the   water  in   the 

canal  or  stream. 

v* 
Having  found  v,  we  have  the  equivalent  head,  4i  =  —  = 

.01555  v*.  See  Arts.  990  and  991*  Since  v  is  small  with 
a  properly  constructed  weir,  it  is  usually  neglected,  unless 
great  accuracy  is  required. 

The  table  of  Coefficients  for  Weirs  with  End  Contractions 
gives  values  of  the  coefficient  of  discharge  c  for  weirs  with 
end  contractions  and  different  values  of  H  and  /. 

The  table  of  Coefficients  for  Weirs  Without  End  Contrac- 
tions gives  values  for  c  for  weirs  without  end  contractions. 

Weirs  with  end  contractions  are  more  often  used  and  are 
to  be  recommended  in  most  cases. 

Values  of  c  for  values  of  H  and  /  between  those  given  in 
the  tables  can  be  found  by  interpolating,  assuming  that  the 
variation  is  uniform  between  the  values  given. 

Example  1. — What  is  the  discharge  from  a  weir  with  end  contrac- 
tions under  the  following  conditions:  The  length  of  the  weir  is  4  feet 
\\  inches,  and  the  measured  head  10T^  inches  ?  Assume  that  there  is 
no  velocity  of  approach. 

Solution.— The  length  /  of  the  weir  =  4  feet  \\  inches  =  4.125  feet, 
and  the  head  H  —  10^  inches  =  .84  foot.  From  the  table  of  Coeffi- 
cients for  Weirs  with  End  Contractions,  we  find  the  coefficient  ^  =  .600 
for  a  weir  3  feet  long  and  a  head  of  .8  foot  and  c  =  .604  for  a  weir  5  feet 
long  with  the  same  head.  This  is  an  increase  in  the  coefficient  of  (.604 
—  .600)  -*-  2  =  .002  for  each  increase  of  1  foot  in  length.     The  coefficient 
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for  a  weir  4.125  feet  long  is,  therefore,  .600 +  (1.125  X  002)=  .60225. 

The  rate  of  increase  for  a  head  of  .9  foot  is  (.603  —  .598)  •+-  2=  .0025. 

and   the   coefficient  for   a   weir    4.125   feet  long  is    .598  +  (1.125  X 

.0025)  =  .60081.     The  decrease  in  coefficient  for  an  increase  in  head  of 

.1  foot  is  .60225  —  .60081  =  .00144  and  for  an  increase  in  head  of  .04 

04 
foot  the  decrease  is  .00144  X1T-  =  .000576.     This  subtracted  from  the 

coefficient  for  .8  foot  gives  .60225  —  .000576  =  .601674  as  the  coefficient 
of  discharge  for  a  weir  4.125  feet  long  and  a  head  of  .84  foot.  Using 
but  four  decimal  places,  the  discharge  is 

Q  =  5.847  X  6017  X  4.125  X  .84*  =  10.22  cu.  ft.  per  second.     Ans. 

Example  2. — If  the  canal  leading  to  the  weir  of  example  1  is  10  feet 
wide  and  8  feet  deep  below  the  crest  of  the  weir,  what  is  the  head 
equivalent  to  the  velocity  of  approach  ? 

Solution. — The  depth  of  water  in  the  canal  is  the  depth  below  the 

crest  plus  the  head  =  3.84  feet.     The  area  of  the  cross-section  of  the 

water  in  the  canal  is  A  =  8.84  X  10  =  38.4  square  feet,  and  the  velocity 

10  22 
*s  v  —  oq  a  =  -266  foot  per  second.    The  head  h  equivalent  to  the 

OO.TC 

velocity  v  is 

.       v'       .266*       gM,  .    ^       . 
h  =  s —  =  OA  on  =  .0011  foot.    Ans. 
%g      64.82 

Note. — This  value  of  h  is  so  small  that  its  influence  on  the  discharge 
is  much  less  than  the  probable  errors  in  measuring  the  head  H,  and  so 
need  not  be  considered  in  finding  the  discharge. 


FLOW  THROUGH   TUBES. 


THE  STANDARD  TUBE. 

1008.  A  standard  tube  or  an  adjutage  is  a  tube 
whose  length  is  equal  to  2£  or  3  times  its  diameter.  When 
water  flows  from  a  reservoir  through  such  a  tube,  as  shown 
in  Fig.  177  (//),  the  jet  contracts  when  it  first  leaves  the 
reservoir,  then  expands  again  until  it  fills  the  tube  near  its 
outer  end,  this  contraction  and  expansion  resembling  that 
of  the  jet  from  a  standard  orifice. 

Owing  to  the  contraction,  an  annular  space  is  left  between 
the  jet  and  the  tube.  When  the  expansion  of  the  jet  is 
sufficient  to  fill  the  outer  end  of  the  tube,  as  shown  in  the 
figure,  the  current  of  water  carries  some  of  the  air  from  the 
annular  space  along  with  it,  thus  producing  a  partial 
vacuum. 
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If  a  small  branch  b  is  carried  down  into  a  cup  of  mercury 
ay  the  pressure  of  the  atmosphere  will  force  mercury  into  b 
to  a  height  //  that  depends  on  the  vacuum  in  the  annular 
space  around  the  jet,  and  if  a  small  hole  be  made  in  the 
tube  it  will  be  found  that  air  is  drawn  in  through  the  hole. 
On  account  of  the  difficulty  in  maintaining  uniform  con- 
ditions, which  makes  the  value  of  the  coefficient  of  discharge 
uncertain,  tubes  are  seldom  used  for  measuring  the  flow 
of  water. 

The  coefficient  of  discharge  for  a  standard  tube  is  greater 
than  for  a  standard  orifice.  *  An  average  value  is 

^  =  .82. 

The  jet  as  it  issues  from  the  tube  has  the  same  area  as  the 
tube ;  hence;  the  coefficient  of  velocity  is  the  same  as  the 
coefficient  of  discharge. 

CONICAL.  TUBES. 

1009.  For  conical  tubes,  see  Fig.  177  (c)  and  (d),  the 
coefficient  of  discharge  reaches  a  maximum  value  of  .946 
when  the  angle  a°  of  the  cone  is  13°  24'.  The  coefficient  of 
velocity  increases  with  the  angle  of  the  cone  until  it  becomes 
about  the  same  as  the  coefficient  for  the  standard  orifice. 
If  the  inner  edge  of  the  tube  is  well  rounded,  as  at  (e)y  Fig. 
177,  the  coefficient  of  discharge  is  still  further  increased  and 
may  be  made  nearly  1.      

COMPOUND  TUBES. 

1010.  Examples  of  compound  tubes  are  shown  in 
Fig.  177  (a)  and  (b).  Experiments  have  shown  that  the 
velocity  through  the  minimum  section  a  is  greater  than  the 
theoretical  velocity  due  to  the  head.  The  values  of  the 
coefficient  of  discharge  for  the  section  a  vary  greatly  under 
different  conditions  of  head  and  proportions  of  tubes.  Under 
certain  conditions  values  as  high  as  2.43  have  been  obtained. 

1011.  Inward  Projecting  Tubes. — When  a  tube 
projects  into  a  reservoir,  as  shown  in  Fig.  177  (/)  and  (g)f 
the   contraction   is   increased    and    the    discharge    greatly 


404  HYDRAULICS. 

reduced.  The  coefficient  of  discharge  for  the  inwardly  pro- 
jecting orifice,  Fig.  177  (/),  is  about  0.50,  and  for  the  tube, 
Fig.  177  (£•),  0.72.  

THE   ENERGY  OF  A  JET. 

lOl  2*  The  energy  in  a  Jet  of  water  is  a  measure  of 
the  theoretical  work  which  the  jet  can  do. 

If  IV  is  the  weight  of  water  per  second  passing  a  given 
cross-section  of  the  jet,  and  v  the  velocity  in  feet  per  second 
at  that  cross-section,  the  energy  K  is  expressed  by  the 
formula 

K=  IV  A  =  \v£~.  (38a.) 

Here  //  is  the  head  that  would  produce  a  velocity  v  if  the 
water  were  to  fall  freely  through  a  vacuum. 

If  a  is  the  area  of  the  jet  and  w  the  weight  of  a  cubic  unit 
of  water,  we  have  IV =  wavy  and  the  equation  for  AT  becomes 

K=lv__  =  u>av_  =  __      (38M 

These  formulas  show  that  with  a  given  weight  of  water 
passing  per  second  the  energy  of  the  jet  is  proportional  to 
the  square  of  the  velocity,  and  with  a  given  area  of  jet  the 
energy  is  proportional  to  the  cube  of  the  velocity. 

Example  1. — What  is  the  theoretical  work  that  can  be  done  by  a 
jet  through  which  2£  cubic  feet  of  water  passes  with  a  velocity  of  8  feet 
per  second  ? 

Solution. — From  formula  38#,  we  have 

8s 
K=  2.5  X  62.5  X  h — .,»»  ^  =  155.47  ft.-lb.  per  second.     Ans. 

a  X  o/5.1o 

Example  2. — What  is  the  theoretical  work  that  can  be  done  by  a  jet 
whose  area  is  .5  square  foot,  if  the  velocity  of  flow  is  12  feet  per  second  ? 

Solution. — 

iA  12' 

K  ^wavjr-  —  62.5  X  5  X  12  X  0  ^  QO  m  =  839-55  ft.-lb.  per  second. 

Zg  -XS-.16  Ans> 

Example  3. — What  is  the  horsepower  equivalent  to  the  energy  in 
the  jets  in  examples  1  and  2  ? 


HYDRAULICS.  405 

Solution.— One  horsepower  equals  33,000  foot-pounds  of  work  done 

33  000 
in  one  minute,  or  — ~ —  =  550  foot-pounds  in  one  second ;  hence,  the 

155  47 
theoretical  horsepower  in  the  jet  in  example  1  is       *      =  .282;  and  in 

example  2,         '  '  =  1.526.     Ans. 

r  500 

Since  the  energy  in  a  given  weight  of  water  passing  through 
a  jet  is  proportional  to  the  square  of  the  velocity,  it  is  evi- 
dent that  when  the  water  is  to  be  used  for  doing  work  by 
the  action  of  a  jet  on  the  vanes  of  a  water-wheel,  the  veloc- 
ity should  be  as  great  as  possible. 

The  theoretical  velocity  that  can  be  obtained  is  v  =  tf%  g  h\ 
where  //  is  the  head  cf  the  orifice  from  which  the  water  flows. 
It  was  shown  in  Art.  994  that  the  actual  velocity  of  a 
jet  is  always  less  than  the  theoretical  velocity,  and  is  found 
by  multiplying  the  theoretical  velocity  by  a  coefficient  that 
depends  on  the  form  of  the  orifice  from  which  the  water 
flows;  this  coefficient  is  always  less  than  1. 

Example  1. — What  is  the  energy  in  the  jet  from  a  standard  orifice 
from  which  20  cubic  feet  of  water  flows  per  second,  if  the  head  on  the 
orifice  is  16  feet,  and  the  coefficient  of  velocity  .98  ? 


Solution. — The  actual  velocity  is  v  =  .98  4^2  g  A,  and  the  energy 

A'=  W^-  =  IV  x  .98'  //  =  20  X  62.5  X  .98*  X  16  = 
z  g 

19,208  ft. -lb.  per  second.     Ans. 

Example  2. — Water,  under  a  head  of  8  feet,  flows  from  a  circular 
standard  orifice  whose  diameter  is  6  inches.  What  is  the  energy  of  the 
jet  if  the  coefficient  of  velocity  is  .98  ? 

Solution. — The  diameter  of  the  orifice  is  .5  foot,  and  from  the 
table  of  Coefficients  for  Standard  Vertical  Orifices,  the  coefficient  of 
discharge  for  a  head  of  8  feet  is  found  to  be  .598  for  an  orifice  whose 
diameter  is  .2  foot,  and  .596  when  the  diameter  is  .6  foot.  The  coeffi- 
cient, therefore,  decreases  at  a  rate  equal  to j-1'  —  =  .0005  for  each 

increase  of  .1  foot  in  the  diameter  of  the  orifice,  and  the  coefficient  for 
an  orifice  whose  diameter  is  .5  foot  is  .598  —  (.0005  X  3)  =  .5965.  The 
discharge  is  Q  =  6.299  d*  c 4/ Ti  =  6.299  X  .5*  X  .5965  X  V$  =  2.657  cubic 
feet  per  second.     The  energy  is 

K=  W^-  =  2.657  X  62.5  X  .98*  X  8  =  1,275.9  ft.-lb.  per  second.     Ans. 
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EXAMPLES  FOR  PRACTICE. 

1.  A  weir  with  end  contractions  is  5  feet  long,  and  the  measured 
head  is  .55  foot;  if  the  water  approaches  the  weir  with  a  velocity  of 
1-J  feet  per  second,  what  is  the  discharge  ?      Ans.  7.497  cu.  ft.  per  sec. 

2.  A  weir  without  end  contractions  is  6  feet  long,  and  the  head  is 
.25  foot;  what  is  the  discharge,  neglecting  the  velocity  of  approach  ? 

Ans.  2.541  cu.  ft.  per  sec. 

3.  A  jet  flows  from  a  standard  circular  orifice  1|  inches  in  diameter 
under  a  constant  head  of  75  feet ;  assuming  the  coefficient  of  velocity  to 
be  .98,  what  is  the  energy  of  the  jet  ?  Ans.  2,275.43  ft. -lb.  per  sec. 

4.  What  is  the  theoretical  horsepower  in  the  jet  in  the  last 
example?  Ans.  4.187  H.  P. 


NOZZLES. 

1013.  Nozzles  are  used  when  it  is  desired  to  deliver 
water  with  a  high  velocity  for  any  purpose.  Their  most 
common  application  is  in  connection  with  hose  for  fire  pur- 
poses, etc.  By  means  of  nozzles  a  very  high  coefficient  of 
velocity  is  obtained,  and  the  energy  of  the  jet  is  therefore 
great.  The  theoretical  height  to  which  a  stream  from  a 
nozzle  can  be  thrown  is  equal  to  the  head  that  would  produce 
the  velocity  with  which  the  jet  flows  from  the  nozzle  if  the 
water  were  to  fall  freely  through  a  vacuum.  If  v  is  this 
velocity,  the  theoretical  height  to  which  the  stream  will  go  is 


The  resistance  of  the  air  always  reduces  this  height. 

Example. — A  stream  issues  from  the  nozzle  of  a  fire  hose  under  a 
pressure  of  60  pounds  per  square  inch.  If  the  coefficient  of  velocity  of 
the  nozzle  is  .99,  what  is  the  theoretical  height  to  which  the  stream 
will  rise  ? 

Solution. — A  pressure  of  60  pounds  per  square  inch  corresponds  to 

a  head  of  — ,.-  =  138.25  feet.     The  velocity  due   to  this  head   is  v  = 
.4o4 


.99  tfZg  X  138.25,  and  the  height  corresponding  to  the  velocity  v  is 

,,       v*       .99*  X2  ^X  138.25        ^.^^^      10K  .  £    A       . 

h  =  s—  = o     =  -99*  X  138.25  =  135.5  feet.     Ans. 

%g  2^ 
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THE    MINER'S  INCH. 

1014.  The  miner's  inch  is  an  arbitrary  unit  for 
measuring  water  by  its  flow  through  an  orifice.  The  ori- 
fice and  the  head  vary  so  much  in  different  localities  that 
no  definite  value  can  be  given  for  the  unit.  Its  chief  use 
is  for  measuring  the  water  sold  for  irrigating  and  mining 
purposes. 

The  following  list  illustrates  the  general  meaning  of  the 
term,  and  also  shows  the  great  variation  in  its  value  as  used 
in  different  localities: 

At  Smartsville,  California,  the  miner's  inch  is  the  amount 
of  water  discharged  per  square  inch  of  area  by  an  orifice 
four  inches  deep,  having  its  lower  edge  level  with  the  bottom 
of  the  box  or  sluice  and  its  top  edge  seven  inches  below  the 
surface  of  the  water.  The  length  of  this  orifice  is  made  to 
correspond  with  the  number  of  miner's  inches  it  is  to  dis- 
charge. Under  these  conditions  the  Smartsville  inch  corre- 
sponds to  a  discharge  of  about  1.76  cubic  feet  of  water  per 
minute,  or  2,534  cubic  feet  per  24  hours. 

The  Park  Canal  Mining  Company  furnishes  water  under 
such  conditions  that  a  miner's  inch  corresponds  to  a  dis- 
charge of  about  1.39  cubic  feet  per  minute.  The  South 
Yuba  Canal  Company  computes  a  miner's  inch  from  the  dis- 
charge through  a  two-inch  aperture  over  a  one  and  one-half 
inch  plank  with  a  head  on  the  center  of  the  aperture  of 
six  inches. 

FLOW  THROUGH  PIPES. 


PRESSURE  HEAD  AND  VELOCITY  HEAD. 

1015.  In  Fig.  178  is  shown  a  short  pipe  with  a  varying 
cross-section  leading  from  a  reservoir  to  a  small  nozzle.  If 
the  pipe  is  closed  at  the  nozzle,  so  that  no  water  can  flow 
through  it,  the  water  will  rise  in  each  of  the  tubes  a,  fr9  and 
ct  until  it  reaches  the  same  level  as  the  surface  of  the  water 
in  the  reservoir.  When  there  is  a  flow  through  the  pipe, 
the  water  falls  in  the  tubes  and  stands  lowest  in  the  tubes 
connected  where  the  cross-section  of  the  pipe  is  least. 
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This  result  is  due  to  the  difference  in  the  velocities  of  the 
water  in  the  different  sections  of  the  pipe.  The  same  quantity 
flows  through  each  section  in  a  given  time  and,  since  the  mean 
velocity  is  equal  to  the  quantity  flowing  divided  by  the  area  of 
the  section,  i.  e.,  v  =  — ,  the  velocity  must  increase  as  the 

section  is  reduced.  It  was  shown  in  Art.  990  that  a  given 
velocity  of  flow  v  is  equivalent  to  the  velocity  that  would  be 
produced  if  the  water  fell  in  a  vacuum  a  distance  equal  to 
the  head  //  which  produces  the  given  flow. 


Fig.  ire. 
The  water  in  flowing  through  the  section  A  has  a  certain 
velocity  vn  equivalent  to  the  velocity  that  would  be  pro- 
duced by  a  head  we  may  call  ///,  so  that  %>*  =  2/7//.  That 
is,  part  of  the  pressure  due  to  the  head  //  is  exerted  in  pro- 
ducing the  velocity  whose  equivalent  head  is///=  ~,  and  the 
rest  exists  as  pressure  shown  by  the  head  ///.  In  the  same 
way  at   the   section  B   we    have    the  velocity  head  ///  = 

-^-  required  to  produce  the  velocity  vb  and   the  pressure 

head  //,,';  and  at  the  section  C  the  x 
and  the  pressure  head  kj. 

1016.  Neglecting  the  effects  of  friction,  we  have  the 
following  principle : 

The  sum  of  the  velocity  head  plus  the  pressure  head  for  any 
given  section  is  equal  to  the  total  head  h  due  to  the  water  in 
ther 
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This  principle  can  be  proved  as  follows:  The  energy  in  the 
water  as  it  leaves  the  reservoir  is  equal  to  Wh.  Since  there 
are  to  be  no  losses  in  energy  from  friction  or  otherwise,  and 
the  quantity  of  water  passing  is  the  same  for  each  section, 
the  energy  must  be  the  same  at  all  sections.  The  total 
energy  in  the  water  at  any  section  is  the  sum  of  the  poten- 
tial energy  due  to  the  pressure  and  the  kinetic  energy  due 
to  the  velocity. 

Hence,       Wh  =  w(ha'+  ^-\  =  lV{/ia'  +  A/)  = 
w(hb'+  |A  =  IV  W+  V),  etc., 

from  which  //  =  /*„'+  //„'=  hb'-\-  hb'=  he'-\-  k»- 

This  principle  is  expressed  by  the  theorem :   The  pressure 

head  plus  the  velocity  head  equals  the  hydrostatic  head. 

Example.— If,  in  Fig.  178.  the  hydrostatic  head  h  is  20  feet  and  the 

pressure  head  at  the  section  A  is  A„'  =  12  feet,  what  is  the  velocity  va 

in  the  section  A  ? 

Solution— The  velocity  head  ,V=20  — 12  =  8  feet;    hence,   the 

velocity  w,  =  tf-igA*   =  l/~  X  112. 18  X  H  =  22.684  ft.  per  second.     Ana. 


LOSSES  OF  HEAD. 

1017.     In  practice  it  is  found  that  the  pressure  shown 
by  a  gauge  on  a  pipe  through  which  water  flows  and  the 


2  always  less  than  the  theoretical  pre 


410  HYDRAULICS. 

and  velocity ;  i.  e. ,  the  velocity  head  plus  the  pressure  head 
is  less  than  the  hydrostatic  head. 

This  difference  is  due  to  friction  and  other  resistances  that 
absorb  part  of  the  energy  of  the  moving  water.  In  Fig. 
179,  let  A  be  a  large  reservoir  from  which  a  long  pipe  leads 
to  some  point  below  the  surface  of  the  water  in  A,  and  sup- 
pose that  at  various  points  in  the  pipe,  as  at  a,  &,  c,  and  d, 
we  insert  tubes  that  extend  above  the  water  surface  in  A. 
Now,  if  the  pipe  is  closed  at  Dy  the  water  will  flow  into  it 
and  rise  in  each  of  the  branches  until  its  level  reaches  the 
level  of  the  water  in  the  reservoir. 

1018.  The  hydrostatic  head  on  the  center  of  any 
section  of  the  pipe  is  the  vertical  distance  in  feet  from  the 
center  of  the  pipe  to  the  level  of  the  water  in  the  tube 
attached  at  that  point,  when  there  is  no  flow;  or,  in  other 
words,  the  vertical  distance  from  the  center  of  the  pipe  to 
the  level  of  the  surface  of  the  water  in  the  reservoir.  Since 
the  pressure  can  be  directly  determined  from  the  head,  the 
level  of  the  water  in  the  tube  is  also  a  measure  of  the  pres- 
sure of  the  water  at  the  point  in  the  pipe  at  which  it  is 
attached.  Instead  of  a  tube  that  rises  to  the  height  of  the 
water  in  the  reservoir,  it  is  evident  that  we  can  use  a  pres- 
sure gauge,  as  at  B\  which  may  be  graduated  to  show  either 
the  pressure  in  pounds  per  square  inch  or  the  head  in  feet. 
If  the  gauge  shows  only  the  pressure  in  pounds  per  square 
inch,  this  pressure  must  always  be  reduced  to  its  equivalent 
head  in  feet  for  use  in  problems  and  formulas  pertaining  to 
the  flow  of  water. 

The  horizontal  line  MM,  to  which  the  water  in  the  tubes 
a,  &,  c,  d  will  rise  when  no  water  flows  through  the  pipe,  is 
called  the  hydrostatic  grade  line. 


PIEZOMETERS. 

1019.  A  gauge  or  tube  inserted  in  a  pipe  to  show  the 
pressure  of  the  water  is  called  a  piezometer.  When  a 
piezometer  is  to  be  placed  on  a  pipe  through  which  water 
is  flowing,  the  tube  should  always  be  so  inserted  as  to  be  at 
right   angles   to  the   current  in   the  pipe,  as  shown  at  a, 
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Fig.  180.  If  the  tube  is  so  inclined  that  the  current  flows 
against  the  end  as  shown  at  b>  the  action  of  the  current 
will  force  the  water 
into  the  tube  and 
cause  it  to  rise 
higher  than  the 
head  due  to  the; 
pressure;  and  if  in-K 
clined  in  the  opposite) 
direction,    as    at     cf  PlG  180> 

the  action  of  the  current  will  reduce  the  indicated   pres- 
sure. 

Example. — A  pressure  gauge  attached  to  a  water  main  shows  a 
pressure  of  76  pounds  per  square  inch.     What  is  the  equivalent  head  ? 

7ft 
Solution. — The  head  h  =  -j^  =  175.1  feet.    Ans. 


LOSS  OP  HEAD  AT  ENTRANCE. 

1020.  Where  water  flows  from  a  reservoir  into  a  pipe, 
a  piezometer  attached  to  the  pipe  near  the  reservoir  shows  a 
certain  pressure  whose  head  is  Aa'.  The  velocity  at  which 
the  water  flows  is  equal  to  a  head  h\  and,  if  there  were  no 
losses,  /ia'  +  h"  would  equal  the  total  hydrostatic  head  ka. 
The  water  on  entering  the  pipe  meets  with  resistances, 
due  to  friction,  contraction,  etc.,  that  absorb  part  of 
its  energy,  and  this  causes  a  loss  of  head  similar  to 
the  loss  when  water  flows  through  an  orifice  or  a  short 
tube. 

This  loss  is  proportional  to  the  mean  velocity  with  which 
the  water  flows  through  the  pipe,  and  also  depends  on  the 
form  of  the  end  of  the  pipe  where  it  enters  the  reservoir; 
hence,  the  lost  head  can  be  expressed  by  the  equation 


v* 


/l<"=mjl"=m^-y  (39.) 

where  ;//  is  a  factor  that  depends  on  the  form  of  the  end  of 
the  pipe. 

Fig.  181  shows   average  values  of   the   coefficient   m   as 
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determined  by  experiment  for 
different  cases.  In  practice  a 
water  main  generally  projects 
into  the  reservoir  and  termi- 
nates in  a  bell-shaped  end,  as 
shown  at  (d),  so  that  the  coeffi- 
cient m  for  long  water  mains 
may  generally  be  taken  as  .5. 

Example. — A  13-inch  pipe  dis- 
charges 13  cubic  feet  of  water  per 
second.  If  the  pipe  enters  the  reser- 
voir, as  shown  at  (rf).  Fig.  181,  what 
is  the  loss  of  head  at  entrance  ? 

Solution. — The  mean  velocity  of 

■y  =  --ujq  =  15.379  feet  per  second. 
The  loss  of  head  is 
*■"-«*''=   5*     15279'     - 
1.815  feet.     Ans. 


1021-  When  water  flows 
through  a  pipe,  it  meets  with 
resistances,  due  to  the  friction 
of  the  particles  on  the  sides  of 
the  pipe  and  on  each  other. 
These  resistances  absorb  energy 
and  cause  a  further  loss  in  head. 

Experiments  have  shown  that 
the  friction  of  water  flowing 
through  a  pipe  depends,  approx- 
imately, on  the  following  laws: 

1.  The  loss  in  friction  is  pro- 
portional to  the  length  of  the  pipe. 

2.  It  varies  nearly  as  the 
square  of  the  velocity. 
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3.  It  varies  inversely  as  the  diameter  of  the  pipe. 

4.  It  increases  with  the  roughness  of  the  pipe. 

5.  //  is  independent  of  the  pressure  in  the  pipe. 

In  accordance  with  these  laws,  the  friction  head  W*  is 
expressed  by  the  equation 

in  which  /is  the  length  of  the  pipe,  d\ts  diameter,  and  fa. 
coefficient  that  depends  on  the  roughness  of  the  pipe. 

It  has  been  found  that  f  varies  with  the  diameter  of  the 
pipe  and  the  velocity  of  flow.  The  table  of  Coefficients  for 
Pipes  gives  values  of /"for  clean  cast-iron  pipes  well  laid. 

Example. — What  is  the  loss  of  head  due  to  friction  in  a  10-inch  pipe 
1,000  feet  long,  if  the  mean  velocity  of  flow  is  8  feet  per  second  ? 

Solution. — From  the  table  of  Coefficients  for  Pipes,  the  coeffi- 
cient /  for  a  10-inch  pipe  is  found  to*  be  .0197,  when  the  velocity  of 
flow  is  8  feet  per  second ;  therefore, 

^/jg  =  ^X^X  ,3^  =  23.522  feet.    Ans. 


LOSSES  OP  HEAD  DUB  TO  CHANGE  OF  SECTION  AND  BENDS. 

1022*  When  water  flows  from  a  small  section  to  a 
larger  one,  see  Fig.  182  (a),  energy  is  absorbed  in  producing 
eddies  among  the  water  particles  just  at  the  enlargement. 
The  change  from  a  large  to  a  smaller  section,  as  at  (£), 
causes  a  contraction  in  the  mouth  of  the  smaller  section. 
The  result  in  both  cases  is  a  loss  of  head.  If  the  change  in 
section  in  the  pipe  is  made  gradually,  as  at  Fig.  182  (c)  and 
(d)y  the  loss  is  made  small  and  may  be  neglected  when  com- 
puting the  flow.  In  practice  a  change  in  section  is  usually 
made  by  means  of  a  reducer,  see  Fig.  182  (e). 

1023.  When  there  are  sudden  bends  in  the  pipe  there 
will  be  a  loss,  due  partly  to  shock  and  eddies,  and  partly  to 
the  contraction  in  the  flow,  as  shown  in  Fig.  182  (/)  and  (g). 

T.    L-29 
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Experiments  made  with  bends  like  Fig.  182  (/)  show  that 


the  loss  of  head  may  be  expressed  in  terms  of  the  mean 
velocity  by  the  formula 

**=«£■      (■*»*■> 

Table  ISa  gives  values  of  c  for  different  values  of  the 
angle  a". 

TABLE    I8-1. 


*°= 

10' 

20 

40° 

60"     80° 

90* 

100° 

110° 

120' 

13<T 

140" 

150° 

.017 

.018 

.139 

.364    .74 

.984 

1.36 

1.58 

1.80 

2.10 

2.43 

2.81 
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For  a  bend  like  Fig.  182  (g),  the  loss  of  head  is  expressed 
by  the  formula 

*"='£,  (40c.) 

in  which  c'  depends  on  the  ratio  between  the  radius  r  of  the 
pipe  and  the  radius  R  of  the  bend. 

The  following  table  gives  values  of  c'  corresponding  to 

various  values  of  the  ratio  -^ : 

TABLE  18£. 


r 

.1 
.131 

.2 

.188 

.3 
.158 

.4 
.206 

.5 
.294 

.6 
.440 

.7 
.661 

.8 
.977 

.9 

1.0 

d  = 

1.408 

1.978 

From  the  table  it  is  seen  that  when  R  is  made  large  in 
comparison  to  r,  the  value  of  c\  and  hence  the  loss  in  head, 
is  small. 

There  may  be  other  resistances,  such  as  valves,  which 
change  the  direction  of  flow  of  the  water,  or  suddenly  change 
the  area  through  which  the  water  flows.  If  the  pipe  is  care- 
fully designed  and  laid,  however,  these  losses  may  be  made 
so  small  in  comparison  with  the  other  losses  named  above 
as  to  be  neglected  in  the  formulas  for  head  and  velocity. 


TOTAL  HEAD  AND  VELOCITY  OF  FLOW. 

1024.  The  total  head  at  any  section  of  the  pipe  is 
equal  to  the  sum  of  the  pressure  head,  the  velocity  head, 
and  the  losses  in  head  due  to  the  energy  absorbed  in  over- 
coming the  resistances  in  the  pipe  between  the  reservoir  and 
the  given  section. 

Thus,  at  the  point  c  in  Fig.  179,  the  total  head  is  k0  =  Ac'+ 
#>+  h"'+  h0l\ 

At  the  end  of  the  pipe  the  pressure  head  becomes  0,  and 
the  total  head  h  is  given  by  the  formula 

h  =  h"+h'"+hxy.  (41.) 
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If  we  suppose  that  there  are  n  bends  similar  to  Fig.  182  (g)y 

there  will  be  a  further  loss  of  head  equal  to  n  AVI=  nc'A"= 

v% 
nc'  -r— ,  and  we  have  the  total  head 

A  =  A"+  A'"+  Aiy+  hyi  = 

By  solving  formula  41  tf   for  v>  we    get    the  following 
formula  for  the  velocity  of  flow : 


2^  =8.02 


/    l+fz  +  m  +  nS  \/  1+f^+m  +  nc' 

(42.) 

Formula  42  will  give  the  mean  velocity  of  flow  through 
a  pipe  in  which  the  total  head  is  A,  when  the  length  /,  and 
the  diameter  dy  and  the  values  of  the  coefficients  f9  m9  and 
c'  are  known. 

The  table  of  Coefficients  for  Pipes  gives  mean  values  of  f 
that  may  be  used  for  clean  iron  pipes,  either  smooth  or 
coated  with  coal  tar.  Since  f  depends  on  vy  which  is  un- 
known, it  is  first  necessary  to  take  from  the  table  a  mean 
value  of  f  depending  on  the  diameter  of  the  pipe,  and  then 
solve  for  v.  This  gives  an  approximate  value  for  v  from 
which  to  find  a  new  value  of  f  and  solve  again  for  v.  If  the 
last  value  of  f  is  nearly  the  same  as  would  be  given  in  the 
table  for  the  value  of  v  last  found,  the  result  is  satisfactory. 
If  not,  the  last  value  of  v  must  be  taken  as  an  approxima- 
tion from  which  a  new  value  of  f  is  to  be  found,  and  the 
process  repeated. 

If  tn  has  the  value  .5  given  in  Fig.  181  (*/),  Art.  1020, 
for  the  common  case  of  a  pipe  with  a  bell  end,  and  there  are 
no  sharp  bends  or  similar  resistances,  the  formula  for  v 
becomes 

v=      /^LKJl_  =  8.o2    /—*—[.  (43.) 
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LONG  PIPES. 

1025.  For  pipes  in  which  the  length  /is  greater  than 
4,000  dy  the  velocity  head  and  loss  of  head  at  entrance  be- 
come so  small  in  comparison  to  the  loss  due  to  friction  that 
they  may  be  neglected,  and  the  formula  for  velocity  becomes 

4 

v  =  \/^  =  sm\/fr        (44.) 

For  d  in  inches  formula  43  becomes 


and  instead  of  formula  44  we  have 

*/  =  2.315V^.  (44*.) 

Example  1. — A  12-inch  pipe,  8,000  feet  long,  with  a  bell  end,  enters 
the  reservoir  in  such  a  way  that  the  coefficient  m  may  be  taken  as  .5. 
The  pipe  has  two  45°  bends,  each  with  a  radius  of  2  feet.  If  the  head  on 
the  discharge  end  of  the  pipe  is  35  feet,  what  will  be  the  velocity  of  flow  ? 

Solution. — The  loss  of  head  from  the  bends  depends  on  the  ratio 
between  the  radius  of  the  pipe  and  the  radius  of  the  bend.     This  ratio  is 

—  =  .25.     From  the  table  of  Coefficients  for  Pipes,  the  coefficients' 

£rx. 

for  a  radius  of  .2  is  .138,  and  for  the  ratio  .3  c'  =  .158;  therefore,  for 
.25  the  coefficient  is  .138  +  (.158  -  .138)  x  5  =  .148.  Assuming  .022  as 
an  approximate  value  for  f  for  use  in  this  case,  and  substituting  the 
values  of  the  coefficients  in  formula  42,  there  results 

/  35 

v  =  &«f/1  +  .0B8xMfi  +  .5  +  8x.l48  =  5-762  fCet  P"  SeC°nd- 

Prom  the  table  the  value  of/  for  a  velocity  of  5.762  feet  per  second  is 

.0207  -  (.0007  X  .762)  =  .0202. 

Using  this  value  of/,  the'velocity  becomes 

/                            35 
v  =  8.024/ =  6.007  feet  per  second. 

Since  the  coefficient  /  for  a  velocity  of  6  feet  per  second  is  .020,  this 
value  of  v  may  be  assumed  as  practically  correct.     Ans. 
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Example  2. — A  10-inch  pipe,  8,000  feet  long,  is  so  laid  that  there  is 
practically  no  loss  of  head  from  bends  or  valves.  If  the  head  is  150 
feet,  what  is  the  mean  velocity  of  flow  ? 

Solution. — Since  the  length  is  more  than  4,000  times  the  diameter, 
formula  44  may  be  used.  Taking  .02  as  a  mean  value  of  /,  the  approx- 
imate velocity  of  flow  is 


v  =  aV.oa>BSo  =  7'°89  fCet  *"  SeC°nd' 

By  comparison  with  the  table  it  is  seen  that  the  assumed  value  of/ 
corresponds  very  nearly  with  the  value  for  a  velocity  of  7  feet  per 
second ;  therefore,  the  result  found  is  nearly  correct.    Ans. 

Example  3. — What  would  have  been  the  value  of  v  in  the  above 
example  if  formula  43  had  been  used  ? 

Solution. — 

=  7.061  ft.  per  second.    Ans. 


v  =  8.02    / 

V    1.5  +. 


02  X8'000 


.8* 

Prom  the  last  two  examples  it  is  seen  that  for  long  pipes  the  effect 
of  resistances  at  entrance  may  be  neglected  without  affecting  the 
practical  accuracy  of  the  result. 


HEAD  REQUIRED  TO  PRODUCE  A  GIVEN  VELOCITY. 

1026*  A  formula  for  the  head  required  to  produce  a 
given  velocity  of  flow  v  can  be  found  from  the  formulas 
given  above  by  solving  for  A.  Thus,  from  formula  42,  the 
value  of  the  head  is 


v*(\+f-L+m  +  nc'} 


For  a  straight  cylindrical  pipe  in  which  the  influence  of 
bends  disappears  and  m  is  taken  as  .  5,  the  formula  becomes 

Formulas  45  and  45#  apply  when  d  is  in  feet ;  for  d  in 
inches,  formula  45#  becomes 
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Example. — An  8-inch  pipe,  2,500  feet  long,  has  three  bends  whose 
radius  equals  the  diameter  of  the  pipe.  If  the  coefficient  for  loss  at 
entrance  is  m  =  .5  and  ^"=.02,  what  must  be  the  head  to  produce  a 
velocity  of  flow  of  7  feet  per  second  ? 

Solution. — The  ratio  between  the  radius  of  a  bend  and  the  radius  of 
a  pipe  is  |  =  .5;  therefore,  from  the  table  of  Coefficients  for  Pipes,  the 
coefficient  c'  is  .29. 

Substituting  in  formula  45,  we  have 


V (l  +  .02  *^p  4-  .5  4-  3  X  .29) 


h  =  — - \t»r =  58.94  feet     Ans. 


THE  QUANTITY  DISCHARGED  PROM  PIPES. 

1027.  The  formulas  just  given  are  made  use  of  in  as- 
certaining the  quantity  of  water  that  will  be  discharged  from 
a  pipe  in  a  given  time,  with  a  given  head.  This  is  readily 
found  from  the  formula  Q  =  A  v,  where  A  equals  the  area 
of  the  cross-section  of  the  pipe  and  v  the  mean  velocity  as 
determined  by  the  above  formulas. 

Where  the  diameter  is  given  in  feet,  the  discharge  in  cubic 
feet  per  second  is 

Q  =  .7$&4:d*v.  (46.) 

Since  one  cubic  foot  contains  7.48  gallons,  when  d  is  in 
feet  the  discharge  in  gallons  per  second  is 

Q  =  .7854:d*  vx  7.48.  (46*.) 

And  when  d  is  in  inches, 

Q=.0±0$d*v.  (46*.) 

Example. — What  is  the  discharge  in  gallons  per  minute  from  a 
6-inch  pipe,  if  the  mean  velocity  of  efflux  is  5.6  feet  per  second  ? 

Solution.—  Q  =  .0408  d*  v  =  .0408  X  36  X  5.6  =  8.225  gallons  per 
second.     8.225  X  60  =  493.5  gallons  per  minute.     Ans. 

Example.— The  length  of  a  pipe  is  6,270  feet,  its  diameter  is 
8  inches,  and  the  total  head  at  the  point  of  discharge  is  215  feet.  How 
many  gallons  are  discharged  per  minute  ? 

Solution. — First  find  the  approximate  value  of  v  from  formula 
44a,  taking  the  value  of /=  .025. 

v  =  2.815  |/5j  =  2.315 1/  0^? °X  8      =  7.67  feet  per  second,  nearly. 
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From  the  table  of  Coefficients  for  Pipes,  the  value  of/  for  an  8-inch 
pipe  and  a  velocity  of  7.67  feet  per  second  is 

.0213  -  t'001  *  167>  =  .0205. 

z 

With  the  value  of  /  used  in  formula  43#,  the  velocity  is 


V  =  3-815  ^ JSZt™  =  847  feet  **  SeC°nd- 


(001  X  .47\ 
2~~ — )  = 

.0201,  and  this  value  gives 


v  =  2.315  |/02j;fxX68270  =  8.552  feet  per  second. 
The  discharge  is 

Q  =  .0408  x  8*  X  8.552  =  22.33  gallons  per  second. 
22.33  X  60  =  1,340  gallons  per  minute.     Ans. 


TO  COMPUTE  THE  DIAMETERS  OF  PIPES. 

1028.  The  diameter  of.a  pipe  that  will  furnish  a  certain 
quantity  of  water  with  a  given  head  and  length  can  be 
found  as  follows: 

With  //,  /,  and  d  in  feet  and  the  quantity  Q  in  cubic  feet 
per  second,  the  formula  for  the  diameter  of  a  pipe  without 
sharp  bends  is 

d  =  0.479  [(1.5  d+fl)  Jl  .  (47.) 

In  using  this  formula  take  the  approximate  value  of  f  as 
.02,  and  compute  an  approximate  value  for  dy  neglecting 
the  term  1.5  d  in  the  second  member  of  the  formula.  With 
this   value   of   d   find    the    value   of    v   from   the   formula 

v  =  --  r     r„  and  find  the  corresponding  value  of  f  from 

the  table  of  Coefficients  for  Pipes. 

Repeat  the  computation  for  d  by  pacing  the  approximate 
values  of  d  and  f  just  found  in  the  second  member  of  the 
formula.  One  or  two  repetitions  of  this  process  will  give  a 
near  approximation  of  d  from  which  to  select  the  pipe  from 
the  standard  market  sizes. 
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For  pipes  whose  length  is  more  than  4,000  times  their 
diameter  the  following  formula  may  be  used ; 

d=  0.479  (fj^)-  (47a.) 

Example  1. — What  must  be  the  diameter  of  a  pipe  to  discharge 
1,000,000  gallons  of  water  per  24  hours,  if  the  length  is  1,250  feet,  and 
the  head  75  feet  ? 

Solution. — The  discharge  in  cubic  feet  per  second  is  oa  '      '   „  AO  = 

*  oo,4UU  X  7«4o 

1.5473.     The  approximate  diameter  of  the  pipe  is 

d=  0  m  (.02  X  1.250  X  1.5478>y=  ^  ^ 

The  velocity  corresponding  to  this  value  of  d  is 

1.5473 


v  = 


.7854  X  .4579'  =  9895  feet  **T  SeCOn<L 


Prom  the  table  of  Coefficients  for  Pipes  the  coefficient/  for  a  pipe  6 
inches  (=  .5  foot)  in  diameter,  and  a  velocity  of  flow  of  10  feet  per 
second,  is  .02. 

Since  these  values  of  d  and  v  correspond  closely  with  the  approx- 
imate values  just  found,  the  value/ =  .02  may  be  used  again.  Using 
the  approximate  value  of  d  in  formula  47,  there  results 

d=  0.479[(1.5  X  .4579  +  .02  X  1,250)^^~T  =  -4W3  foot. 

The  nearest  market  size  to  this  diameter  is  a  6-inch  pipe  ;  hence, 
that  may  be  taken.     Ans. 

Example  2. — A  water  main  17,320  feet  long  must  supply  a  city  with 
10,000,000  gallons  of  water  per  24  hours  under  a  steady  flow.  If  the 
head  is  120  feet,  what  must  be  the  diameter  of  the  pipe  ? 

Solution. — The  flow  in  cubic  feet  per  second  is 

io,ooo1ooo__ 

The  approximate  value  of  d  is,  therefore, 

d  =  0.479 (02  X  17.880X  15.473y  =  im  ^ 

The  velocity  of  flow  corresponding  to  this  diameter  is 

v  =  .78545XT771»  =  6'28  feet  P*'  SeC°nd- 

From  the  table  of  Coefficients  for  Pipes,  the  coefficient/  for  a  pipe 
20  inches  in  diameter,  and  a  velocity  of  flow  of  6  feet  per  second,  is  .0173. 
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Since  the  length  of  the  pipe  Is  more  than  4,000  times  the  approximate 
diameter,  formula  47 n  may  be  used;  hence, 

rf=0.479I - — :       — t*  =  1.721  feet  =  21  inches,  nearly. 

Therefore,  the  nearest  available  market  size  above  this  may  be 

used.    Ans. 

THE  EFFECTIVE  HEAD. 

1029.  The  head  that  produces  the  flow  in  a  pipe  is 
always  the  difference  between  the  total  head  and  the  pres- 
sure head  on  the  end  where  discharge  takes  place.  If  the 
pipe  discharges  directly  into  the  atmosphere,  as  in  Fig.  179, 
the  pressure  head  becomes  zero,  and  flow  is  produced  by 
the  total  head  /<„. 

In  most  cases,  however,  the  discharge  is  into  a  reservoir, 


Fig.  183. 

as  in  Fig.  183  (a),  or  the  pipe  is  required  to  furnish  water  to 


HYDRAULICS.  423 

a  water-wheel  or  to  a  system  of  distributing  pipes  at  a  cer- 
tain pressure  per  square  inch. 

In  Fig.  183  (a)  the  effective  head  h  is  the  difference 
between  the  total  head  Hx  and  the  head  H  of  the  water  in 
the  reservoir  B. 

Example. — A  pipe  must  supply  water  at  a  pressure  of  25  pounds  per 
square  inch,  under  a  total  head  of  75  feet.    What  is  the  effective  head  ? 

Solution. — The  head  required  to  produce  a  pressure  of  25  pounds 
per  square  inch  is  25  -i-  .434  =  57.6  feet;  then,  the  effective  head  is 

h  =  75  —  57.6  =  17.4  feet.     Ans. 


THE  HYDRAULIC  GRADIENT. 

1030.  If,  in  Fig.  183  (£),  we  draw  a  line  through  the 
points  6,  cy  dy  etc.,  at  which  the  water  would  stand  in  piez- 
ometer tubes  attached  to  a  pipe  through  which  water 
flows,  this  line  is  called  the  hydraulic  grade  line,  also 
the  hydraulic  gradient.  If  the  section  of  the  pipe  is 
uniform  and  without  sharp  bends  or  other  obstructions, 
the  line  so  drawn  will  be  a  straight  line  extending  from  the 
reservoir  to  the  center  of  the  end  of  the  pipe  where  the 
water  discharges  into  fhe  atmosphere;  and  the  above  for- 
mulas for  velocity,  quantity  of  flow,  etc.,  apply  so  long  as 
no  part  of  the  pipe  rises  above  this  line.  If,  however,  the 
pipe  is  so  laid  that  it  rises  above  the  hydraulic  gradient  at 
any  part,  as  shown  by  the  dotted  line,  there  is  an  important 
change  in  the  result.  If  the  pipe  is  flowing  full,  a  piez- 
ometer attached  at  any  point  which  rises  above  the  hydraulic 
gradient  will  show  a  pressure  less  than  that  of  the  atmos- 
phere. This  causes  air  to  collect  at  the  point  D'  that  rises 
highest  above  the  hydraulic  gradient,  and  the  flow  becomes 
broken,  until  finally  the  pipe  will  be  filled  only  to  D'.  Flow 
now  takes  place  in  the  same  manner  that  it  would  if  the 
pipe  were  opened  to  the  air  at  D\  and  from  that  point  to  F 
the  pipe  is  only  partly  filled  and  acts  as  a  channel  to  carry 
the  water  discharged  at  D\ 

This  results  in  a  change  in  the  hydraulic  gradient  to  O'  D \ 
and  the  flow  is  to  be  computed  for  a  pipe  with  the  head  ft 
and   length  /',  instead   of  the   head  //  and   length  /.      If, 


424  HYDRAULICS. 

however,  means  are  provided  for  preventing  the  collection  of 
air  at  V  and  the  pipe  is  kept  filled  from  D'  to  Fy  the  velocity 
and  discharge  will  be  the  same  as  for  a  pipe  all  of  which  is 
laid  below  the  hydraulic  gradient. 

When  a  pipe  discharges  under  pressure,  as  shown  in 
Fig.  183  (a),  the  hydraulic  gradient  is  the  line  O  M  from 
the  reservoir  A  to  the  surface  of  the  water  in  the  reservoir 
B9  or  to  a  point  that  represents  the  head  due  to  the  pressure 
where  discharge  takes  place. 

1031.  When  part  of  a  pipe  rises  above  the  hydraulic 
gradient  it  is  called  a  siphon. 

The  principles  on  which  the  action  of  a  siphon  depends 
are  explained  in  the  section  on  Pneumatics ;  see  Art.  1 074. 
If  the  siphon  is  kept  filled,  the  flow  through  it  will  take 
place  in  accordance  with  the  laws  given  in  Arts.  1015  to 
1029  for  pipes  laid  below  the  hydraulic  gradient,  and  the 
same  formulas  apply. 

The  total  head  producing  the  flow  in  a  siphon  is  the  ver- 
tical distance  h  from  the  discharge  end  F  of  the  pipe  to  the 
level  of  the  water  in  the  reservoir,  see  Fig.  183  (6).  If  the 
siphon  is  of  uniform  section,  without  sharp  bends  or  obstruc- 
tions, the  hydraulic  gradient  will  be  a  straight  line  O  F  from 
the  reservoir  to  the  discharge  end  F,  and  the  pressure  in  all 
parts  of  the  pipe  that  rise  above  the  line  will  be  less  than 
the  atmospheric  pressure.  Air  always  tends  to  collect  in  the 
highest  point  of  a  siphon,  and  means  must  be  provided  for 
its  removal,  in  order  to  keep  up  the  flow. 


EXAMPLES  FOR  PRACTICE. 

1.  What  will  be  the  velocity  of  discharge  from  a  12-inch  pipe, 
800  feet  long,  under  a  head  of  28  feet,  if  the  pipe  has  a  bend  whose 
radius  is  2  feet  ?  Ans.  10.57  ft.  per  sec. 

2.  How  much  would  the  velocity  of  discharge  be  in  example  1  if 
the  pipe  had  no  sharp  bend  ?  Ans.  10.69  ft.  per  sec. 

3.  What  is  the  increase  in  the  discharge,  in  gallons  per  minute, 
without  the  bend,  in  example  1  ?  Ans.  42.29  gal. 

Note. — From  the  preceding  examples  it  is  seen  that  the  influence 
of  easy  bends  on  the  discharge  is  slight,  even  in  comparatively  short 

Eipes.     For  pipes  of  considerable  length,  the  influence  of  a  few  such 
ends  is  hardly  perceptible. 
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4.  What  will  be  the  velocity  of  discharge  from  a  16-inch  pipe, 
10,640  feet  long,  with  a  head  of  175  feet  ?  Ans.  9.06  ft.  per  sec. 

5.  What  will  be  the  discharge  in  gallons  per  minute  in  example  4  ? 

Ans.  5,677.4  gal. 

6.  What  head  will  be  required  to  give  a  velocity  of  flow  of  8  feet 
per  second  in  an  8-inch  pipe  1,350  feet  long  ?  Ans.  42.87  ft. 

7.  What  must  be  the  diameter  of  a  pipe  that  must  furnish  a  maxi- 
mum discharge  of  1,400  gallons  per  minute,  if  the  length  of  the  pipe  is 
6,240  feet  and  the  head  125  feet  ? 

The  diameter  must  be  about  .75  foot. 

The  standard  market  size  next  greater  is  10  inches. 


Ans.  -J 


FLOW  OF  WATER  IN  CONDUITS  AND  CHANNELS. 

1032.  Water  is  often  conveyed  from  the  source  of 
supply  to  the  point  where  it  is  to  be  used  in  conduits 
formed  of  masonry  or  timber  work,  or  in  open  channels, 
called  ditches  or  canals. 

The  flow  in  these  cases  is  caused  entirely  by  the  slope,  or 
fall,  of  the  conduit  or  channel,  which  must  be  so  graded  that 
the  fall  will  be  continuous  and  nearly  uniform. 

The  slope  is  the  ratio  of  the  fall  to  the  length  in  which  it 
occurs.  Thus  if  5  is  the  slope,  h  the  fall,  and  /  the  length 
in  which  the  fall  occurs,  the  slope  is  given  by  the  formula 

5  =  A  (48.) 

Example. — If  a  canal  has  a  fall  of  2-J-  inches  in  500  feet,  what  is  the 
slope? 

Solution. — The  head  is  2$  inches  =  .17708  foot;  therefore,  the 
slope  is 

5=  ^^-  =  .00085416. 

The  wetted  perimeter  of  the  cross-section  of  any  chan- 
nel or  conduit  is  the  part  of  its  boundary  in  contact  with  the 
water.  Thus,  if  a  circular  conduit  whose  diameter  is  4  feet 
is  half  filled  with  water,  its  wetted  perimeter  is  equal  to  one- 
half  its  circumference,  or  £  X  3.1416  X  4  =  6.2832  feet. 

The  -hydraulic  radius  is  the  ratio  of  the  area  of  the 
cross-section  of  the  water  in  a  channel  to  the  wetted  perim- 
eter.    If  the  wetted  perimeter  is  denoted  by  /,  the  area 
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of  the  water  cross-section  by  a,  and  the  hydraulic  radius  by 
r,  then 

r=j.  (49.) 

r  is  sometimes  called  the  hydraulic  mean  depth. 

Example. — What  is  the  hydraulic  radius  of  the  circular  conduit  in 
the  last  example  ? 

Solution.— The  area  =  i  X.7854  X  4*  =  6.2832,  and  the  wetted perim- 
eter  is  p  =  \  X  3. 1416  X  4  =  6. 2832 ;  therefore,  r  =  %-  =  ^~  =  1. 

P  O.  «OQ0 

The  mean  velocity  is  the  average  velocity  of  flow  for 
the  whole  cross-section  of  the  water  in  a  channel.  Owing 
to  the  friction  along  the  sides,  the  water  filaments  nearest 
the  walls  of  a  channel  move  slowest ;  hence,  the  velocity  is 
different  in  different  parts  of  the  cross-section. 

The  discharge  is  the  product  of  the  area  of  the  water 
cross-section  of  any  part  of  a  channel  multiplied  by  the 
mean  velocity  of  the  same  cross-section.  If  Q  is  the  dis- 
charge and  v  the  mean  velocity,  we  have,  as  in  the  case  of 

orifices  and  pipes, 

Q  =  av. 


FORMULA  FOR  MEAN  VELOCITY. 

1033.     The  mean  velocity  of  flow  in  a  conduit  or  chan- 
nel of  any  kind  is  given  by  the  formula 

v  =  c^rs.  (50.) 

Here  c  is  a  coefficient  that  depends  on  the  value  of  r  and  s 
and  on  the  degree  of  roughness  of  the  surface  of  the  channel. 
Kutter's  formula  is  a  formula  that  gives  the  value  of 
c  when  the  nature  of  the  interior  of  the  conduit  is  known. 
The  most  simple  form  of  Kutter's  formula  is  the  following  : 

c  =  7  nTTiTTv     7T'  (**•) 


.5521+(23  +  :M5i)    a' 


4/7 
In  the  above  formula  n  is  a  coefficient,  called  the  coeffl- 
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cient  of  roughness.  Its  value  depends  on  the  condition  of 
the  interior  surface  of  the  channel,  and  great  care  and  judg- 
ment -are  required  in  selecting  the  value  to  be  used  when 
applying  the  formula. 

The  following  table  gives  the  values  that  may  be  used 
under  the  conditions  most  often  met  with  in  practice  : 

VALUES  OF  THE  COEFFICIENT  OF  ROUGHNESS. 

Character  of  Channel.  Value  of  n. 

For  clean,  well-planed  timber 009 

For  clean,  smooth,  glazed  iron  and  stoneware  pipes 010 

For  masonry  smoothly  plastered  with  cement,  and  for 

very  clean,  smooth,  cast-iron  pipe? Oil 

For  unplaned  timber,  ordinary  cast-iron  pipe,  and  selected 

pipe  sewers,  well  laid  and  thoroughly  flushed \  .012 

For  rough  iron    pipes  and  ordinary   sewer  pipes  laid 

under  the  usual  conditions 018 

For  dressed  masonry  and  well-laid  brickwork 015 

For  good  rubble  masonry  and  ordinary  rough  or  fouled 

brickwork 017 

For  coarse  rubble  masonry  and  firm,  compact  gravel 020 

For  well-made  earth  canals  in  good  alinement 0225 

For  rivers  and  canals  in  moderately  good   order  and 

perfectly  free  from  stones  and  weeds 025 

For  rivers  and  canals  in  rather  bad  condition  and  some- 
what obstructed  by  stones  and  weeds 080 

For  rivers  and  canals  in  bad  condition,  overgrown  with 
vegetation  and  strewn  with  stones  and  other  detri- 
tus, according  to  condition 035  to  .050 

Example  1. — What  is  the  value  of   c   for  a  rough  plank  sluice 

24  inches  wide,  when  the  depth  of  water  in  the  sluice  is  15  inches,  and 

the  fall  3  inches  in  100  feet  ? 

25 
Solution. — The  slope  is  s  —  -~  =  .0025;   the  wetted  perimeter  /  = 

2  +  (2  X  1.25)  =  4.5  feet,  and  the  area  of  the  water  cross-section  a  = 

2  5 

2  x  125  =  2.5  square  feet.    The  hydraulic  radius  is,  therefore,  r  =  -^  = 

.5556.  From  the  table,  the  value  of  n  for  unplaned  timber  is  found  to 
be  .012;  therefore, 

__  ^.012^   .0025  _11if«       a 

.5521  +  ( 23  +  -rfSr  )  X  ~-^^r 
\  .002o  J       f/75556 
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Example  2. — Compute  (a)  the  velocity  of  flow,  and  (£)  the  quantity 
of  discharge  for  the  sluice  of  example  1. 

Solution.— (a)  The  velocity  is 

v  =  c  \/7s  =  114.7  |/.5556  X  .0025  =  4.275  ft.  per  second.     Ans. 
(b)  The  discharge  is 

Q  =  av  =  2.5  X  4.275  =  10.69  cu.  ft.  per  second.     Ans. 


FLOW  IN  BROOKS  AND  RIVERS. 

1034.  Weirs  and  orifices  furnish  the  best  and  most  ac- 
curate means  of  measuring  the  discharge  of  pipes,  conduits, 
brooks,  rivers,  or  channels  of  any  kind  whose  volume  is  too 
great  to  be  measured  in  a  tank.  When  these  methods  are 
too  expensive  or  the  discharge  too  great,  as  in  the  case  of 
large  riversj  Kutter's  formula  may  be  used  as  described  in 
the  last  article.  For  brooks  and  rivers,  however,  the  chan- 
nel is  seldom  regular  enough  to  make  an  accurate  determi- 
nation of  the  values  of  #,  r,  and  s  possible ;  hence,  the  results 
obtained  by  this  method  are  very  uncertain. 

The  best  method  of  finding  the  discharge  of  streams  where 
weirs  can  not  be  used  is  to  make  a  careful  measurement  of 
the  cross-section  and  then  find  the  mean  velocity  at  that 
cross-section  by  one  of  the  methods  described  below. 

Experiments  have  shown  that  if  a  cross-section  of  a  stream, 
as  shown  at  (a),  Fig.  184,  is  taken,  the  maximum  velocity  is 
at  some  distance  below  the  surface  where  the  stream  is 
deepest.  The  velocity  of  any  film  surrounding  the  point 
of  maximum  velocity  is  less  the  greater  its  distance  from 
that  point,  and  the  least  velocity  is  in  the  film  bordering  on 
the  bed  of  the  stream. 

At  (t>)  is  shown  a  plan  of  the  stream,  with  a  curve  a  b  c 
showing  the  relative  velocities  at  different  points  on  the  sur- 
face; and  at  (c)  a  longitudinal  section  in  the  deepest  part, 
with  a  curve  d  e  f  showing  the  relative  velocities  from  the 
surface  to  the  bottom. 

In  order  to  measure  the  average  velocity,  select  a  part  of 
the  stream  where  the  flow  is  regular  and  not  too  rapid,  and 
where  the  channel  is  as  smooth  and  regular  as  possible,  for 
a  distance  of  100  feet  or  more.     Divide  the  cross-section  into 
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a  convenient  number  of  parts,  as  shown  in  Fig.  184  (d),  and 
find  the  average  depth  of  each  of  these  parts  by  sounding. 


If  possible,  it  is  well  to  mark  the  cross-section  by  a  wire  o  o' 
stretched  across  the  stream,  with  bits  of  cloth  or  string  tied 
to  it  to  mark  the  points  of  division. 

The  area  of  each  of  the  parts  of  the  cross-section  is  its 
breadth  multiplied  by  its  average  depth,  and  the  quantity  of 
water  passing  a  division  is  the  product  of  its  area  and  its 
mean  velocity  of  flow, 
T.    l.—so 
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TRB  CURRENT-METER. 

1035-  The  best  method  of  measuring  the  velocity  is  by 
means  of  a  current-meter,  an  instrument  provided  with 
vanes  like  a  windmill  that  turn  when  the  instrument  is  held 
in  a  current  of  water.  Fig.  185  shows  the  original  current- 
meter  of  this  class,  known  as  Woltmann's  tachometer. 


FlO.  188. 

The  instrument  is  fastened  to  a  rod  dt  by  which  it  can  be 
held  in  the  stream  where  the  velocity  of  the  current  is  to  be 
measured.  The  vanes  are  attached  to  a  spindle  which  is 
provided  with  a  worm  w.  A  frame  carries  a  train  of  wheels 
that  can  be  made  to  gear  with  the  worm  by  pulling  the 
cord  e. 

To  use  the  instrument,  it  must  be  held  steadily  in  the 
water  with  the  wheel  facing  the  current.  When  it  is  in 
the  proper  position,  throw  the  recording  device  into  gear  by 
pulling  the  cord  c,  and  hold  it  there  for  a  certain  time,  then 
release  it,  taking  great  care  to  note  the  exact  time  during 
which  the  cord  is  held.     The  instrument  can  then  be  taken. 
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out  of  the  water  and  a  record  made  of  the  time  and  the 
number  of  revolutions  shown  by  the  recording  device. 

Fig.  186  shows  one  of  the  latest  forms  of  current-meter, 
in  which  the  number  of  revolutions  is  shown  by  an  electric 


register  ay  which  is  connected  to  the  instrument  by  an  in- 
sulated wire.     The  register  may  be  placed  on  the  shore  or 


432  HYDRAULICS. 

in  a  boat.  A  vane  v  holds  the  wheel  to  the  current,  and 
for  deep,  swift  currents,  a  heavy  weight  b  is  used  to  sink 
and  hold  the  meter  in  place.  For  shallow  streams  the  in- 
strument is  best  used  on  a  rod  similar  to  that  shown  for 
Woltman's  tachometer. 


RATING  THE  CURRENT-METER. 

1036.  Before  using  a  current-meter,  it  must  be  rated 
by  passing  it  through  still  water  at  different  known  veloci- 
ties and  noting  the  number  of  revolutions  for  each  velocity. 


USE  OF  THE   CURRENT-METER. 

1037.  To  find  the  mean  velocity  for  a  given  division 
of  any  cross-section  of  a  stream  (for  example,  the  division 
marked  2  in  (*/),  Fig.  184),  hold  the  meter  for  a  given  length 
of  time  at  different  successive  depths  in  the  middle  of  the 
division  and  note  the  velocity  for  each  position ;  then  take 
the  average  of  these  velocities  as  the  mean  velocity  of  the 
given  section.  Thus,  suppose  the  mean  depth  of  division  2 
in  Fig.  184  (d)  is  8  feet,  and  the  meter  shows  a  velocity  of 
1.8  feet  per  second  at  the  bottom,  2.1  feet  per  second  at  2 
feet,  2.5  feet  per  second  at  4  feet,  and  2.3  feet  per  second  at 
6  feet  from  the  bottom,  and  2.2  feet  per  second  just  below 
the  surface;  then  the  average  of  the  five  readings  is  2.18 
feet  per  second,  which  may  be  taken  as  the  mean  velocity 
for  this  division.  If  this  division  is  6.25  feet  wide,  the 
quantity  of  water  flowing  through  it  is  8  X  6.25  X  2.18  = 
109  cubic  feet  per  second.  The  quantity  flowing  in  each 
division  can  be  found  in  the  same  way  and  the  sum  of  the 
values  found  for  all  the  divisions  will  be  the  total  discharge 
of  the  stream. 

A  good  method  for  finding  the  mean  velocity  for  any 
division  is  to  start  with  the  meter  at  the  bottom  of  the 
stream  in  the  middle  of  the  division  and  move  it  slowly  and 
uniformly  to  the  surface,  noting  the  time  and  number  of 
revolutions  in  the  period  during  which  the  meter  is  being 
raised. 
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MEASURING  THE  VELOCITY  BY  MEANS  OP  FLOATS. 

1038.  If  a  current-meter  can  not  be  had,  the  velocity 
of  a  stream  may  be  measured  by  means  of  floats.  For  this 
purpose  the  best  is  the  rod  float,  which  consists  of  a  rod 
of  wood  or  a  closed  tin  tube,  with  one  end  so  weighted  that 
it  will  float  in  the  water  in  a  nearly  vertical  position,  and 
with  the  lower  end  as  near  the  bottom  as  possible,  without 
touching  at  any  point.  See  1,  2,  3,  etc.,  Fig.  184  (d).  It 
is  best  to  use  a  number  of  tin  tubes  about  two  inches  in 
diameter  and  of  such  lengths  that  each  will  float  in  the 
division  whose  velocity  is  to  be  measured  with  only  enough 
above  the  surface  to  be  plainly  seen.  Fill  the  lower  ends  of 
the  tubes  with  sand  or  shot  until  they  float  at  the  required 
depth.  Mark  two  stations  on  the  stream  at  least  100  feet 
apart  in  such  a  manner  that  the  exact  moment  at  which  a 
tube  passes  each  station  can  be  noted.  A  good  way  is  to 
mark  the  stations  by  a  wire,  as  shown  in  Fig.  184  (d).  An- 
other and  more  accurate  method  is  to  have  a  transit  at  each 
station*  and  note  the  time  when  each  tube  passes  the  cross- 
hair. Good  results  may  be  obtained  by  range  stakes  placed 
on  the  opposite  banks. 

Start  the  tubes  far  enough  up  the  stream  from  the  first 
station,  so  that  they  will  have  the  velocity  of  the  water  when 
they  pass  that  station,  and  carefully  note  the  time  it  takes 
each  tube  to  pass  over  the  distance  between  the  two  stations. 
The  distance  between  the  stations  in  feet,  divided  by  the 
time  in  seconds,  gives  the  velocity  in  feet  per  second  for  the 
division  in  which  the  tube  floated.  From  this  velocity  and 
the  area  of  the  division,  the  quantity  of  flow  can  be  com- 
puted in  the  same  manner  as  described  for  the  current- 
meter. 

Surface  floats  are  sometimes  used  for  obtaining  the 
velocity  of  flow.  Find  the  average  velocity  in  feet  per  sec- 
ond with  which  the  float  passes  between  two  stations,  in 
the  same  way  as  has  been  described  for  rod  floats.  Then,  if 
«/  is  the  observed  velocity  for  any  division  of  the  stream, 
the  mean  velocity  of  that  division  may  be  taken  as 

v=.9v'.  (52.) 
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Example.— If  two  stations  on  a  stream  are  200  feet  apart,  and  a 
surface  float  in  a  given  section  passes  over  the  distance  between  the 
two  stations  in  7  minutes  and  25  seconds,  what  is  the  mean  velocity  of 
flow  in  that  section? 

Solution.— The  velocity  of  the  float  is 

j/  =  __  =  .449  foot  per  second; 
therefore,  according  to  the  formula,  the  mean  velocity  is 
v  =  .8  v'  =  .9  X  -449  =  -404  ft.  per  second.     Ans. 
For  a  rough  approximation  a  single  surface  float  passing 
along  the  axis  of  the  stream  may  be  used.     For  this  case  the 
mean  velocity  of  the  whole  stream  may  be  taken  as  .8  of  the 
velocity  of   the   float.     Surface  floats  should  be  of  such  a 
form  as  to  rise  but  little  above  the  surface  of  the  water,  so 
as   to   be  but  little  affected  by  currents  of  air,   and  they 
should  be  used  only  when  there  is  a  calm,  since  the  wind 
has  a  great  influence  on  the  surface  velocity  of  a  stream. 

Submerged   Floats. — A  float   that  gives  better  results 
than  the  surface  float  is  shown  in  Fig.  187.     A  body  heavy 
enough  to  sink,  and  at  the 
I  same  time  present  as  large 
|  a  surface   to   the  water  in 
I  proportion  to  its  weight  as 
*&  1  possible,   is   attached   to   a 

1  1  float   on   the   surface  by  a 

ij  fine    cord    or   wire,    whose 
1  length  is  just  sufficient  to 
1  allow  the  submerged  body 
fic.  iB7.  to   float   half  way  between 

the  surface  and  the  bottom.  The  surface  float  B  should  be 
made  to  offer  as  little  resistance  as  possible  to  its  passage 
through  the  water,  the  object  being  to  get  the  velocity  at 
mid-depth,  as  nearly  as  possible.  In  the  figure  the  sub- 
merged float  A  is  made  of  two  strips  of  tin  or  sheet  metal 
fastened  together  in  the  form  of  a  cross,  as  shown  in  plan  at 
C.  A  small  weight  D  is  attached  to  the  bottom,  as  shown, 
to  assist  in  keeping  the  float  in  a  vertical  position. 

This    float    is  used   in   the   same  manner   as   has   been 


HYDRAULICS. 


435 


described  for  rod  floats.     The  mean  velocity  for  any  division 
may  be  taken  as  .  98  of  the  velocity  of  the  float. 

The  principles  involved  in  the  above  methods  of  measur- 
ing the  velocities  of  streams  are  simple,  but  in  order  to  get 
good  results  great  care  must  be  taken  in  making  the  vari- 
ous measurements  and  observations.  In  most  cases  it  is 
best  to  repeat  the  observations  several  times  and  take  the 
mean  of  the  results  obtained  as  the  probable  real  value. 


EXAMPLES  FOR  PRACTICE. 

1.  A  circular  brick  sewer  3  feet  in  diameter  falls  3.75  feet  in  a 
length  of  2,500  feet.     What  is  the  slope  ?  Ans.  .0015. 

2.  The  sewer  in  example  1  flows  half  full,  (a)  What  is  its  wetted 
perimeter  ?  (b)  What  is  its  hydraulic  radius  ?  (c)  What  is  the  value 
of  c  from  Kutter's  formula,  using  the  value  of  n  for  fouled  sewers  ? 
{d)  What  is  the  mean  velocity  of  flow  ?  {/)  What  is  the  discharge  in 
cubic  feet  per  second  ?  f  (a)  4.7124  ft 

(6)  .75. 
Ans.  I    (c)  80.9. 

(d)  2.71  ft.  per  sec 

(e)  9.58  cu.  ft.  per  sec. 

3.  The  following  table  gives  the  results  of  a  survey  for  the  purpose 
of  finding  the  flow  of  a  river : 


Divisions  of 

the 
Cross-Section. 

Width  of 
Divisions. 

Mean  Depth 
of  Divisions. 

Mean  Velocity  in  each  Divi- 
sion as  Determined  by 
Current-Meter. 

No.  1 
No.  2 
No.  3 
No.  4 
No.  5 
No.  6 

6  feet 
10  feet 
10  feet 
10  feet 
10  feet 
5.25  feet 

2.12  feet 
5.17  feet 
8.27  feet 
7.46  feet 
4.72  feet 
3.35  feet. 

0.315  feet  per  second 
1.227  feet  per  second 
2.080  feet  per  second 
2.049  feet  per  second 
1.156  feet  per  second 
0.720  feet  per  second 

What  is  the  discharge  (a)  in  each  division,  and  (£r)  in   the   whole 


stream  ? 


Ans. 


(*) 


Division  1,  4.0068  cu.  ft.  per  sec. 
Division  2,  63.4359  cu.  ft.  per  sec. 
Division  3,  172.0160  cu.  ft.  per  sec. 
Division  4,  152.8554  cu.  ft.  per  sec. 
Division  5,  54.5632  cu.  ft.  per  sec. 
Division  6,  12. 6630  cu.  ft.  per  sec. 
(J>)  459.5403  cu.  ft.  per  sec. 


PNEUMATICS. 

PROPERTIES  OF   AIR  AND  GASES. 


1039.  Pneumatics  is  that  branch  of  Mechanics  which 
treats  of  the  properties  of  gases. 

1040.  The  most  striking 
feature  concerning  gases  is  that, 
no  matter  how  small  the  quan- 
tity may  bet  they  will  always 
fill  the  vessels  which  contain 
them.  If  a  bladder  or  football 
is  partly  filled  with  air  and 
placed  under  a  glass  jar  (called 
a  receiver),  from  which  the 
air  has  been  exhausted,  the 
bladder  or  football  will  immedi-  4 
ately  expand,  as  shown  in  Fig. 

188.      The    force    which    a   gas  Fio.188. 

always  exerts  when  confined  in  a  limited  space,  is  called 
tension.  The  word  tension  in  this  case  means  pressure, 
and  is  only  used  in  this  sense  in  reference  to  gases. 

1041.  As  water  is  the  most  common  type  of  fluids,  so 
air  is  the  most  common  type  of  gases.  It  was  supposed  by 
the  ancients  that  air  was  imponderable,  i.  e.,  that  it  weighed 
nothing,  and  it  was  riot  until  about  the  year  1650  that  it  was 
proven  that  air  really  had  weight.  A  cubic  inch  of  air, 
under  ordinary  conditions,  weighs  .31  grain,  nearly.  The 
ratio  of  the  weight  of  air  to  water  is  about  1  :  774;  that 
is,  air  is  only  -^^  as  heavy  as  water.  In  Art.  989  it 
was  shown  that  if  a  body  was  immersed  in  water,  and 
weighed  less  than  the  volume  of  water  displaced,  the  body 
would  rise  and  extend  partly  out  of  the  water.     The  same 

For  noUce  of  copyright,  «ee  page  immediately  following  the  title  page. 
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is  true  to  a  certain  extent  of  air.  If  a  vessel  made  of  light 
material  is  filled  with  a  gas  lighter  than  air,  so  that  the 
total  weight  of  the  vessel  and  gas  is  less  than  the  weight  of 
the  volume  of  air  which  they  displace,  the  vessel  will  rise. 
It  is  on  this  principle  that  balloons  are  made. 


1042.  Since  air  has  weight,  it  is 
evident  that  the  enormous  quantity 
of  air  that  constitutes  the  atmos- 
phere must  exert  a  considerable  pres- 
Usure  upon  the  earth.  This  is  easily 
proven  by  taking  a  long  glass  tube, 
closed  at  one  end,  and  filling  it  with 
mercury.  If  the  finger  is  placed  over 
the  open  end,  so  as  to  keep  the  mer- 
cury from  running  out,  and  the  tube 
is  inverted  and  placed  in  a  cup  of 
mercury,  as  shown  in  Fig.  189,  the 
mercury  will  fall,  then  rise,  and  after 
a  few  oscillations  will  come  to  rest  at 
a  height  above  the  top  of  the  mercury 
in  the  glass  equal  to  about  30  inches. 
This  height  will  always  be  the  same 
under  the  same  atmospheric  condi- 
tions (allowance  being  made  for  the 
effects  of  capillary  attraction).  Now, 
if  the  atmosphere  has  weight,  it  must 
press  upon  the  upper  surface  of  the 
mercury  in  the  glass  with  equal  in- 
tensity upon  every  square  unit,  ex- 
cept upon  that  part  of  the  surface  occupied  by  the  tube. 
According  to  Pascal's  law  (see  Art.  970),  this  pressure  is 
transmitted  in  ail  directions.  There  being  nothing  in  the 
tube,  except  the  mercury,  to  counterbalance  the  upward  pres- 
sure of  the  air,  the  mercury  falls  in  the  tube  until  it  exerts  a 
downward  pressure  on  the  upper  surface  of  the  mercury  in 
the  cup  sufficiently  great  to  counterbalance  the  upward  pres- 
sure produced  by  the  atmosphere.    In  order  that  there  shall 


Fig.  189. 
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be  equilibrium,  the  pressure  of  the  air  per  unit  of  area  on  the 
upper  surface  of  the  mercury  in  the  glass  must  equal  the 
pressure  (weight)  exerted  per  unit  of  area  by  the  mercury 
inside  of  the  tube.  Suppose  that  the  area  of  the  inside  of  the 
tube  is  one  square  inch  ;  then,  since  mercury  is  13.6  times  as 
heavy  as  water,  the  weight  of  the  mercurial  column  is  .03617 
X  13.6  X  30=  14.7574  pounds.  The  actual  height  of  the 
mercury  is  a  little  less  than  30  inches,  and  the  actual  weight 
of  a  cubic  inch  of  distilled  water  is  a  little  less  than  .03617 
pound.  When  these  considerations  are  taken  into  account, 
the  aveiage  weight  of  the  mercurial  column  at  the  level  of 
the  sea  is  14.  C9  pounds,  or,  as  it  is  usually  expressed,  14.7 
pounds.  Since  this  weight,  exerted  upon  1  square  inch  of 
the  liquid  in  the  glass,  just  produced  equilibrium,  it  is  plain 
that  the  pressure  of  the  outside  air  is  14.7  pounds  upon  every 
square  inch  of  surface. 

1043«  Vacuum. — The  space  between  the  upper  end  of 
the  tube  and  the  upper  surface  of  the  mercury  is  called  a 
vacuum,  meaning  that  it  is  an  entirely  empty  space,  and 
does  not  contain  any  substance,  solid,  liquid,  or  gaseous.  If 
there  was  a  gas  of  some  kind  there,  no  matter  how  small  the 
quantity  might  be,  it  would  expand,  filling  the  space,  and 
its  tension  would  cause  the  column  of  mercury  to  fall  and 
become  shorter,  according  to  the  amount  of  gas  or  air  present. 
The  space  is  then  called  a  partial  vacuum.  If  the  mer- 
cury fell  1  inch,  so  that  the  column  was  only  29  inches  high, 
we  should  say,  in  ordinary  language,  that  there  were  29  inches 
of  vacuum.  If  it  fell  8  inches,  we  would  say  that  there  were 
22  inches  of  vacuum  ;  if  it  fell  16  inches,  we  would  say  that 
there  were  14  inches  of  vacuum,  etc.  Hence,  when  the 
vacuum  gauge  of  a  condensing  engine  shows  26  inches  of 
vacuum,  there  is  enough  air  in  the  condenser  to  produce 

a  pressure  of  - — — — -  X  14.7  =  —  X  14.7  =  1.96  pounds  per 

square  inch.  In  all  cases  where  the  mercurial  column  is 
used  to  measure  a  vacuum,  the  height  of  the  column  in 
inches  gives  the  number  of  inches  of  vacuum.     Thus,  if  the 
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column  were  6  inches  high,  or  the  vacuum  gauge  showed 
5  inches,  the  vacuum  would  be  5  inches. 

If  the  tube  had  been  filled  with  water  instead  of  mercury, 

the  height  of  the  column  of  water  to  balance  the  pressure  of 

the  atmosphere  would  have  been  30  X  13.C  =  408  inches  = 

34  feet.     This  means  that  if  a  tube  were  filled  with  water, 

inverted  and  placed  in  a  dish  of  water  in  a  manner  similar  to 

the  experiment  made  with  the  mercury,  that  the 

resulting  height  of  the  column  of  water  would  be 

34  feet. 

1044.  The  barometer  is  an  instrument 
used  for  measuring  the  pressure  of  the  atmos- 
phere. There  are  two  kinds  in  general  use — the 
mercurial  barometer  and  the  aneroid  barometer. 
The  mercurial  barometer  is  shown  in  Fig. 
190.  The  principle  is  the  same  as  in  the  case  of 
the  inverted  tube  shown  in  Fig.  189.  The  tube 
and  cup  at  the  bottom  are  protected  by  a  brass 
or  iron  casing.  At  the  top  of  the  tube  is  a  grad- 
uated scale  which  can  be  read  to  tjVtt  °f  an  inch, 
by  means  of  a  vernier.  Attached  to  the  casing 
is  an  accurate  thermometer  for  determining  the 
temperature  of  the  outside  air  at  the  time  the 
barometric  observation  is  taken.  This  is  neces- 
sary, since  mercury  expands  when  the  temperature 
is  increased,  and  contracts  when  the  temperature 
falls  ;  for  this  reason  a  standard  temperature  is 
assumed,  and  all  barometer  readings  are  reduced 
to  this  temperature.  This  standard  temperature 
is  usually  taken  at  32°  F.,  at  which  temperature 
the  height  of  the  mercurial  column  is  30  inches. 
Another  correction  is  made  for  the  altitude  of  the 
place  above  sea  level,  and  a  third  correction  for 
the  effects  of  capillary  attraction. 

1045-     In    Fig.    101   is   shown   a  cut  of  an 

aneroid   barometer.     These   instruments   are 

fig  im     ma*^e  m   various  sizes,  from  the  size  of  a  large 


PNEUMATICS.  441 

watch  up  to  an  8  or  10  inch  face.  They  consist  of  a  cylin- 
drical box  of  metal,  with  a  top  of  thin,  elastic,  corrugated 
metal.  The  air  is  removed  from  the  box.  When  the  atmos- 
pheric pressure  increases,  the  top  is  pressed  inwards,  and 
when  it  is  diminished,  the  top  is  pressed  outwards  by  its 
own  elasticity,  aided  by  a  spring  beneath.  These  movements 
of  the  cover  are  transmitted  arid  multiplied  by  a  combina- 
tion of  delicate  levers  which  act  upon  an  index  hand  and 


Fia.  in, 
cause  it  to  move  either  to  the  right  or  leftover  a  graduated 
scale.  These  barometers  are  self-correcting  (compensated) 
for  variations  in  temperature.  They  are  very  portable, 
occupying  but  a  small  space,  and  are  so  delicate  that  they 
are  said  to  show  a  difference  in  the  atmospheric  pressure 
when  transferred  from  the  table  to  the  floor.  They  must  bf 
handled  with  care,  as  they  are  easily  injured.  The  mercurial 
barometer  is  the  standard. 
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1046.  With  air,  as  with  water,  the  lower  we  get,  the 
greater  the  pressure,  and  the  higher  we  get,  the  less  the 
pressure.  At  the  level  of  the  sea,  the  height  of  the  mer- 
curial column  is  about  30  inches;  at  5,000  feet  above  the 
sea,  it  is  24.7  inches;  at  10,000  feet  above  the  sea,  it  is  20.5 
inches;  at  15,000  feet  above  the  sea,  it  is  16.$  inches;  at  3 
miles,  it  is  16.4  inches,  and 'at  6  miles  above  the  sea  level,  it 
is  8. 9  inches. 

The  density  also  varies  with  the  altitude ;  that  is,  a  cubic 
foot  of  air  at  an  elevation  of  5,000  feet  above  the  sea  level 
will  not  weigh  as  much  as  a  cubic  foot  at  sea  level.  This  is 
proved  conclusively  by  the  fact  that  at  a  height  of  3£  miles 
the  mercurial  column  measures  but  15  inches,  indicating 
that  half  the  weight  of  the  entire  atmosphere  is  below  that. 
It  is  known  that  the  height  of  the  earth's  atmosphere  is  at 
least  50  miles;  hence,  the  air  just  before  reaching  the  limit 
must  be  in  an  exceedingly  rarefied  state.  It  is  by  means  of 
barometers  that  great  heights  are  measured.  The  aneroid 
barometer  has  the  heights  marked  on  the  dial,  so  that  it  can 
be  read  directly.  With  the  mercurial  barometer,  the  heights 
must  be  calculated  from  the  reading. 

1047.  The  atmospheric  pressure  is  everywhere  present, 
and  presses  all  objects  in  all  directions  with  equal  force.  If 
a  book  is  laid  upon  the  table,  the  air  presses  upon  it  in 
every  direction  with  an  equal  average  force  of  14. 7  pounds 
per  square  inch.  It  would  seem  as  though  it  would  take 
considerable  force  to  raise  a  book  from  the  table,  since,  if  the 
size  of  the  book  were  8  inches  by  5  incjies,  the  pressure  upon 
it  is  8  X  5  X  14.7  =  588  pounds;  but  there  is  an  equal  pres- 
sure beneath  the  book  to  counteract  the  pressure  on  the  top. 
It  would  now  seem  as  though  it  would  require  a  great  force 
to  open  the  book,  since  there  are  two  pressures  of  588  pounds 
each,  acting  in  opposite  directions,  and  tending  to  crush  the 
book ;  so  it  would  but  for  the  fact  that  there  is  a  layer  of  air 
between  each  leaf  acting  upwards  and  downwards  with  a  pres- 
sure of  14.7  pounds  per  square  inch.  If  two  metal  plates  be 
made  as  perfectly  smooth  and  flat  as^  it  is  possible  to  get 
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them,  and  the  edge  of  one  be  laid  upon  the  edge  of  the 
other,  so  that  one  may  be  slid  upon  the  other,  and  the  air 
thus  excluded,  it  will  take  an  immense  force,  compared  with 
the  weight  of  the  plates,  to  separate  them.  This  is  because 
the  full  pressure  of  14.7  pounds  per  square  inch  is  then 
exerted  upon  each  plate  with  no  counteracting  equal  pres- 
sure between  them. 

If  a  piece  of  flat  glass  be  laid  upon  a  flat  surface  that  has 
been  previously  moistened  with  water,  it  will  require  con- 
siderable force  to  separate  them ;  this  is  because  the  water 
helps  to  fill  up  the  pores  in  the  flat  surface  and  glass,  and 
thus  creates  a  partial  vacuum  between  the  glass  and  the 
surface,  thereby  reducing  the  counter  pressure  beneath  the 
glass. 

1048.     Tension  of  Gases. — In   Fig.  189    the    space 

above  the  column  of  mercury  was  said  to  be  a  vacuum,  and 

that   if  any  gas  or  air  was  present,  it  would  expand,  its 

tension   forcing  the   column   of   mercury  downwards.      If 

enough  gas  is  admitted  to  cause  the  mercury  to,  stand  at 

14  7 
15  inches,  the  tension  of  the  gas  is  evidently  — —  =  7. 35  pounds 

z 

per  square  inch,  since  the  pressure  of  the  outside  air  of  14.7 
pounds  per  square  inch  only  balances  15  inches,  instead  of  30 
inches,  of  mercury;  that  is,  it  balances  only  half  as  much  as 
it  would  if  there  were  no  gas  in  the  tube;  therefore,  the 
pressure  (tension)  of  the  gas  in  the  tube  is  7.35  pounds.  If 
more  gas  is  admitted  until  the  top  of  the  mercurial  column 
is  just  level  with  the  mercury  in  the  cup,  the  gas  in  the  tube 
has  then  a  tension  equal  to  the  outside  pressure  of  the 
atmosphere.  Suppose  that  the  bottom  of  the  tube  is  fitted 
with  a  piston,  and  that  the  total  length  of  the  inside  of  the 
tube  is  36  inches.  If  the  piston  be  shoved  upwards  so  that 
the  space  occupied  by  the  gas  is  18  inches  long,  instead  of  36 
inches,  the  temperature  remaining  the  same  as  before,  it 
will  be  found  that  the  tension  of  the  gas  within  the  tube  is 
20.4  pounds  per  square  inch.  It  will  be  noticed  that  the 
volume  occupied  by  the  gas  is  only  half  that  in  the  tube 
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before  the  piston  was  moved,  while  the  pressure  is  twice  as 

great,  since  14.7  X  2  =  29.4  pounds.    If  the  piston  be  shoved 

up,  so  that  the  space  occupied  by  the  gas  is  only  9  inches, 

instead  of  18  inches,  the  temperature  still  remaining  the 

same,  the  pressure  will  be  found  to  be  58.8  pounds  per  square 

inch.    The  volume  has  again  been  reduced  one-half,  and  the 

pressure  increased  2   times,  since  29.4  X  2  =  58.8   pounds. 

The  space  now  occupied  by  the  gas  is  9  inches  long,  whereas, 

before  the  piston  was  moved  it  was  36  inches  long  ;  as  the 

tube  was  assumed  to  be  of  uniform  diameter  throughout  its 

9 
length,  the  volume  is  now  —  =  ^  of  its  original  volume,  and 

its  pressure  is  -j1^  =  4  times  its  original  pressure.  More- 
over, if  the  temperature  of  the  confined  gas  remains  the 
same,  the  pressure  and  volume  will  always  vary  in  a  similar 
way.  The  law  which  states  these  effects  is  called  Mariotte's 
Law,  and  is  as  follows : 

1049.  Mariotte's  Law. — The  temperature  remaining 
the  same,  the  volume  of  a  given  quantity  of  gas  varies 
inversely  as  the  pressure. 

The  meaning  of  this  is  :  If  the  volume  of  the  gas  is 
diminished  to  \,  \y  \,  etc.,  of  its  former  volume,  the  tension 
will  be  increased  2,  3,  5,  etc.,  times,  or  if  the  outside  pres- 
sure be  increased  2,  3,  5,  etc. ,  times,  the  volume  of  the  gas 
will  be  diminished  to  \,  £,  \,  etc.,  of  its  original  volume,  the 
temperature  remaining  constant.  It  also  means  that  if  a 
gas  is  under  a  certain  pressure,  and  the  pressure  is  dimin- 
ished to  \,  |,  tV,  etc. ,  of  its  original  pressure,  that  the  volume 
of  the  confined  gas  will  be  increased  2,  3, 10,  etc. ,  times — its 
tension  decreasing  at  the  same  rate. 

Suppose  3  cubic  feet  of  air  to  be  under  a  pressure  of  60 
pounds  per  square  inch  in  a  cylinder  fitted  with  a  movable 
piston ;  then,  the  product  of  the  volume  and  pressure  is  3  X 
60  =  180.  Let  the  volume  be  increased  to  6  cubic  feet,  then 
the  pressure  will  be  30  pounds  per  square  inch,  and  30  X  6 
=  180,  as  before.     Let  the  volume  be  increased  to  24  cubic 
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24 
feet,  it  is  then  —  =  8  times  its  original  volume,  and  the 

pressure  is  £  of  its  original  pressure,  or  60  X  i  =  7£  pounds, 
and  24  X  7£  =  180,  as  in  the  two  preceding  cases.  It  will 
now  be  noticed  that  if  a  gas  be  enclosed  within  a  confined 
space,  and  allowed  to  expand  without  losing  any  heat,  the 
product  of  the  pressure \  and  the  corresponding  volume  for  one 
position  of  the  piston,  is  the  same  as  for  any  other  position  of 
the  piston.  If  the  piston  were  to  compress  the  air,  the  same 
result  would  be  obtained. 

Let  /    =  pressure  for  one  position  of  the  piston ; 

px  =  pressure  for  any  other  position  of  the  piston ; 

v  =  volume  corresponding  to  the  pressure/; 

vx  =  volume  corresponding  to  the  pressure  pv 
Then,  pv=pxvx.  (53.) 

1050.  Knowing  the  volume  and  the  pressure  for  any 
position  of  the  piston,  and  the  volume  for  any  other  position, 
the  pressure  may  be  calculated,  or,  if  the  pressure  is  known 
for  any  other  position,  the  volume  may  be  calculated. 

Example. — If  1.875  cubic  feet  of  air  be  under  a  pressure  of  72 
pounds  per  square  inch  (a)  what  will  be  the  pressure  when  the  volume 
is  increased  to  2  cubic  feet  ?   (b)  to  3  cubic  feet  ?  (c)  to  9  cubic  feet  ? 

Solution. — Solving  formula  53,  for/lf  the  unknown  pressure, 

/\      ji       Pv       72x1.875       m„.  *u  .        A 

(a)  px  =  - —  = 5 =  o7i  lb.  per  sq.  in.    Ans, 

(b)  px  = ^ =  45  lb.  per  sq.  in.    Ans. 

/  \       j.        72  X  1.875       4e1,  .         A 

(c)  Px  = g =  15  lb.  per  sq.  in.    Ans. 

Example. — Ten  cubic  feet  of  air  have  a  tension  of  5.6  pounds  per 
square  inch ;  (a)  what  is  the  volume  when  the  tension  is  4  pounds  ? 
(b)  8  pounds  ?  (c)  25  pounds  ?  (d)  100  pounds  ? 

Solution. — Solving  formula  53,  for  vl9 

/  x  /v      5.6X10     ,,        -.      A 

(a)  vx  =*-i-  = a =  14  cu.  ft    Ans. 

px  4 

/AX  5 •*  X 10       -  -        A 

(b)  vx  = P —  =  7  cu.  ft    Ans. 

o 

(c)  vx  =  — z£ —  =  2.24  cu.  ft.    Ans. 

25 

(d)  vx  =  ^^  =  .56  cu.  ft    Ans. 

i-3* 
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1 05 1  •  Note. — There  are  two  ways  of  measuring  the  pressure  of 
a  gas :  by  means  of  an  instrument  called  a  manometer,  and  by 
means  of  a  gau^e.  The  manometer  generally  used  is  practically  the 
same  as  a  mercurial  barometer,  except  that  the  tube  is  much  longer, 
so  that  pressures  equal  to  several  atmospheres  may  be  measured,  and 
is  enlarged  and  bent  into  a  U  shape  at  the  lower  end ;  both  lower  and 
upper  ends  are  open,  the  lower  end  being  connected  to  the  vessel  con- 
taining the  gas  whose  pressure  it  is  desired  to  measure.  The  gauge 
is  so  common  that  no  description  of  it  will  be  given  here.  With,  both 
the  manometer  described  above  and  the  gauge,  the  pressures  recorded 
are  the  amounts  by  which  they  exceed  the  atmospheric  pressure,  and 
are  called  the  cause  pressures.  To  find  the  real  pressure, 
called  the  absolute  pressure,  the  atmospheric  pressure  must  be 
added  to  the  gauge  pressure.  In  all  formulas  in  which  the  pressure  of 
a  gas  or  steam  is  used,  the  absolute  pressure  must  be  used,  unless  the 
gauge  pressure  is  distinctly  specified  as  being  the  proper  pressure  to 
use.  For  convenience,  ail  pressures  given  in  Arts.  1039  to  1088, 
inclusive,  and  in  the  questions  referring  to  these  articles,  will  be 
absolute  pressures,  and  the  word  "absolute"  will  be  omitted  to  avoid 
its  constant  repetition. 

1052.  As  a  necessary  consequence  of  Mariotte's  law,  it 
may  be  stated  that  the  density  of  a  gas  varies  directly  as  the 
pressure,  and  inversely  as  the  volume  ;  that  is,  the  density  in- 
creases  as  the  pressure  increases,  and  decreases  as  the  volume 
increases. 

This  is  evident,  since  if  a  gas  has  a  tension  of  2  atmo- 
spheres, or  14.7  X  2  =  29.4  pounds  per  square  inch,  it  will 
weigh  twice  as  much  as  the  same  volume  would  if  the  ten- 
sion was  1  atmosphere,  or  14.7  pounds  per  square  inch.  For, 
let  the  volume  be  increased  until  it  is  twice  as  great  as  the 
original  volume,  the  tension  will  then  be  1  atmosphere.  The 
total  weight  of  the  gas  has  not  been  changed,  but  there  are 
now  2  cubic  feet  for  every  1  cubic  foot  of  the  original 
volume,  and  the  weight  of  1  cubic  foot  now  is  only  half  as 
great  as  before.  Thus,  the  density  decreases  as  the  volume 
increases,  and  as  an  increase  of  pressure  causes  a  decrease 
of  volume,  the  density  increases  as  the  pressure  increases. 

Let  D  be  the  density  corresponding  to  the  pressure/  and 
volume  v,  and  Dx  be  the  density  corresponding  to  the  pres- 
sure/, and  volume  vx\  then, 

p:D=px:  Z>„  or/  Dx  =  px  D,  (54.) 

and        v  :  Dx  =  vx  :  Dy  or  v  D  =  vx  Dx.  (55.) 

Since  the  weight  is  proportional  to  the  density,  the 
weights  may  be  used  in  place  of  the  densities  in  formulas 
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54  and  55.  Thus,  let  Wbe  the  weight  of  a  cubic  foot  of 
air  or  other  gas,  whose  volume  is  v  and  pressure  is  / ;  let 
Wx  be  the  weight  of  a  cubic  foot  when  the  volume  is  vx  and 
pressure  is px\  then, 

pWx=pxW.  (56.) 

vW=vxWx.  (57.) 

Example. — The  weight  of  1  cubic  foot  of  air  at  a  temperature  of 
80°  F.,  and  under  a  pressure  of  one  atmosphere  (14.7  pounds  per  square 
inch),  is  .0768  pound;  what  would  be  the  weight  per  cubic  foot  if  the 
volume  were  compressed  until  the  tension  was  5  atmospheres,  the  tem- 
perature still  being  60°  F.  ? 

Solution. — Applying  formula  &%%pWx  =px  W%  or  1  X  ^i  =  5x 
.0768.     Hence,  Wx  =  .8815  lb.  per  cu.  ft.     Ans. 

Example. — If  in  the  last  example  the  air  had  expanded  until  the 
tension  was  5  pounds  per  square  inch,  what  would  have  been  its  weight 
per  cubic  foot  ? 

Solution. — Applying  formula  56,  pWx—px  W.    Here  p  =  14. 7,  px 

=  5  and   W=.0763.     Hence,  14.7 X  Wx  =  5x.0763,  or    ^  =  4?^= 

14.7 

.02595  lb.  per  cu.  ft.    Ans. 

Example. — If  6.75  cubic  feet  of  air,  at  a  temperature  of  60°  F.,  and  a 
pressure  of  one  atmosphere,  are  compressed  to  2.25  cubic  feet  (the  tem- 
perature still  remaining  60°  F.),  what  is  the  weight  of  a  cubic  foot  of 
the  compressed  air  ? 

Solution. — Applying  formula  57,  v  IV ±  vx  Wu  or  6.75  X  .0768  = 

ft  75  v    07ftH 

2.25  X  Wx ;  hence,  Wx  =  *'  =  .2289  lb.  per  cu.  ft.    Ans. 

1053.  In  all  that  has  been  said  before,  it  has  been 
stated  that  the  temperature  was  constant ;  the  reason  for 
this  will  now  be  explained.  Suppose  five  cubic  feet  of  air  to 
be  confined  in  a  cylinder  placed  in  a  vacuum,  so  that  there 
will  be  no  pressure  due  to  the  atmosphere,  and  suppose  the 
cylinder  to  be  fitted  with  a  piston  weighing  say  100  pounds, 
and  having  an  area  of  10  square  inches.     The  tension  of  the 

gas  will  be  — —  =  10  pounds  per  square  inch.     Suppose  that 

the  temperature  of  the  air  is  32°  F. ,  and  that  it  is  heated 
until  the  temperature  is  33°  F.,  i.  e.,  the  temperature  is 
1°,  it  will  be  found  that  the  piston  has  risen  a  certain  amount, 
and,   consequently,    the   volume   has  increased,   while  the 
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pressure  is  the  same  as  before,  or  10  pounds  per  square  inch. 
If  more  heat  is  applied  until  the  temperature  of  the  gas  is 
34°  F. ,  it  will  be  found  that  the  piston  has  again  risen,  and 
the  volume  again  increased,  while  the  pressure  still  remains 
the  same.  It  will  be  found  that  for  every  increase  of  tem- 
perature there  will  be  a  corresponding  increase  of  volume. 
The  law  which  expresses  this  change,  is  called  Gay-Lussac's 
Lawy  and  is  as  follows: 

1054.  Gay-Lrtissac's  Law. — If  the  pressure  remains 
constant,  every  increase  of  temperature  of  1°  F.  produces  in  a 
given  quantity  of  gas  an  expansion  of  -fa  of  its  volume  at 
82°  F. 

If  the  pressure  remains  constant,  it  will  also  be  found  that 
every  decrease  of  temperature  of  1°  F.,  will  cause  a  decrease 
of  fa  of  the  volume  at  32°  F. 
Let  v  =  original  volume  of  gas ; 
vx  =  final  volume  of  gas ; 
/  =  temperature  corresponding  to  volume  v; 
tx  =  temperature  corresponding  to  volume  vx. 

Then'         v>  =  v(m¥})-     (58-> 

That  is,  the  volume*  of  gas  after  heating  (or  cooling)  equals 
the  original  volume,  multiplied  by  460%  plus  the  final  tem- 
perature, divided  by  JfiO,  plus  the  original  temperature. 

Example. —  5  cubic  feet  of  air  at  a  temperature  of  45°,  are  heated 
under  constant  pressure  up  to  177° ;  what  is  its  volume  ? 

Solution. — Applying  formula  58, 

/460  +  /,\    /460  +  177^ 


Vi  = 


/460  +  /,\    /460  + 177\  a  Q/vy    .    A 

* ( 460T/)  =  \sst4S) = o-307  cu- ft-  ^ 


1055.  Suppose  that  a  certain  volume  of  gas  is  confined 
in  a  vessel  so  that  it  cannot  expand ;  in  other  words,  sup- 
pose that  the  piston  of  the  cylinder  before  mentioned  to  be 
fastened  so  that  it  cannot  move.  Let  a  gauge  be  placed  on 
the  cylinder  so  that  the  tension  of  the  confined  gas  can  be 
registered.  If  the  gas  is  heated,  it  will  be  found  that  for 
every  increase  of  temperature  of  1°  F.,  there  will  be  a  cor- 
responding   increase  of   T|^  of   the  tension.     That  is,   the 
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volume  remaining  constant,  the  tension  increases  j-J-y  of  the 
original  tension  for  every  degree  rise  of  temperature. 

Let  /  =  the  original  tension ; 

/  =  the  corresponding  temperature; 

px  =  final  tension ; 

/,  =  final  temperature. 

That  is,  if  a  certain  quantity  of  gas  be  heated  (or  cooled) 
from  t°  to  t°y  the  volume  remaining  constant,  the  resulting 
tension  px  will  be  equal  to  the  original  tension,  multiplied 
by  JfiO,  plus  the  final  temperature,  divided  by  JfiO,  plus  the 
original  temperature. 

Example. — If  a  certain  quantity  of  air  is  heated  under  constant  vol- 
ume from  45°  to  177°,  what  is  the  resulting  tension,  the  original  tension 
being  14.7  pounds  per  square  inch  ? 

Solution. — Applying  formula  59, 

.        ,/4fl0  +  /i\      . .  „  /460  + 177\      iQrt.01,  .        A 

*  =  *  \ 460T7J  =  14?  (  460  +  45 )  =  ia54S  lb'  ***  ^  m*     AnS* 

1056.  According  to  the  modern  and  now  generally 
accepted  theory  of  heat,  the  atoms  and  molecules  of  all 
bodies  are  in  an  incessant  state  of  vibration.  The  vibratory 
movement  in  the  liquids  is  faster  than  in  the  solids,  and  in 
the  gases,  faster  than  in  either  of  the  other  two.  Any 
increase  of  heat  increases  the  vibrations,  and  a  decrease  of 
heat  decreases  them.  From  experiments  and  calculations 
based  upon  higher  mathematics,  it  has  been  concluded  that 
at  460°  below  zero,  on  the  Fahrenheit  scale,  all  these  vibra- 
tions cease.  This  point  is  called  the  absolute  zero,  and 
all  temperatures  reckoned  from  this  point  are  called  the 
absolute  temperatures.  The  point  of  absolute  zero  has 
never  been  reached,  the  lowest  recorded  temperature  being 
about  393°  F.  below  zero,  but,  nevertheless,  it  has  a  mean- 
ing, and  is  used  in  many  formulas,  being  nearly  always 
denoted  by  T.  The  ordinary  temperatures  are  denoted  by 
/.  When  the  word  temperature  alone  is  used,  the  meaning 
is  the  same  as  ordinarily  used,  but  when  absolute  tempera- 
ture is  specified,  460°  F.  must  be  added  to  the  temperature. 
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The  absolute  temperature  corresponding  to  212°  P.  is 
460  +  212  =  672°  F.  If  the  absolute  temperature  is  given, 
the  ordinary  temperature  may  be  found  by  subtracting  460 
from  the  absolute  temperature.  Thus,  the  absolute  tem- 
perature being  520°  F.,  what  is  the  temperature  ? 

520°  -  460°  =  60°. 
Let  /  =  pressure  in  pounds  per  square  inch ; 
V=  volume  of  air  in  cubic  feet; 
7"=  absolute  temperature; 
W—  weight  in  pounds. 
Then,         .      pV  =  .37052  T.         (60.) 
That  is,  the  pressure  in  pounds  per  square  inch,  multiplied 
by  the  volume  of  the  air  in  cubic  feet,  equals  .37052  times  the 
absolute  temperature  corresponding  to    the  pressure  p  and 
volume  V. 

In  this  formula,  the  weight  of  the  air  is  1  pound. 

Example. — The  pressure  upon  9  cubic  feet  of  air  weighing  1  pound 
is  20  pounds  per  square  inch ;  what  is  the  temperature  ? 

Solution.  —  Applying  formula  60,  p  V=. 37052  T,  or  20x9  = 

.87052  T)  hence,  T=      °  0  =  485.8°,  nearly.    485.8°  -  460  =  25.8°,  the 

temperature.    Ans. 

Example. — What  is  the  volume  of  1  pound  of  air  whose  temperature 
is  60°  F.  under  a  pressure  of  one  atmosphere  ? 

Solution.— Applying  formula  60,  p  V=  .37052  T.    Substituting, 

14.7X  K=.  37052  X  (460 +  60)  =  .37052x520,   or    K=  -37052><520  = 

14.7 
13.107  cubic  feet.     Ans. 

1057.  If  the  weight  of  the  air  be  greater  or  lessythan  1 
pound,  the  following  formula  must  be  used : 

pV=  .37052  WT.         (61.) 

That  is,  the  pressure  in  pounds  per  square  inch,  multiplied 
by  the  volume  in  cubic  feet,  equals  .87052  times  the  weight  in 
pounds  multiplied  by  the  absolute  temperature. 

Example. —  8  cubic  feet  of  air  weighing  .35  pound,  are  under  a  pres- 
sure of  48  pounds  per  square  inch ;  what  is  the  temperature  of  the  air  ? 
Solution.— Applying  formula  6 1 ,  p  V  =  . 37052  WT.    Substituting, 

48  X  3  =  .37052  X  .35  X  T%    or      T=  ^^g  x  .35  =  1»lia4°-      Thcn- 
1,110.4°  -  460°  =  650.4°.    Ans. 
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Example. — What  is  the  weight  of  1  cubic  foot  of  air  at  a  tempera- 
ture of  82°,  and  under  a  pressure  of  one  atmosphere  ? 

Solution.— Applying  formula  6 \%pV=. 87052  JT7:  Substituting, 
14.7  X  1  =  .87052  X  (460  +  32)  X  W%  or 

^=.87U52x492='08068821b-     ** 
If  the  pressure  be  j;aken  as  14.69856  pounds  per  square  inch,  and  the 
absolute  zero  as  459.4°,  instead  of  460°  below  zero,  and  if  .370514  be 
used,  instead  of  .37052,  more  exact  values,  the  weight  of  1  cubic  foot 

f ,  ,  14.69856  noA^oiu 

WOuld  **  .370514  X  491.4  =  •°6078  lb-  nearly' 

Example. — What  is  the  exact  volume  of  1  pound  of  air  at  a  temper- 
ature of  32°,  and  at  a  pressure  of  one  atmosphere  ?  Take  absolute  zero 
at  459.4,  and  the  pressure  as  14.69856  pounds  per  square  inch. 

Solution.—  p  V=. 870514  WTt  or  14.69856  X  F=. 370514  X  1  X 
(459.4  +  32).     K  =  '370^9^14  =  12.887  cu.  ft.    Ans. 

1058.     If  in  the  formula  /  V  =  .  37052  W  T,  both  sides  of 

the  equation  be  divided  by  T  (which,  of  course,  does  not 

pV 
alter  the  equality),  there  results  the  expression  r-rp  =  .37052 

W.     Let  /„  Vx  and  Tx  represent  the  pressure,  volume  and 
temperature  of  the  same  weight  of  air  in  another  state; 

then,/^  =  .37052^7;.     Dividing  both  sides  by  Tl9  P-^ 

pV         p'V 
=  .  37052  W.     Therefore,  since  J-j?  and^-yr^  are  equal  to  the 

same  thing  (i.  e.,.  37052  W),  they  are  equal  to  each  other, 
and 

pypz,     (620 

This  very  important  formula  is  the  complete  expression 
of  Gay-Lussac's  law,  and  is  true  for  any  of  the  so-called  per- 
manent gases.  It  was  from  this  formula  that  formulas  58 
and  59  were  derived.     Thus,  let  the  pressure  be  constant; 

then,  /  =  A,   and  ^  =  ^,  or   Vl  =  ~T*=  ^__E_ij. 

pV 
Similarly,  letting  the  volume  be  constant,  V=  Vl9  and  r-rp 
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=  ^  °r  a = ^y =^460  +  //  So> also>  fay  lettins the 

temperature  be  constant,  T=  Tx  and  —?  =  A~,  or  /F= 
/t  Vv  which  is  the  same  as  formula  53. 

1 059.  In  formulas  53, 62, 63,  and  64,  it  matters  not 
with  what  units  the  pressures  and  volumes  are  measured, 
except  that  they  must  be  the  same  throughout  the  same 
example,  and  the  pressures  must  always  be  absolute  pressures. 


EXAMPLES    FOR    PRACTICE. 

1.  A  vessel  contains  25  cubic  feet  of  gas  at  a  pressure  of  18  pounds 
per  square  inch ;  if  125  cubic  feet  of  gas  having  the  same  pressure  are 
forced  into  the  vessel,  what  will  be  the  resulting  pressure? 

Ans.  108  lb.  per  sq.  in. 

2.  A  pound  of  air  has  a  temperature  of  126°,  and  a  pressure  of  1 
atmosphere;  what  volume  does  it  occupy?  Ans.  14.77  cu.  ft. 

3.  The  volume  of  steam  in  the  cylinder  of  a  steam  engine  at  cut-off 
is  1.85  cubic  foot,  and  the  pressure  is  85  pounds  per  square  inch;  if  the 
pressure  at  the  end  of  the  stroke  is  25  pounds  per  square  inch,  what  is 
the  new  volume?  Ans.  4.59  cu.  ft 

4.  A  certain  quantity  of  air  has  a  volume  of  26.7  cubic  feet;  a  pres- 
sure of  19.8  pounds  per  square  inch,  and  a  temperature  of  42° ;  what  is 
the  weight?  «  Ans.  2.77  lb. 

5.  A  receiver  contains  180  cubic  feet  of  gas  at  a  pressure  of  20 
pounds  per  square  inch ;  if  a  vessel  holding  12  cubic  feet,  to  be  filled 
from  the  receiver  until  its  pressure  is  20  pounds  per  square  inch,  what 
will  be  the  pressure  in  the  receiver?  Ans.  18|  lb.  per  sq.  in. 

6.  10  cubic  feet  of  air  having  a  pressure  of  22  pounds  per  square 
inch,  and  a  temperature  of  75°,  are  heated  until  the  temperature  is  300° ; 
the  volume  remaining  the  same,  what  is  the  new  pressure? 

Ans.  31.25  lb.  per  sq.  in. 

7.  If  a  spherical  shell  whose  outside  diameter  is  18  inches,  has  a  part 
of  the  air  within  it  removed  until  the  pressure  is  5  pounds  per  square 
inch,  what  is  the  total  pressure  due  to  the  atmosphere  tending  to  crush 
the  shell?  Ans.  9,878.421b. 

THE   MIXING   OF   GASES. 

1060.  If  two  liquids  which  do  not  act  chemically  upon 
each  other  are  mixed  together  and  allowed  to  stand,  it  will 
be  found  that  after  a  time  the  two  liauids  have  separated, 


PNEUMATICS.  453 

and  that  the  heavier  has  fallen  to  the  bottom.  If  two  equal 
vessels,  containing  gases  of  different  densities,  be  put  in  com- 
munication with  each  other,  they  will  be  found  to  have 
mixed  in  equal  proportions  after  a  short  time.  If  one  vessel 
be  higher  than  the  other,  and  the  heavier  gas  be  in  the 
lower  vessel,  the  same  result  will  occur.  The  greater  the 
difference  of  the  densities  of  the  two  gases,  the  quicker  they 
will  mix.  It  is  assumed  that  no  chemical  action  takes  place 
between  the  two  gases.  When  the  two  gases  have  the  same 
temperature  and  pressure,  the  pressure  of  the  mixture  will 
be  the  same;  this  is  evident,  since  the  total  volume  has  not 
been  changed,  and  unless  the  volume  or  temperature 
changes,  the  pressure  cannot  change.  This  property  of  the 
mixing  of  gases  is  a  very  valuable  one,  since,  if  they  acted 
like  liquids,  carbonic  acid  gas  (the  result  of  combustion), 
which  is  1£  times  as  heavy  as  air,  would  remain  next  to  the 
earth,  instead  of  dispersing  into  the  atmosphere,  the  result 
being  that  no  animal  life  could  exist. 

1061.  Mixtures  of  Equal  Volumes  of  Gases 
Having  Unequal  Pressures. — If  two  gases  having  equal 
volumes  and  temperatures,  but  different  pressures,  be  mixed 
in  a  vessel  whose  volume  equals  one  of  the  equal  volumes  of 
the  gas,  the  pressure  of  the  mixture  will  be  equal  to  the  sum 
of  the  two  pressures,  provided  that  the  temperature  remains 
the  same  as  before. 

Example. — Two  vessels  containing  3  cubic  feet  of  gas,  each  at  a 
temperature  of  60°,  and  subjected  to  pressures  of  40  pounds  and  25 
pounds  per  square  inch,  respectively,  are  placed  in  communication 
with  each  other,  and  all  the  gas  is  compressed  into  one  vessel.  If  the 
temperature  of  the  mixture  is  also  60°,  what  is  the  pressure  ? 

Solution. — According  to  the  rule  just  given,  the  pressure  will  be 
40  -h  25  =  65  pounds  per  square  inch.  This  may  be  proven  by  applica- 
tions of  Mariotte's  law;  thus,  compress  the  gas  whose  pressure  is  25 
pounds  per  square  inch  until  its  pressure  is  40  pounds ;  its  volume  may 
be  found  thus:  pv=piVu  or  25x3  =  40Xf,  whence,  v=  1.875 
cubic  feet.  Let  communication  be  established  between  the  two 
vessels,  the  pressure  will  evidently  be  40  pounds  and  the  total  volume 
3  +  1.875  =  4.875  cubic  feet.  If  this  be  compressed  until  the  volume  is 
8  cubic  feet,  the  temperature  remaining  at  G0°  throughout  the  whole 
operation,  the  final  pressure  may  be  found  by  formula  53,/  v  =px  vx. 
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40  v  4  875 
Thus,  40  X  4.875  =/,  X  3,  and/,  =       *  =  65  pounds  per  square 

o 

inch,  as  before. 

1 062.  Mixture  of  Two  Gases  Having:  Unequal 
Volumes  and  Pressures. 

Let  v  and  /  be  the  volume  and  pressure,  respectively,  of 
one  of  the  gases. 

Let  vx  and  px  be  the  volume  and  pressure,  respectively,  of 
the  other  gas. 

Let  V  and  P  be  the  volume  and  pressure,  respectively,  of 
the  mixture.     Then,  if  the  temperature  remains  the  same, 

VP=vp  +  vxpx.         (63.) 

That  is,  if  the  temperature  is  constant ,  the  volume  after 
mixture,  multiplied  by  the  resulting  pressure,  equals  tfie  vol- 
ume of  one  gas  before  mixture  multiplied  by  its  pressure,  plus 
the  volume  of  the  other  gas  multiplied  by  its  pressure. 

Example. — Two  gases  of  the  same  temperature,  having  volumes  of 
7  cubic  feet  and  4£  cubic  feet,  and  whose  pressures  are  27  pounds  and 
18  pounds  per  square  inch,  respectively,  are  mixed  together  in  a  vessel 
whose  volume  is  10  cubic  feet.  The  temperature  of  the  two  gases  and 
of  the  mixture  being  60°  F.,  what  is  the  resulting  pressure  ? 

Solution.— Applying  formula  63,  P  V=pv  +  px  vu  or  P  X  10  = 

27  X  7  -f  4*  X  18.     Hence,  P  =  189*  81  =  27  lb.  per  sq.  in.     Ans. 

1063.  Mixture  of  Two  Volumes  of  Air  Having 
Unequal  Pressures,  Volumes,  and  Temperatures* 

If  a  body  of  air  having  a  temperature  tl%  a  pressure  px% 
and  a  volume  vx  be  mixed  with  another  volume  of  air  having 
a  temperature  /„  a  pressure  pt,  and  a  volume  v„  to  form  a 
volume  V  having  a  pressure  P  and  a  temperature  /,  then, 
either  the  new  temperature  /,  the  new  volume  V,  or  the  new 
pressure  P  may  be  found,  if  the  other  two  quantities  are 
known,  by  the  following  formula,  in  which  Tv  T%y  and  T  are 
the  absolute  temperatures  corresponding  to  /,,  /„  and  /: 

PV=[i^+i^±y.     (64.) 
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Example. — Five  cubic  feet  of  air  having  a  tension  of  30  pounds  per 
square  inch,  and  a  temperature  of  80°  F.,  are  required  to  be  compressed 
together  with  11  cubic  feet  of  air  having  a  tension  of  21  pounds  per 
square  inch,  and  a  temperature  of  45°  F.,  in  a  vessel  whose  cubical 
contents  are  8  cubic  feet.  The  new  pressure  is  required  to  be  46 
pounds  per  square  inch.     What  is  the  temperature  of  the  mixture  ? 

Solution. — Substituting  in  formula  64, 

45X8  =  [^3^+2150511]  X   T'  °r  360  =  -7852  r'     Hence'  T  = 

360    =  489.66°,  nearly,  and  /  =  29.66°.     Ans. 
.7352  

EXAMPLES  FOR  PRACTICE. 

1.  Two  vessels  contain  air  at  pressures  of  60  and  88  pounds  per 
square  inch.  The  volume  of  each  vessel  is  8.47  cubic  feet  If  all  of 
the  air  in  both  vessels  is  removed  to  another  vessel,  and  the  new 
pressure  is  100  pounds  per  square  inch,  what  is  the  volume  of  the 
vessel,  the  temperature  being  the  same  throughout  ? 

Ans.  12. 11  cu.  ft. 

2.  A  vessel  contains  11.83  cubic  feet  of  air  at  a  pressure  of  88.3 
pounds  per  square  inch.  It  is  desired  to  increase  the  pressure  to 
40  pounds  per  square  inch  by  supplying  air  from  a  second  vessel  which 
contains  19.6  cubic  feet  of  air  at  a  pressure  of  60  pounds  per  square 
inch.  What  will  be  the  pressure  in  the  second  vessel  after  the  pressure 
in  the  first  has  been  raised  to  40  pounds  per  square  inch  ? 

Ans.  55.96  lb.  per  sq.  in. 

8.  If  4.8  cubic  feet  of  air  having  a  tension  of  52  pounds  per  square 
inch  and  a  temperature  of  170°  are  mixed  with  13  cubic  feet  having  a 
tension  of  78  pounds  per  square  inch  and  a  temperature  of  265°,  what 
must  be  the  volume  of  the  vessel  containing  the  mixture  in  order  that 
the  tension  of  the  mixture  may  be  30  pounds  per  square  inch  and  the 
temperature  80°  ?  Ans.  82.31  cu.  ft. 

PNEUMATIC  MACHINES. 


THE   AIR   PUMP. 

1 064.  The  air  pump  is  an  instrument  for  removing 
air  from  an  enclosed  space.  A  section  of  the  principal  parts 
is  shown  in  Fig.  192,  and  the  complete  instrument  in  Fig. 
193.  The  closed  vessel  R  is  called  the  receiver,  and  the 
space  which  it  encloses  is  that  from  which  it  is  desired  to  re- 
move the  air.     The  receiver  is  usually  made  of  glass,  and 
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the  edges  are  ground  so  as  to  be  perfectly  air-tight.     When 
made  in  the  form  shown,  it  is  called  a  bell  Jar  receiver. 


Fio.  in. 
The  receiver  rests  upon  a  horizontal  plate  in  the  center  of 
which  is  an  opening  communicating  with  the  pump  cylinder 
C  by  means  of  a  bent 
tube  t.  The  pump  pis- 
ton fits  the  cylinder  ac- 
curately, and  hasa  valve 
V  opening  upwards. 
At  the  junction  of  the 
tube  with  the  cylinder 
is  another  valve  Kalso 
opening  upwards.  When 
the  piston  is  raised  the 
valve  V  closes,  and, 
I  since  no  air  can  get  into 
the  cylinder  from  above, 
the  piston  leaves  a  vac- 
uum behind  it.  The 
pressure  on  top  of  V 
being  now  removed,  the 
tension  of  the  air  in  the 
fig.  lea.  receiver  R  causes  V  to 

rise;  the  air  in  the  receiver  then  expands  and  occupies  the 
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Space  displaced  by  the  piston,  the  space  in  the  tube  /  and  in 
the  receiver  R.  The  piston  is  now  pushed  down,  the  valve  V 
closes,  the  valve  V  opens,  and  the  air  in  C  escapes.  The 
lower  valve  Fis  sometimes  supported,  as  shown  in  Fig.  192, 
by  a  metal  rod  passing  through  the  piston  and  fitting  it  some- 
what tightly.  When  the  piston  is  raised  or  lowered,  this  rod 
moves  with  it.  A  button  near  the  upper  end  of  the  rod  con- 
fines its  motion  to  within  very  narrow  limits,  the  piston 
sliding  upon  the  rod  during  the  greater  part  of  the  journey. 

1065.  Degrees  and  Limits  of  Exhaustion. — Sup- 
pose that  the  volume  of  R  and  /  together  is  four  times  that 
of  C,  and  that  there  are,  say,  200  grains  of  air  in  R  and  /,  and 
50  grains  in  Cy  when  the  piston  is  at  the  top  of  the  cylinder. 
At  the  end  of  the  first  stroke,  when  the  piston  is  again  at 
the  top,  50  grains  of  air  in  the  cylinder  C  will  have  been  re- 
moved, and  the  200  grains  in  R  and  /  will  occupy  the  spaces 
Ry  /,  and  C.  The  ratio  between  the  sum  of  the  spaces  R  and 
/  and  the  total  space  R+t+C  is  £;  hence,  200x4=160 
grains  =  the  weight  of  air  in  R  and  /  after  the  first  stroke. 
After  the  second  stroke,  the  weight  of  the  air  in  R  and  / 
would  be  (200  X  $  X  $  =200  X  ( J)a  =  200  X  H  =  128  grains. 
At  the  end  of  the  third  stroke,  the  weight  would  be  [200  X 
(£)»]  x  i  =  200  X  (£)'  =  200  X  -AV  =  102.4  grains.  At  the 
end  of  n  strokes,  the  weight  would  be  200  X  (f)n.  It  is 
evident  that  it  is  impossible  to  remove  all  of  the  air  that  is 
contained  in  R  and  t  by  this  method.  It  requires  an  exceed- 
ingly good  air  pump  to  reduce  the  tension  of  the  air  in  R  to 
•3*5-  of  an  inch  of  mercury.  When  the  air  has  become  so 
rarefied  as  this,  the  valve  V  will  not  lift,  and,  consequently, 
no  more  air  can  be  exhausted. 

1066.  Sprengel's  Air  Pump. — In  Fig.  194,  c  d  is  a 
glass  tube  longer  than  30  inches,  open  at  both  ends,  and 
connected  by  means  of  India  rubber  tubing  with  a  funnel 
A  filled  with  mercury  and  supported  by  a  stand.  Mercury 
is  allowed  to  fall  into  this  tube  at  a  rate  regulated  by  a  clamp 
at  c.     The  lower  end  of  the  tube  c  d  fits  in  the  flask  B%  which 
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has  a  spout  at  the  side  a  little  higher  than  the  lower  end  of 
c  d ;  the  upper  part  has  a  branch  at  x  to  which  a  receiver 
R  can  be  tightly  fixed.     When   the   clamp  at  c  is  opened 
the   first   portions  of  the 
mercury   which    run    out 
close  the  tube  and  prevent 
air    from    entering    from 
below.      These    drops    of 
mercury  act  like  little  pis- 
i\tons,   carrying  the  air  in 
u  ^  ]j  front  of  them  and  forcing 

it  out  through  the  bot- 
tom of  the  tube.  The  air 
in  R  expands  to  fill  the 
tube  every  time  that  a 
drop  of  mercury  falls,  thus 
creating  a  partial  vacuum 
in  R,  which  becomes  more 
nearly  complete  as  the 
process  goes  on.  The  es- 
caping mercury  falls  into 
the  dish  H,  from  which  it 
can  be  poured  back  into  the 
funnel  from  time  to  time. 
As  the  exhaustion  from  R 
goes  on,  the  mercury  rises 
in  the  tube  c  d  until,  when 
the  exhaustion  is  complete, 
it  forms  a  continuous  col- 
umn 30  inches  high;  in 
other  words,  it  isa  barom- 
eter, whose  Torricellian 
F,0i  19t  vacuum  is  the  receiver  R. 

This  instrument  necessarily  requires  a  great  deal  of  time  for 
its  operation,  but  the  results  are  very  complete,  a  vacuum  of 
rj^n-j  of  an  inch  of  mercury  being  sometimes  obtained.  By 
use  of  chemicals  in  addition  to  the  above,  a  vacuum  of 
mrVm  °^  an  mcn  °^  mercury  has  been  obtained. 
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1067.  Note. — A  theoretically  perfect  vacuum  is  sometimes 
called  a  Torricellian  vacuum. 

1008.     Magdeburg    Hemispheres. — By    means   of 

the  two  hemispheres  shown  in  Fig.  195,  it  can  be  proven 
that  the  atmosphere  presses  upon  a  body  equally  in  all  direc- 
tions.    They   were    invented    by   Otto   Von   Guericke,   of 
Magdeburg,  and  are  called  the  Magde- 
burg hemispheres.     One  of  the  hem- 
ispheres is  provided  with  a  stop-cock,  by 
which   it   can  be   screwed   on   to  an   air 
pump.     The  edges  fit  accurately  and  are 
well  greased,  so  as  to  be  air-tight.     As  ' 
long  as  the  hemispheres  contain  air,  they 
can  be  separated  with  ease;  but  when  the 
air    in    the  interior    is    pumped    out  by 
means  of  an  air  pump,  they  can  be  sepa- 
rated   only   with   great   difficulty.      The 
force  required  to  separate  them   will  be 
equal  to  the  area  of  the  largest  circle  of 
the  hemisphere  (projected  area)  in  square 
inches,  multiplied  by  14.7pounds. 

This  force  will  be  tha  same  in  whatever 
position   the    hemisphere    may   be    held,  **o.  i«. 

thus  proving  that  the  pressure  of  air  upon  it  is  the  same  in 
all  directions. 

1069.  The  Weight  Lifter. — The  pressure  of  the 
atmosphere  is  very  clearly  shown  by  means  of  an  apparatus 
like  that  illustrated  in  Fig.  196.  Here,  a  cylinder  fitted 
with  a  piston  is  held  in  suspension  by  a  chain.  At  the  top  of 
the  cylinder  is  a  plug  A,  which  can  be  taken  out.  This 
plug  is  removed,  the  piston  pushed  up  (the  force  necessary 
being  equal  to  the  weight  of  the  piston  and  rod  B)  until 
it  touches  the  cylinder  head.  The  plug  is  then  screwed  in, 
and  the  piston  will  remain  at  the  top  until  a  weight  has  been 
hung  on  the  rod  equal  to  the  area  of  the  piston,  multiplied 
by  14.7  pounds,  less  the  weight  of  the  piston  and  rod.  If 
a  force  was  applied  to  the  rod  sufficiently  great  to  force  the 
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piston  downwards,  it  would  raise  any  weight  less  than  the 
above  to  the  top  of  the  cylinder.     Suppose  the  weight  to 
be  removed,  and  the  piston  to  be  supported,  say  midway 
of  the  length  of  the  cylinder.     Let  the  plug  be  removed  and 
a}r  admitted  above  the  piston,  then  screw  the  plug  back 
into  its  place ;  if  the  piston  be  shoved  upwards,  the  farther 
up  it  goes,  the  greater  will  be  the  force 
necessary  to  push  it,  on  account  of  the  com- 
pression of   the   air.     If   the  piston   is  of 
large  diameter,  it  will  also  require  a  great 
force  to  pull  it  out  of  the  cylinder,  as  a  little 
|  consideration  will  show.     For  example,  let 
the  diameter  of  the  piston  be  20  inches,  the 
length  of  the  cylinder  36  inches,  plus  the 
thickness  of  the  piston,  and  the  weight  of 
the  piston  and  rod  100  pounds.     If  the  pis- 
ton is  in  the  middle  of  the  cylinder,  there 
will  be  18  inches  of  space  above  it,  and  18 
inches  of  space  below  it.     The  area  of  the 
piston  is  20'  X  .7854=  314.16square  inches, 
and  the  atmospheric    pressure  upon  it  is 
314.16  X  14.7  =  4,618  pounds,  nearly.     In 
order  to  shove  the  piston  upwards  9  inches, 
the  pressure  upon  it  must  be  twice  as  great, 
or  9,236  pounds,  and  to  this  must  be  added 
the   weight   of     the    piston    and    rod,   or 
9,236   -f  100  =  9,336  pounds.     The  force 
necessary  to  cause  the  piston  to  move  up- 
wards 9  inches  would  then  be  9,336  —  4,618 
—  4,718  pounds.     Now,  suppose  the  piston 
fig.  1%.  to  be  moved  downwards  until  it  is  just  on  the 

point  of  being  pulled  out  of  the  cylinder.  The  volume 
above  it  will  then  be  twice  as  great  as  before,  and  the  pres- 
sure one-half  as  great,  or  4,618  -i-  2  -  2,309  pounds.  The 
total  upward  pressure  will  be  the  pressure  of  the  atmosphere 
less  the  weight  of  the  piston  and  rod,  or  4,618  —  100  =  4,518 
pounds,  and  the  force  necessary  to  pull  it  downwards  to  this 
point  will  be  4,518  —  2,309  =  2,209  pounds. 
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1070.  The  Baroscope.— 'The  buoyant  effect  of  air  is 
very  clearly  shown  by  means  of  an  instrument  called  the 
baroscope,  shown  in  Fig.  197. 

It  consists  of  a  scale  beam,  from 
one  extremity  of  which  is  sus- 
pended a  small  weight,  and  from 
the  other  a  hollow  copper  sphere. 
In  air  they  exactly  balance  each 
other;  but  when  placed  under  the 
receiver  of  an  air  pump  and  the 
air  exhausted,  the  sphere  sinks, 
showing  that  it  is  really  heavier 
than  the  small  weight.  Before 
the  air  is  exhausted,  each  body  i 
is  buoyed  up  by  the  weight  of 
the  air  it  displaces,  and  since  the  fio.  hit. 

sphere  displaces  the  most  air,  it  loses  more  weight  by  reason 
of  this  displacement  than  the  small  weight.  Suppose  that 
the  volume  of  the  sphere  exceeds  that  of  the  weight  by  10 
cubic  inches;  the  weight  of  this  volume  of  air  is  3.1  grains. 
If  this  weight  be  added  to  the  small  weight,  it  will  overbal- 
ance the  sphere  in  air,  but  will  exactly  balance  it  in  a 
vacuum. 

AIR  COMPRESSORS. 

1071.  For  many  purposes  compressed  air  is  preferable 
to  steam  or  other  gas  for  use  as  a  motive  power.  In  such 
cases  air  compressors  are  used  to  compress  the  air.  These 
are  made  in  many  forms,  but  the  most  common  one  is  to 
place  a  cylinder,  called  the  air  cylinder,  in  front  of  the  cross- 
head  of  a  steam  engine,  so  that  the  piston  of  the  air  cylinder 
can  be  driven  by  attaching  its  piston  rod  to  the  cross-head, 
in  a  manner  similar  to  a  steam  pump.  A  cross-section  of 
the  air  cylinder  of  a  compressor  of  this  kind  is  shown  in  Fig. 
198,  in  which  A  is  the  piston  and  B  is  the  piston  rod,  driven 
by  the  cross-head  of  a  steam  engine  not  shown  in  the  figure. 
Both  ends  of  the  lower  half  of  the  cylinder  are  fitted  with 
inlet   valves   D  and  D\  which  allow   the   air   to  enter  the 

7.    T.-p 
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cylinder,  and  both  ends  of  the  upper  half  are  fitted  with 
discharge  valves  F  and  F',  which  allow  the  air  to  escape 
from  the  cylinder  after  it  has  been  compressed  to  the 
required  pressure. 

Suppose  the  piston  A  to  be  moving  in  the  direction  of  the 
arrow;  then  the  inlet  valves  D  in  the  left-hand  end  of  the 
cylinder  from  which  the  piston  is  moving  will  be  forced 
inwards  by  the  pressure  of   the   atmosphere,  which   over- 
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comes  the  resistance  of  the  light  spring  C,  thus  allowing 
the  air  to  flow  in  and  fill  the  cylinder.  On  the  other  side  of 
the  piston,  the  air  is  being  compressed,  and,  consequently, 
it  acts  with  the  springs  5  to  force  the  inlet  valves  D'  in  the 
right-hand  end  of  the  cylinder  to  their  seats.  In  the  right- 
hand  end  of  the  cylinder,  the  discharge  valves  F'  are 
opened  when  the  pressure  of  the  air  in  the  cylinder  is  great 
enough  to  overcome  the  resistance  of  the  light  springs  £' 
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and  the  tension  of  the  air  in  the  passages  leading  to  the 
discharge  pipe  H,  and  the  discharge  valves  F  are  pressed 
against  their  seats  by  the  springs  E  and  the  tension  of  the 
air  in  the  passages.  Suppose  it  is  desired  to  compress  the 
air  to  59  pounds  per  square  inch,  and  we  wish  to  find  at  what 
point  of  the  stroke  the  discharge  valves  will  open.  Now, 
59  pounds  per  square  inch  equals  a  pressure  of  4  atmospheres, 
very  nearly ;  hence,  when  the  pressure  in  the  cylinder  be- 
comes great  enough  to  force  air  out  through  the  discharge 
valves,  the  volume  must  be  one-quarter  of  the  volume  at 
atmospheric  pressure,  or  the  valves  will  open  when  the  pis- 
ton has  traveled  three-quarters  of  its  stroke,  provided  the 
air  be  compressed  at  constant  temperature. 

The  air,  after  being  discharged  from  the  cylinder,  passes 
out  through"  the  delivery  pipe  H,  and  from  thence  is  con- 
veyed to  its  destination.  It  was  shown  in  the  early  part  of 
this  paper  that  when  air  or  any  other  gas  was  compressed 
its  temperature  was  increased.  For  high  pressures  this  in- 
crease of  temperature  becomes  a  serious  consideration,  for 
two  reasons:  1st.  When  the  air  is  discharged  at  a  high 
temperature,  the  pressure  falls  considerably  when  it  has 
cooled  down  to  its  normal  temperature,  and  this  represents 
a  serious  loss  in  the  economical  working  of  the  machine. 
2d.  The  alternate  heating  and  cooling  of  the  compressor 
cylinder  by  the  hot  and  cold  air  is  very  destructive  to  it, 
and  increases  the  wear  to  a  great  extent.  To  prevent  the 
air  from  heating,  cooling  devices  are  resorted  to,  the  most 
common  one  being  the  so-called  water  jacket.  This  is 
effected  in  the  following  manner:  The  cylinder  walls  are 
hollow,  as  shown  in  the  cut;  the  cold  water  enters  this 
hollow  space  in  the  cylinder  wall  through  the  pipe  K  K,  and 
flows  around  the  cylinder,  finally  passing  out  through  the 
discharge  pipe  Z.  The  water  tends  to  keep  the  cylinder 
walls  cold,  and  these  cool  the  air  as  it  is  compressed. 

1072.  The  Cartesian  Diver.  —  The  instrument 
shown  in  Fig.  199,  called  the  cartesian  diver,  illustrates 
the  elasticity  of  air  and  the  transference  of  pressure  in  all 
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directions  in  water.     It  consists  of  a  glass  jar  filled  with 

water,  having  a  rubber  bulb  at  the  top  filled  with  air.     The 
image   in  the  jar  is  made  of  glass  and 
is  hollow,  the  weight  being  less  than  an 
equal  volume  of  water,  so  that  it  will 
float  at  the  top  of  the  jar.     The  tail  of 
the  image  has  a   hole  in  it,  the  water 
being    prevented    from    getting    inside 
of  the  image  by  the  tension  of   the  air 
within  it.     If  the  bulb  be  squeezed,  the 
air  in  it  will  be  forced  out,  creating  a 
pressure   upon  the  water  which,    being 
transferred  in  all  directions,  causes  the 
water  to  flow  ' 
the  tail  of  thi 
age,  com  pre: 
the  air  inside 
thus  causing 
fall  to  the  bo 
■,  of  the  jar.  V 
f  the   bulb    is 
leased,     the 
Fio.  in.  flows  back  im 

the    pressure   upon   the  water  i 

moved,  the  air  within  the  image 

pands  ;  the    image,  again   becoi 

lighter  than  water,  rises  to  the 

of  the  jar. 

1073.  Hero's  Fountain.— 
ro'a  fountain  derives  its  name 
its  inventor,  Hero,  who  livet 
Alexandria  120  B.  C.    It  is  show 

Fig.  200.  It  depends  for  its  O] 
tion  upon  the  elastic  properties 
of  air.  It  consists  of  a  brass  dish 
A,  and  two  glass  globes  B  and 
C-  The  dish  communicates  with  fig.  m. 
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the  lower  part  of  the  globe  C  by  a  long  tube  D,  and  another 
tube  E  connects  the  two  globes.  A  third  tube  passes 
through  the  dish  A  to  the  lower  part  of  the  globe  B.  This 
last  tube  being  taken  out,  the  globe  B  is  partially  filled 
with  water;  the  tube  is  then  replaced  and  water  is  poured 
into  the  dish.  The  water  flows  through  the  tube  D  into  the 
lower  globe,  and  expels  the  air,  which  is  forced  into  the  up- 
per globe.  The  air  thus  compressed  acts  upon  the  water 
and  makes  it  jet  out  through  the  shortest  tube,  as  repre- 
sented in  the  figure.  Were  it  not  for  the  resistance  of  the 
atmosphere  and  friction,  the  water  would  rise  to  a  height 
above  the  water  in  the  dish  equal  to  the  difference  of  the 
level  of  the  water  in  the  two  globes. 


THE    SIPHON. 
1074.     The  action  of  the  siphon  illustrates  the  effect 
of   atmospheric  pressure.     It    is    simply    a    bent   tube    of 
unequal  branches,  open  at  both  ends,  and  is  used  to  convey 
a  liquid  from  a  higher  point  to 
a  lower,  over  an  intermediate 
point   higher  than  either.      In 
Fig.  201,  A  and  B  are  two  ves- 
sels, B  being  lower  than  A,  and. 
A   C  B  is  the  bent  tube  or  si-  \ 
phon.     Suppose  this  tube  to  be 
filled  with  water  and  placed  in 
the   vessels,  as  shown,  with  the 
short  branch  A  C  in  the  vessel 
A.     The  water  will  flow  from 
the  vessel  A  into  B,  so  long  as 
the  level  of  the  water  in  B  is 
below  the  level  of  the  water  in 
A,  and  the  level  of  the  water  in 
A  is  above  the  lower  end  of  the 

tube  A    C.      The  atmospheric  fig.  kh, 

pressure  upon  the  surfaces  of  A  and  B  tends  to  force  the 
water  up  the  tubes  A  C  and  B  C.  When  the  siphon  is  filled 
with  water,  each  of  these  pressures  is  counteracted  in  part  by 
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the  pressure  of  the  water  in  that  branch  of  the  siphon  which 
is  immersed  in  the  water  upon  which  the  pressure  is  exerted. 
The  atmospheric  pressure  opposed  to  the  weight  of  the 
longer  column  of  water  will,  therefore,  be  more  resisted 
than  that  opposed  to  the  weight  of  the  shorter  column ;  con- 
sequently, the  pressure  exerted  upon  the  shorter  column 
will  be  greater  than  that  upon  the  longer  column,  and  this 
excess  pressure  will  produce  motion. 

Let  A  =  the  area  of  the  tube  in  square  inches. 

A  =  D  C  =  the  vertical  distance  in  inches  between  the 
surface  of  the  water  in  B  and  the  highest 
point  of  the  center  line  of  the  tube. 
Ax  =  £  C=  the  distance  in  inches  between  the  surface 

of  the  water  in  A  and  the  highest  point  of 
the  center  line  of  the  tube. 

The  weight  of  the  water  in  the  short  column  is  .03617  A  Axy 
and  the  resultant  atmospheric  pressure,  tending  to  force  the 
water  up  the  short  column,  is  14.7  X  A  —  .03617  A  Ax. 
The  weight  of  the  water  in  the  long  column  is  .03617  A  A, 
and  the  resultant  atmospheric  pressure,  tending  to  force 
the  water  up  the  long  column,  is  14.7  A  —  .03617  A  A. 
The  difference  between  these  two  is  (14.7  A  —  .03617^4  //,) 
-  (14.7^4  -  .03617  A  h)  =  .03617  A  (A  -  A,).  But  //  -  Ax 
=  £  D  =  the  difference  between  the  levels  of  the  water  in 
the  two  vessels.  To  find  the  discharge  from  a  siphon,  use 
the  difference  //  —  //„  reduced  to  feet,  as  the  head,  and  the  total 
length  of  the  siphon  between  the  two  water  levels,  as  the 
length  of  the  pipe ;  the  discharge  may  then  be  calculated  by 
formula  SO,  Art.  1033. 

It  will  be  noticed  that  the  short  column  must  not  be 
higher  than  34  feet  for  water,  or  the  siphon  will  not  work, 
since  the  pressure  of  the  atmosphere  will  not  support  a 
column  of  water  that  is  higher  than  34  feet ;  28  feet  is  con- 
sidered to  be  the  greatest  height  for  which  a  siphon  will 
work  well. 

1075.  Intermittent  Springs. — Sometimes  a  spring 
is  observed  to  flow  for  a  time  and  then  cease;  then,  after  an 
interval,  to  flow  again  for  a  time.     The  generally  accepted 
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explanation  of  this  is  that  there  is  an  underground  reservoir 
fed  with  water  through  fissures  in  the  earth,  as  shown  in 
Fig.  202.  The  outlet  for  the  water  is  shaped  like  a  siphon, 
as  shown.  When  the  water  in  the  reservoir  reaches  the  same 
height  as  the  highest  point  of  outlet,  it  flows  out  until  the 


level  of  the  water  in  the  reservoir  falls  below  the  mouth  of 
the  siphon,  the  water  flowing  out  of  the  reservoir  faster  than 
it  is  supplied  to  it.  This  flow  then  ceases  until  the  water  in 
the  reservoir  has  again  reached  the  level  of  the  highest  point 
of  the  siphon. 

THE  INJECTOR. 
1076.  A  section  of  an  injector  is  shown  in  Fig.  203. 
There  are  many  different  kinds  of  these  instruments,  but  the 
principle  is  the  same  in  all.  When  they  are  used  for  lifting 
water  from  a  point  below  the  discharge  orifice  and  forcing  it 
into  the  boiler  of  a  steam  engine  or  locomotive,  they  depend 
for  their  lifting  action  upon  the  creation  of  a  partial  vacuum 
by  the  action  of  steam.  In  the  injector  shown  in  Fig.  203, 
F  is  the  connection  for  the  steam  pipe  from  the  boiler,  P  is 
the  connection  for  the  pipe  from  the  water  supply,  N  is  the 
connection  to  which  the  discharge  pipe  leading  to  the  boiler 
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is  attached,  and  the  waste  water  and  steam  are  discharged 
through  the  overflow  nozzle  0. 

The  method  of  operation  is  as  follows:  The  valve  B  is 
first  opened  by  turning  the  wheel  IV;  the  primer  valve  R  is 
then  opened  by  the  handle/,  thus  permitting  steam  to  flow 
through  the  passage  £  and  a  connection,  not  shown  in  the 
figure,  to  the  nozzle  u.  From  u  the  jet  of  steam  rushes  out 
through  O.  A  passage  connects  the  chamber  surrounding 
u  with  the  space  above  the  valve  L.  The  jet  of  steam  from 
«  out  through  0  carries  with  it  the  air  in  the  chamber  to 


which  O  is  connected,  thus  forming  a  partial  vacuum  in 
the  space  above  L;  the  air  in  the  passages  Dt  C,  G,  H,  A", 
T,  and  in  the  water  pipe  connected  at  P  is  thus  drawn  out 
through  the  valve  L,  and  a  partial  vacuum  is  formed,  which 
permits  the  pressure  of  the  atmosphere  to  force  water 
through  P  until  it  finally  fills  the  passages  and  flows  out 
through  L  and  the  overflow  nozzle  O.  As  soon  as  water 
appears  at  0,  the  valve  R  is  closed  and  the  main  steam 
valve  A  is  opened  by  the  wheel  S,  thus  admitting  steam 
to  the  passages  C,  H,  K.  This  steam  draws  water  from  G 
through  the  opening  surrounding  H  and  discharges  it 
through  K  with  such  a  high  velocity  that  it  rushes  past 
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the   opening  T  into    the   nozzle  M  and   thence   into  the 

boiler.     ,  

THE   LOCOMOTIVE   BLAST. 

1077.     Fig.  20i  shows  the  front  end  of  a  locomotive. 

£  is  the  exhaust  pipe,  the  center  of  which  is  directly  in  line 

with  the  center  of  the  smokestack  S.      T,  T  are  the  tubes 

through  which  the  hot  furnace  gases  are  discharged.     The 
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exhaust  steam  has  a  pressure  of  about  two  pounds  above  the 
atmosphere,  and  rushes  through  the  exhaust  pipe  i?  and  up 
the  smokestack  5  with  a  very  high  velocity,  taking  the  air 
out  with  it,  and  producing  a  partial  vacuum  in  the  space  in 
front  of  the  tubes.  No  air  can  get  in  this  space  except 
through  the  grates  of  the  fire-box;  consequently,  this  partial 
vacuum  created  in  front  of  the  tubes  as  described  causes  an 
influx  of  air  through  the  grate,  and  produces  the  forced 
draft,  or  blast.  The  faster  the  engine  runs,  the  greater 
the  quantity  of  air  drawn  through  the  grate. 
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PUMPS. 

1078.  The  Suction  Pump. — A  section  of  an  ordi- 
nary suction  pump  is  shown  in  F  ig.  205.  Suppose  the  piston 
to  be  at  the  bottom  of  the  cylinder  and  to  be  just  on  the 
point  of  moving  upwards  in  the  direction  of  the  arrow.  As 
the  piston  rises  it  leaves  a  vacuum  behind  it.  and  the  atmos- 
pheric pressure  upon  the  surface  of  the  water  in  the  well 
causes  it  to  rise  in  the  pipe  P,  for  the  same  reason  that  the 
mercury  rises  in  the  barometer  tube.     The  water  rushes  up 


the  pipe  and  lifts  the  valve  V,  filling  the  empty  space  in  the 
cylinder  B  displaced  by  the  piston.  When  the  piston  has 
reached  the  end  of  its  stroke,  the  water  entirely  fills  the 
space  between  the  bottom  of  the  piston  and  the  bottom  of 
the  cylinder  and  also  the  pipe  P.  The  instant  that  the  piston 
begins  its  down  stroke,  the  water  in  the  chamber./?  tends  to 
fall  back  into  the  well,  and  its  weight  forces  the  valve  f'to  its 
seat,  thus  preventing  any  downward  flow  of  the  water.  The 
piston  now  tends  to  compress  the  water  in  the  chamber  i?, 
but  this  is  prevented  through  the  opening  of  the  valves  u,  u 
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in  the  piston.  When  the  piston  has  reached  the  end  of  its 
downward  stroke,  the  weight  of  the  water  above  closes  the 
valves  «,  «.  All  the  water  resting  on  the  top  of  the  piston  is 
then  lifted  with  the  piston  on  its  upward  stroke,  and  dis- 
charged through  the  spout  A,  the  valve  V  again  opening, 
and  the  water  filling;  the  space  below  the  piston  as  before. 

It  is  evident  that  the  distance  between  the  valve  I^and 
the  surface  of  the  water  in  the  well  must  not  exceed  34  feet, 
the  highest  column  of  water  which  the  pressure  of  the  atmos- 
phere will  sustain,  since  otherwise  the  water  in  the  pipe 
would  not  reach  to  the  height  of  the  valve  V.  In  practice 
this  distance  should  not  exceed  28  feet.  This  is  due  to  the 
fact  that  there  is  a  little  air  left  between  the  bottom  of  the 
piston  and  the  bottom  of  the  cylinder,  a  little  air  leaks 
through  the  valves  which  are  not  perfectly  air-tight,  and  a 
pressure  is  needed  to  raise  the  valve  against  its  weight, 
which,  of  course,  acts  downwards.  There  are  many  vari- 
eties of  the  suction  pump,  differing  principally  in  the  valves 
and  piston,  but  the  principle  is  the  same  in  all. 

1079.     Tbe  Lifting  Pump.— A 

section  of  a  lifting  pump  is  shown 
in  Fig.  20G.  These  pumps  are  used 
when  water  is  to  be  raised  to  greater 
heights  than  can  be  done  with  the  or- 
dinary suction  pump.  As  will  be  per- 
ceived, it  is  essentially  the  same  as  the 
pump  previously  described,  except 
that  the  spout  is  fitted  with  a  cock 
and  has  a  pipe  attached  to  it,  leading 
to  the  point  of  discharge.  If  it  is  de- 
sired to  discharge  the  water  at  the 
spout,  the  cock  maybe  opened;  other- 
wise, the  cock  is  closed,  and  the  water 
is  lifted  by  the  piston  up  through  the 
pipe  P  to  the  point  of  discharge,  the 
valve  c  preventing  it  from  falling  back 
into    the    pump,    and  the    valve     V  fig.  sob. 
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preventing  the  water  in  the  pump  from  falling  hack  into 
the  well.  It  is  not  necessary  that  there 
should  be  a  second  pipe  /*,  as  shown  in  the 
figure,  for  the  pipe  P  may  be  continued 
straight  upwards,  as  shown  in  Fig.  207. 

1080.  In  the  figure  is  shown  a  section  of 
a  lifting  pump  for  raising  water  from  great 
depths,  as  from  the  bottom  of  mines  to  the 
surface.  This  pump  consists  of  a  series  of 
pipes  connected  together,  of  which  the  lower 
end  only  is  shown  in  the  cut.  That  part  of 
the  pipe  included  between  the  letters^  and 
B  forms  the  pump  cylinder  in  which  the 
piston  P  works.  That  part  of  the  pipe 
above  the  highest  point  of  the  piston  travel, 
through  which  the  water  is  discharged,  is 
called  the  delivery  pipe,  and  the  part 
below  the  lowest  point  of  the  piston  travel 
is  called  the  suction  pipe.  The  lower  end 
of  the  suction  pipe  is  expanded,  and  has  a 
number  of  small  holes  in  it,  to  keep  out  the 
solid  matter.  C  is  a  plate  covering  an  open- 
ing, and  which  may  be  removed  to  allow  the 
suction  valve  to  be  repaired.  D  is  a  plate 
covering  a  similar  opening  through  which 
the  piston  and  piston  valves  may  be  re- 
paired. The  piston  rod,  or  rather  the  piston 
stem,  is  made  of  wrought  iron,  inserted 
with  wood,  and  connected  with  the  piston. 
The  only  limit  to  the  height  to  which  a 
pump  of  this  kind  can  raise  water  is  the 
strength  of  the  piston  rod.  Lifting  pumps 
of  this  kind  are  used  to  raise  water  from 
great  depths  to  the  earth's  surface ;  hence, 
a  very  long  piston  rod  is  necessary.  In  the 
lifting  pump  shown  in  Fig.  206  the  water  is 
fig.  aw.  raised  from  a  point  a  few  feet  below  the 
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earth's  surface  to  a  point  considerably  higher.  This  re- 
quires the  piston  rod  to  move  through  a  stuffing-box,  as 
shown  at  S,  and  also  necessitates  the  rod  being  round,  in 
order  that  the  water  may  not  leak  out. 

1081.     Force  Pumps The  force  pump  differs  from 

the  lifting  pump  in  several  important  particulars,  but 
chiefly  in  the  fact  that  the  piston  is  solid;  that  is,  it  has  no 
valves.  A  section  of  a  suction  and  force  pump  is  shown  in 
Fig.  208.  The  water  is  drawn  up  the  suction  pipe  as  before, 
when  the  piston  rises;  but  when  the  piston  reverses,  the 
pressure  on  the  water  caused  by  the  descent  of  the  piston 
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opens  the  valve  V' said  forces  the  water  up  the  delivery  pipe 
/".  When  the  piston  again  begins  its  upward  movement, 
the  valve  V  is  closed  by  the  pressure  of  the  water  above  it, 
and  the  valve  Vis  opened  by  the  pressure  of  the  atmosphere 
on  the  water  below  it,  as  in  the  previous  cases.  For  an 
arrangement  of  this  kind,  it  is  not  necessary  to  have  a  stuff- 
ing-box. The  water  may  be  forced  to  almost  any  desired 
height.  The  force  pump  differs  again  from  the  lifting  pump 
in  respect  to  its  piston  rod,  which  should  not  be  longer  than 
is  absolutely  necessary  in  order  to  prevent  it  from  buckling, 
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while  in  the  lifting  pump  the  length  of  the  piston  rod  is  a 
matter  of  indifference, 

1 082.     Plunger  Pumps. — When  force  pumps  are  used 
to  convey  water  to  great  heights,  the  pressure  of  the  water 
in  the  cylinder  becomes  so  great  that  it  becomes  extremely 
difficult  to  keep  the  water  from  leaking  past  the  piston,  and 
the  constant   repairing  of   the  piston   packing    becomes  a 
nuisance.     To  obviate  this  difficulty  the  piston  is  made  very 
long,  as  shown  in  Fig.  209,   and  is 
then  called  a  plunger.     The  suc- 
tion valve  in  this  case  consists  of 
two  clack  valves  inclined  to  each 
other  and  resting  upon  a  square 
pin  A  ■  they  are   prevented  from 
m  flying  back  too  far  during  the  up 
stroke  of  the  plunger  by  the  two 
uprights  /,  /     During  the  down 
stroke  of  the  plunger  the  valves  at 
A   are   closed    and    the   delivery 
valve  at  B  is  open.     A  little  air  is 
always  carried  into  the  cylinder  of 
a  pump  with  the  entering  of  the 
water.     In  force  pumps  this  fact 
becomes  a  serious   consideration, 
since,  after  repeated  strokes,  the 
air    accumulates,   and  during  the 
down  stroke  of  the  plunger  it  is 
compressed.       After    a     time    it 
Fio.  xa.       would    become    sufficiently   com- 
pressed to  entirely  prevent  the  water  from  entering  through 
the  suction  valve,  the  pressure  on  the  top  of  the  valve  being 
greater  than  that  of  the  atmosphere  below.     In  the  pump 
shown  in  the  figure,  the  plunger  is  a  trifle  smaller  than  the 
cylinder,  and  the  air  collects  around  the  plunger  below  the 
stuffing-box.     To  remove  this  air  a  narrow  passage  C,  shown 
by  the  dotted  lines,  that  can  be  closed  at  its  upper  end  by 
the   cock  D,  connects  the   interior  of  the  pump  with  the 
atmosphere  when  the  cock  is  open.     It  is  evident  that  this 
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cock  must  not  be  opened,  except  during  the  down  stroke  of 
the  plunger ;  for,  if  it  were  open  during  the  up  stroke,  the 
pressure  below  the  plunger  being  less  than  the  pressure  of 
the  atmosphere  above,  the  air  would  rush  in  instead  of  being 
expelled. 

1083-  Double-Acting  Pumps. — In  the  pumps  pre- 
viously described,  the  discharge  was  intermittent;  that  is, 
the  pump  could  only  discharge  when  the  piston  was  moving 
in  one  direction.  In  some  cases  it  is  necessary  that  there 
should  be  a  continuous  discharge;  in  all  cases  it  takes  more 
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power  to  run  the  pump  with  an  intermittent  discharge,  as  a 
little  consideration  will  show.  If  the  height  that  the  water 
is  to  be  raised  is  considerable,  its  weight  will  be  very  great, 
and  the  entire  mass  must  be  put  in  motion  during  one  stroke 
of  the  piston. 

In  order  to  obtain  the  advantage  of  a  more  continuous  dis- 
charge,  double-acting  pumps  are  used.     Fig.  210  shows  a 
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part  sectional  view  of  such  a  pump.  Two  pistons  a  and  b 
are  used,  which  are  operated  by  one  handle  c  in  the  manner 
shown.  The  pump  has  one  suction  pipe  s  and  one  discharge 
pipe  d.  The  cylinders  e  and  f  are  separated  by  a  diaphragm 
g,  so  that  they  cannot  communicate  with  each  other  above 
the  pistons.  In  the  figure,  the  handle  c  is  moving  to  the 
right,  the  piston  a  upwards,  and  the  piston  b  downwards. 
As  the  piston  a  moves  upwards,  it  lifts  the  water  above  it 
and  causes  it  to  flow  through  the  delivery  valve  h  into  the 
discharge  pipe  d.  This  upward  movement  of  the  piston 
creates  a  partial  vacuum  below  it  in  the  cylinder  ey  and 
causes  the  water  to  rush  up  the  suction  pipe  s  into  the  cyl- 
inder, as  shown  by  the  arrows.  In  the  cylinder/",  the  down- 
ward movement  of  the  piston  b  raises  the  piston  valve  v,  and 
the  weight  of  the  water  on  the  suction  valve  i  keeps  it  closed. 
When  the  handle  c  has  completed  its  movement  to  the  right 
and  begins  its  return,  all  of  the  valves  on  the  right-hand  side 
open  except  vy  and  those  on  the  left-hand  side  close  except 
/ ;  water  is  then  discharged  into  the  delivery  pipe  by  the 
x  cylinder/",  and  only  at  the  instant  of  reversal  is  the  flow  into 
the  delivery  pipe  d  stopped. 

1084.  Air  Chambers. — In  order  to  obtain  a  continu- 
ous flow  of  water  in  the  delivery  pipe,  with  as  nearly  a  uniform 
velocity  as  possible,  an  air  chamber  is  usually  placed  on 
the  delivery  pipe  of  force  pumps  as  near  to  the  pump  cyl- 
inder as  the  construction  of  the  machine  will  allow.  The 
air  chambers  are  usually  pear-shaped,  with  the  small  end 
connected  to  the  pipe.  They  are  filled  with  air  which  the 
water  compresses  during  the  discharge.  During  the  suction, 
the  air  thus  compressed  expands  and  acts  as  an  accelerating 
force  upon  the  moving  column  of  water,  a  force  which 
diminishes  with  the  expansion  of  the  air,  and  helps  to  keep 
the  velocity  of  the  moving  column  more  nearly  uniform. 
An  air  chamber  is  sometimes  placed  upon  the  suction  pipe. 
These  air  chambers  not  only  tend  to  promote  a  uniform  dis- 
charge, but  they  also  equalize  the  stresses  upon  the  pump, 
and  prevent  shocks  due  to  the  incompressibility  of  water. 
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They  serve  the  same  purpose  in  pumps  that  a  fly-wheel  does 
to  the  steam  engine.  Unless  the  pump  moves  very  slowly, 
it  is  absolutely  necessary  to  have  an  air  chamber  on  the 
delivery  pipe. 

1085.  Steam  Pumps. — Steam  pumps  are  force 
pumps  operated  by  steam  acting  upon  the  piston  of  a  steam 
engine,  directly  connected  to  the  pump,  and  in  many  cases 
cast  with  the  pump.  A  section  of  a  double-acting  steam 
pump  showing  the  steam  and  water  cylinders,  with  other 
details,  is  illustrated  in  Fig.  211.     Here  G  is  a  steam  piston. 


Fig.  £11. 

and  R  the  piston  rod,  which  is  secured  at  its  other  end  to 
the  plunger  P.  F  is  a  partition  cast  with  the  cylinder, 
which  prevents  the  water  in  the  left-hand  half  from  com- 
municating with  that  in  the  right-hand  half  of  the  cylinder. 
Suppose  the  piston  to  be  moving  in  the  direction  of  the 
arrow.  The  volume  of  the  left-hand  half  of  the  pump  cylin- 
der will  be  increased  by  an  amount  equal  to  the  area  of  the 
circumference  of  the  plunger,  multiplied  by  the  length  of 
the  stroke,  and  the  volume  of  the'right-hand  half  of  the  cylin- 
der will  be  diminished  by  a  like  amount.     In  consequence 

T.    l.—S-i 
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of  this,  a  volume  of  water  in  the  right-hand  half  of  the 
cylinder  equal  to  the  volume  displaced  by  the  plunger  in  its 
forward  movement  will  be  forced  through  the  valves  V\  Vx 
into  the  air  chamber  A,  through  the  orifice  D,  and  then  dis- 
charged through  the  delivery  pipe  If.  By  reason  of  the 
partial  vacuum  in  the  left-hand  half  of  the  pump  cylinder, 
owing  to  this  movement  of  the  plunger,  the  water  will  be 
drawn  from  the  reservoir  through  the  suction  pipe  C  into 
the  chamber  K9  K,  lifting  the  valves  S',  S\  and  filling  the 
space  displaced  by  the  plunger.  During  the  return  stroke 
the  water  will  be  drawn  through  the  valves  S9  S  into  the 
right-hand  half  of  the  pump  cylinder,  and  discharged 
through  the  valves  V,  V  in  the  left-hand  half.  Each  one  of 
the  four  suction  and  four  discharge  valves  is  kept  to  its  seat, 
when  not  working,  by  light  springs,  as  shown. 

There  are  many  varieties  and  makes  of  steam  pumps,  the 
majority  of  which  are  double-acting.  In  many  cases  two 
steam  pumps  are  placed  side  by  side,  having  a  common 
delivery  pipe.  This  arrangement  is  called  a  duplex  pump. 
It  is  usual  to  so  set  the  steam  pistons  of  duplex  pumps  that 
when  one  is  completing  the  stroke  the  other  is  in  the  middle 
of  its  stroke.  A  double-acting  duplex  pump  made  to  run  in 
this  manner,  and  having  an  air  chamber  of  sufficient  size, 
will  deliver  water  with  nearly  a  uniform  velocity. 

In  mine  pumps  for  forcing  water  to  great  heights,  the 
plungers  are  made  solid,  and  in  most  cases  extended  through 
the  pump  cylinder.  In  many  steam  pumps  pistons  are  used 
instead  of  plungers,  but  when  very  heavy  duty  is  required 
plungers  are  preferred. 

IO86.  Centrifugal  Pumps. — Next  to  the  direct-act- 
ing steam  pump,  the  centrifugal  pump  is  the  most  valu- 
able instrument  for  raising  water  to  great  heights  that  has 
yet  been  described.  As  the  name  denotes,  the  effects  pro- 
duced by  centrifugal  force  are  made  use  of.  Fig.  212  repre- 
sents one  with  half  of  the  casing  removed.  The  hub  5  is 
hollow,  and  is  connected  directly  to  the  suction  pipe. 
The  curved  arms  ay  called  vanes  or  wings,  are  revolved 
with  a  high  velocity  in  the  direction  of  the  arrow,  and  the 
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air  enclosed  between  them  is  driven  out  through  the  dis- 
charge passage  and  delivery  pipe  D  D.     This  creates  a  par- 
tial vacuum  in  the  casing  and  suction  pipe,  and  causes  the 
water  to  flow  in  through  5.     This  water  is  also  made  to 
revolve  with  the  vanes,  and,  of  course,  with  the  same  velocity. 
The  centrifugal  force  of  the  revolving  water  causes  it  to  fly 
outwards    towards    the  end   of    the   vanes,   and   becomes 
greater  the   farther  away   it  gets  from  the  center.     This 
causes  it  to  leave  the  vanes,  and  Anally  to  leave  the  pump 
by  means  of  the  discharge  passage  and  delivery  pipe  D  D. 
The  height  to  which  the  water  can  be  forced  depends  upon 
the  velocity  of  the  revolving  vanes.     In  the  construction 
of  the   centrifugal   pump,   particular   care  is  required    in 
giving  thecorrect  form 
to  the  vanes;  the  effi- 
ciency of  the  machine 
depends  greatly  upon 
this    point    being   at- 
tended   to.     What    is  i 
required  is  to  raise  the 
water,  and  the  energy  1 
used  to  drive  the  pump 
should  be  devoted   as 
far  as  possible  to  this 
one   purpose.     The 
water  when  it  is  raised 

should     be     delivered  fio.  ms. 

with  as  little  velocity  as  possible,  for  any  velocity  which 
the  water  then  possesses,  has  been  produced  at  the  expense 
of  the  energy  used  to  drive  the  pump.  The  form  of  the 
vanes  is  such  that  the  water  is  delivered  at  the  desired 
height  with  the  least  expenditure  of  energy. 

The  number  of  vanes  depends  upon  the  size  and  capacity 
of  the  pump.  It  will  be  noticed  that,  in  the  pump  shown  in 
the  figure,  the  vanes  have  sharp  edges  near  the  hub.  The 
object  of  this  is  to  provide  for  a  free  ingress  of  the  water, 
and  also  to  cut  any  foreign  substance  that  may  enter  the 
pump  and  prevent  it  from  working  properly. 
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Almost  any  liquid  can  be  raised  with  these  pumps,  but 
when  used  for  pumping  chemicals,  the  casing  and  vanes  are 
made  of  materials  that  the  chemicals  will  not  affect. 

1087.  The  Hydraulic  Ram. — The  construction  of  a 
hydraulic  ram  is  shown  in  Fig.  213.  This  machine  is  used 
for  raising  water  from  a  point  below  the  level  of  the  water 
in  a  spring  or  reservoir  to  a  point  considerably  higher,  with 
no  power  other  than  that  afforded  by  the  inertia  of  a  moving 
column  of  water.  In  the  figure,  a  is  a  pipe  called  the  drive  pipe, 
connecting  the  ram  with  the  reservoir;  the  valve  b  slides 
freely  in  a  guide,  and  is  provided  with  lock-nuts  to  regulate 
the  distance  that  the  valve  can  fall  below  its  seat.     When 
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the  water  is  first  turned  on  by  opening  the  valve  k,  the  valve 
b  is  already  opened,  and  the  water  flows  out  through  c,  as 
shown.  As  the  discharge  continues,  the  velocity  of  the 
water  in  the  drive  pipe  will  increase  until  the  upward  pres- 
sure against  the  valve  b  is  sufficient  to  force  the  valve  to  its 
seat.  The  actual  closing  of  the  valve  takes  place  very  sud- 
denly, and  the  momentum  of  the  column  of  water,  which 
was  moving  with  an  increasing  velocity  through  the  drive 
pipe  a,  will  very  rapidly  force  some  water  through  the  valve 
d  into  the  air-chamber/".  Immediately  after  this,  a  rebound 
takes  place,  and  for  a  short  interval  of  time  the  water  flows 
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back  up  the  drive  pipe  a  and  tends  to  form  a  vacuum  under 
the  air  chamber  valve  d;  this  opens  the  snifter  valve  g  and 
admits  a  little  air,  which  accumulates  under  the  valve  */and 
is  forced  into  the  air  chamber  with  the  next  shock.  This  air 
keeps  the  air  chamber  constantly  charged ;  otherwise,  the 
water,  being  under  a  greater  pressure  in  the  air  chamber  than 
it  is  in  the  reservoir,  would  soon  absorb  the  air  in  the  cham- 
ber and  the  ram  would  cease  to  work  until  the  chamber  was 
recharged  with  air.  The  rebound  also  takes  the  pressure 
off  the  under  side  of  valve  b  and  causes  it  to  drop,  and  the 
above-described  operations  are  repeated.  The  delivery  pipe 
is  shown  at  e;  a  steady  flow  of  water  is  maintained  through  it 
by  the  pressure  of  the  air  in  the  chamber/;  this  air  also  acts 
as  a  cushion  when  valve  b  suddenly  closes,  and  prevents  un- 
due shock  to  the  parts  of  the  ram. 

The  height  to  which  water  can  be  raised  by  the  hydraulic 
ram  depends  upon  the  weight  of  the  valve  b  and  the  velocity 
of  the  water  in  a. 

IO88.     Power  Necessary  to  Work  a  Pump : 

Rule  I. — In  all pumps ;  whether  lifting,  force,  steam,  single- 
or  double-acting,  or  centrifugal,  the  number  of  foot -pounds  of 
power  needed  to  work  the  pump  is  equal  to  the  weight  of  the 
water  in  pounds,  multiplied  by  the  vertical  distance  in  feet  be- 
tween the  level  of  the  water  in  the  well,  or  source,  and  the 
point  of  discharge,  plus  the  work  necessary  to  overcome  the 
friction  and  other  resistances. 

Rule  II. — The  work  done  in  one  stroke  of  a  pump  is  equal 
to  the  weight  of  a  volume  of  water  equal  to  the  volume  dis- 
placed by  the  piston  during  the  stroke,  multiplied  by  the  total 
vertical  distance  in  feet  through  which  the  water  is  to  be 
raised,  plus  the  work  necessary  to  overcome  the  resistances. 

A  little  consideration  will  make  Rule  II  evident.  Suppose 
that  the  height  of  the  suction  is  25  feet ;  that  the  vertical 
distance  between  the  suction  valve  and  the  point  of  dis- 
charge is  100  feet;  that  the  stroke  of  the  piston  is  15  inches, 
and  that  its  diameter  is  10  inches.  Let  the  diameters  of  the 
suction   pipe    and   delivery  pipe   be  4    inches   each.     The 
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volume  displaced  by  the  pump  piston  or  plunger  in  one  stroke 

equals '        =  .G8177  cubic  foot.    The  weight  of 

l,72o 

an  equal  volume  of  water  =  .68177  X  62.5  =  42.G1063  pounds. 

Now,  in  order  to  discharge  this  water,  all  of  the  water  in 

the  suction  and  delivery  pipes  had  to  be  moved  through  a 

certain  distance  in  feet  equal  to  .68177  divided  by  the  area 

of  the  pipes  in  square  feet. 

7854. 
Four  inches  =  J  of  a  foot.     (i)%  X  .7854  =  *-^P  =  .0872£ 

square  foot.     .68177  +  .0872£  =  7.8125  feet. 

The  weight  of  the  water  in  the  delivery  pipe  is  (£)*  X 
.7854  X  100  X  62.5  =  545.42  pounds. 

The  weight  of  the  water  in  the  suction  pipe  is  (£)'  X  .7854 
X  25  X  62.5  =  136.35  pounds. 

545.42  +  136.35  =  681.77  pounds  =  the  total  weight  of 
water  moved  in  one  stroke.  The  distance  that  it  is  moved  in 
one  stroke  is  7.8125  feet.  Hence,  the  number  of  foot- 
pounds necessary  for  one  stroke  is  681. 77  X  7.8125  =  5,326.33 
foot-pounds.  Had  this  result  been  obtained  by  Rule  II,  the 
process  would  have  been  as  follows :  The  weight  of  the  water 
displaced  by  the  piston  in  one  stroke  was  found  to  be  42.61063 
pounds.  42.61x125  =  5,326.33  pounds,  which  is  exactly 
the  same  as  the  result  obtained  by  the  previous  method,  and 
is  a  great  deal  shorter. 

Example. — What  must  be  the  necessary  horsepower  of  a  double-act- 
ing steam  pump  if  the  vertical  distance  between  the  point  of  discharge 
and  the  point  of  suction  is  96  feet  ?  The  diameter  of  the  pump  cylin- 
der is  8  inches,  the  stroke  is  10  inches,  and  the  number  of  strokes  per 
minute  is  120.     Allow  25£  for  friction,  etc. 

Solution. — Since  the  pump  is  double-acting,  it  raises  a  quantity  of 
water  equal  to  the  volume  displaced  by  the  plunger  at  every  stroke. 
The  weight  of  the  volume  of  water  displaced  in  one  stroke  =  (-fg)9  X 
.7854  X  H  X  62.5  =  18.18  pounds,  nearly. 

18.18  X  96  X  120  =  209,433.6  foot-pounds  per  minute. 

Since  25£  is  to  be  allowed  for  friction,  the  actual  number  of  foot- 
pounds   per    minute  =  209,433.6  -*-  .75  =  279,244.8    foot-pounds    per 

minute. 

279  244  8 
One  horsepower  =  33,000  foot-pounds  per  minute;  hence,     oq*^ 

=  8.462  H.  P.,  nearly.    Ans. 


Elementary  Graphical  Statics. 


PROPERTIES  OF  FORCE. 


1089.  Before  beginning  the  subject  of  Graphical  Stat- 
ics, it  will  be  well  to  restate  some  of  the  fundamental  prin- 
ciples of  mechanics,  and  explain  them  somewhat  more  at 
length  than  has  been  done  in  former  articles. 

Force,  so  far  as  we  know,  always  relates  to  bodies,  and 
may  be  defined  as  the  action  of  a  body  upon  another,  causing, 
or  tending  to  cause,  motion  in  the  latter. 

1090.  If  two  forces  act  upon  a  body,  tending  to  pro- 
duce the  same  amount  of  motion,  but  in  opposite  directions, 
it  is  evident  that  there  can  be  motion  in  neither  direction. 
The  forces  are  then  said  to  be  balanced  or  in  equilibrium. 

This  condition  is  not  limited  to  two  forces ;  three  or  more 
forces  may  so  act  upon  a  body  as  to  be  balanced  among 
themselves,  as  when  a  body  hangs  by  two  or  more  ropes; 
here  the  weight  of  the  body,  which  is  one  of  the  forces,  bal- 
ances the  pulls  of  the  ropes,  which  are  the  other  forces. 

1091.  When,  on  the  contrary,  a  force  acting  upon  a 
body  is  not  resisted  by  an  equal  and  opposite  force,  motion 
takes  place,  and  the  force  is  said  to  be  unbalanced. 

1092.  The  general  laws  of  force  and  its  effects  are  the 
subject  of  the  science  of  mechanics. 

Statics  is  that  branch  of  mechanics  which  treats  of  bal- 
anced  forces — that   is,   of   the   conditions   of    equilibrium. 

1093.  In  order  to  determine  the  effect  of  a  force,  it  is 
necessary  to  consider  (1)  its  point  of  application;  (2)  its 
direction,  and  (3)  its  magnitude. 

For  notice  of  copyright,  see  page  immediately  following*  the  title  page. 
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1094.  The  point  of  application  of  a  force  is  the 
point  at  which  the  force  is  applied  and  upon  which  its  effect 
is  exerted.  The  point  of  application  c*  a  force  is  usually 
known. 

1 095»  The  direction  of  a  force  is  the  direction  in  which 
it  tends  to  move  its  point  of  application;  the  line  along 
which  it  tends  to  move  the  point  of  application  is  called  the 
line  of  action  of  the  force. 

The  motion  produced  by  an  unbalanced  force  will  always 
be  in  a  straight  line,  and  the  line  of  action  of  a  force  may 
always  be  represented  by  a  straight  line.  For  convenience, 
any  point  in  the  line  of  action  of  a  force  may  be  taken  as  its 
point  of  application. 

If  several  forces  have  a  common  point  of  application,  or 
their  lines  of  action  meet  at  a  common  point,  they  are  called 
concurring:  forces.  If  their  lines  of  action  do  not  meet 
at  a  common  point,  they  are  called  non-concurring 
forces. 

It  is  evident  that  the  line  of  action  of  a  force  does  not  fully 
define  or  fix  its  direction,  for  the  force  might  act  towards 
either  end  of  the  line ;  the  direction  in  which  a  force  acts 
along  its  line  of  action  is  caJled  the  sense  of  the  force. 

The  direction  of  a  force  must  not  be  confused  with  its  line 
of  action.  The  line  of  action  must  pass  through  the  point  of 
application ;  while  the  direction  may  be  represented  by  any 
line  parallel  to  the  line  of  action. 

The  direction  of  a  force  includes  its  line  of  action  and  its 
sense. 

The  lines  of  action  of  all  forces  considered  here  will  be 
understood  to  lie  in  the  same  plane. 

1096.  The  magnitude  of  a  force  is  measured  by  com- 
parison with  some  known  force  or  with  some  assumed  unit 
of  force.  Unless  otherwise  specially  stated,  the  unit  of 
magnitude  herein  assumed  for  forces  will  always  be  one 
pound. 

1097.  Resultants  and  Components. — The  result- 
ant  of   any  number  of   forces  is  that  single  force  which 
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will  produce  the  same  effect  as  that  produced  by  the  com- 
bined action  of  those  forces,  and,  on  the  contrary,  if  several 
forces  acting  together  can  produce  the  same  effect  as  that 
produced  by  a  single  force,  they  are  called  the  components 
of  that  force. 

The  process  (by  whatever  method)  of  finding  the  resultant 
of  several  forces  is  called  the  composition  of  forces. 

The  process  of  resolving  a  force  into  its  components  is 
called  the  resolution  of  forces. 

In  any  investigation  in  statics,  the  components  may  be  re- 
placed  by  the  resultant,  or  the  resultant  by  the  components, 

1098.  Problems  in  statics  are  solved  by  assuming  the 
condition  of  equilibrium. 

If  several  forces  are  in  equilibrium  and  the  magnitudes 
and  directions  of  all  but  a  certain  number  of  them  are 
known,  the  magnitudes  and  directions  of  the  unknown  forces 
can,  in  some  cases,  be  ascertained  by  determining  the  rela- 
tions between  the  known  forces  and  those  which  are  neces- 
sary to  balance  them. 

The  operation  of  finding  the  values  of  the  unknown  forces 
in  a  combination  of  forces  which  are  in  equilibrium  is  similar 
to  the  solution  of  an  algebraic  equation.  In  the  latter  case, 
the  condition  of  equality  is  assumed  between  the  members 
of  the  equation ;  in  the  former  case,  the  condition  of  equi- 
librium is  assumed  between  the  forces;  in  either  case,  the 
values  of  the  unknown  quantities  are  ascertained  by  means 
of  their  relations  to  the  known  quantities. 


THE    GRAPHICAL   REPRESENTATION   OF 

FORCES. 

1099»  In  the  geometrical  solution  of  mechanical  prob- 
lems every  force  is  represented  by  a  straight  line  that  either 
coincides  with,  or  is  parallel  to,  the  line  of  action  of  the 
force.  The  magnitude  of  the  force  is  represented  by  the 
length  of  the  line,  and  its  sense  by  an  arrow-head  pointing 
in  the  direction  in  which  the  force  tends  to  move  its  point 
of  application. 
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In  Fig.  214,  the  line  A  2?  represents  a  force  of  300  pounds 
to  a  scale  of  200  pounds  to  the  inch ;  that  is,  every  inch  of 

length   represents   200    pounds    of 
A       *~  B  force.     The  length  of  A  B  is,  there- 

Pio.  214.  fore,  IJJ  =  1£  inches.     The  arrow- 

head indicates  that  the  force  acts  from  A  towards  B. 

A  decimally  divided  scale,  i.  e.,  a  scale  of  10,  20,  30,  40, 
or  50  divisions  to  the  inch,  is  the  most  convenient  to  use  in 
representing  forces.  As  the  larger  the  scale  used,  the  more 
accurate  are  the  results,  it  is  always  best  to  use  as  large  a 
scale  as  may  be  expedient. 

If  the  position  of  the  line  represents  the  line  of  action  of 
the  force,  and  the  point  of  application  is  at  A,  then  the  force 
tends  to  pull  the  point  of  application  A  towards  B;  but,  if 
B  is  the  point  of  application,  then  the  force  tends  to  push 
it  away  from  A,  If  the  force  be  applied  at  any  point  along 
its  line  of  action  (between  A  and  B,  or  in  line  beyond  A  or 
beyond  B),  its  effect  will  be  the  same;  namely,  a  tendency 
to  move  the  point  of  application  along  the  same  straight 
line,  A  B,  or  A  B  produced,  in  the  direction  indicated  by 
the  arrow-head.  (See  Art.  1095.)  Usually,  the  point  of 
application  of  a  force  is  considered  to  be  at  one  end  of  the 
line  representing  the  force. 

Hereafter,  the  arrow-head,  indicating  the  sense  of  a  force, 

will  be  placed  between  that  end  which  represents  the  point  of 

application,  and  the  center  of  the  line.     This  practice  will 

here  be  conventionally  followed;  thus,  in  Fig.  214,  the  point 

of  application  of  the  force  is  understood  to  be  at  A. 

Note. — When  the  direction  of  a  force  is  given  by  its  angle,  it  will 
be  understood  according  to  the  note  in  Art.  879. 

1  lOO.  It  is  thus  seen  that  forces  may  be  correctly  rep- 
resented by  lines;  this  is  called  the  graphical  method  of 
representing  forces.  The  method  is  made  very  valuable  by 
the  additional  fact  that  the  relations  necessary  to  the  condi- 
tion of  equilibrium  between  the  forces  so  represented,  can  be 
determined  by  applying  the  principles  of  geometry  to  the  lines 
so  used. 

A   combination   of  forces  may   thus   be  analyzed;   such 
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geometrical  or  graphical  analysis  of  balanced  forces  is  called 
graphical  statics. 

Graphical  Statics  may,  therefore,  be  defined  as  a  method 
of  solving  statical  problems  by  means  of  diagrams  in  which 
the  lengths  and  directions  of  the  lines  represent,  respectively, 
the  magnitudes  and  directions  of  the  forces  treated. 


CONCURRING   FORCES. 

1 1  Ol .     The  Force  Polygon. 

Referring  to  Fig.  117,  Art.  881,  it  will  be  remembered 
that^*  a  represents  the  resultant  of  g  f  f  e,  c  d,  etc.,  which 
means  that  the  forces  £•/,  f  e,  etc.,  may  be  replaced  by  the 
single  force  g  a.  Now.  if  we  apply  a  force  equal  to  g  a,  but 
in  opposite  direction,  the  two  will  balance  each  other;  or, 
what  is  the  same  thing,  the  new  force  will  balance  the  com- 
bination of  forces  gf  f  e,  etc.  This  is  indicated  by  simply 
changing  the  arrow-head  on  line  a  g.  Hence  the  following 
principles : 

(a)  If  any  number  of  forces  are  in  equilibrium,  lines  repre- 
senting the  forces  in  magnitude  and  direction,  drawn  end  to 
end  consecutively,  must  form  a  closed  polygon. 

Conversely :  (b)  If  any  number  of  concurring  forces  can 
be  represented  by  the  sides  of  a  closed  polygon,  in  such  a  man- 
ner  that  the  directions  of  the  arrow-heads  will  follow  each 
other  around  the  polygon,  the  forces  are  in  equilibrium. 

The  special  condition  of  equilibrium  in  drawing  the  force 
polygon  is  that  it  must  close.  The  arrow-heads  on  the  lines 
forming  the  sides  of  the  polygon  must  be  so  placed  that  a 
pencil  passed  successively  over  each  line  in  the  direction 
indicated  by  the  arrow-head  will  move  continuously  around 
the  polygon  to  the  place  of  beginning;  the  arrozv-licads  on 
any  two  adjacent  sides  must  not  point  towards  the  point  of 
intersection  of  the  two  sides. 

If  the  lines  of  action  of  all  the  forces  are  parallel,  the 
closed  polygon  will  be  a  straight  line;  in  this  case,  the 
pencil  would  travel  from  one  end.  of  the  line  to  the  opposite 
end  and  back  again  to  tne  starting  point. 
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11 02.  Lines  representing  forces  in  equilibrium,  if 
drawn  end  to  end,  will  always  form  a  closed  polygon,  whether 
the  forces  do  or  do  not  meet  at  a  common  point ;  but  forces 
which  are  represented  by  the  sides  of  a  closed  polygon  are 
not  necessarily  in  equilibrium  unless  they  are  concurring 
forces.  If  the  forces  so  represented  are  non-concurring 
forces,  their  lines  of  action  may  be  so  arranged  that  their 
resultants  will  form  what  is  known  as  a  couple. 

Illustration. — In  Fig.  215,  the  lines  A  (9=30  lb., 
O  B  =  80  lb.,  C  O  =  20  lb.,  D  O  =  60  lb.,  O  £  =  75  lb.,  and 


80  Ih, 


Scale  J"=64  lb. 


PIO.  215. 

F  O  =  40  lb. ,  represent  forces  which  meet  at  the  common 
point  O.  The  lengths  of  the  lines  represent  the  mag- 
nitudes of  the  forces  to  a  scale  of  64  lb.  =  1  in. ;  the  directions 
and  positions  of  the  lines  represent  the  lines  of  action  of  the 
forces ;  one  end  of  each  line  is  at  the  point  of  application  of 
the  force  which  it  represents,  while  an  arrow-head  marked 
upon  it  indicates  the  sense  of  the  force.     All  the  forces  are 
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exerted  in  directions  towards  the  common  point  of  applica- 
tion Oy  except  those  represented  by  the  lines  O  B  and  O  £f 
which  act  in  directions  away  from  O. 

In  Fig.  215  {a)y  the  line  a  O  =  30  lb.  =$£  =  ££  in.,  is 
drawn  equal  and  parallel  to  A  O;  as  indicated  by  the  arrow- 
head, it  was  drawn  from  a  towards  Oy  the  movement  being 
parallel  to  the  sense  of  the  force  A  O;  in  other  words,  the 
line  a  O  is  drawn  parallel,  not  simply  to  the  line  A  O,  but 
to  the  direction  (i.  e.,  line  of  action  and  sense)  of  the  force 
represented  by  it ;  likewise,  from  (9,  the  line  O  b  —•  80  lb.  = 
\\  =  \\  in.,  is  drawn  equal  and  parallel  to  O  B;  from  b  the 
line  b  r  =  20  lb.  =  f£  = -^  in.,  is  drawn  equal  and  parallel 
to  C  O;  from  c  the  line  c  d  =  60  lb.  =  |J  =  \\  in.,  is  drawn 
equal  and  parallel  to  DO;  from  d  the  line  d  e  =  75  lb.  = 
f|  =  \\\  in.,  is  drawn  equal  and  parallel  to  O  E  and  from  ey 
the  line  e  a  =  40  lb.  =  |J  =  £  in.,  is  drawn  equal  and  parallel 
to  F  O.  The  terminus  of  the  last  line  falls  just  at  the  start- 
ing point  a,  forming  a  closed  figure;  therefore,  these  forces, 
which  meet  at  a  common  point,  must  be  in  equilibrium.  A 
pencil  passed  along  each  line  successively  in  the  direction 
indicated  by  the  arrow-heads  will  return  to  the  starting 
point. 

In  Fig.  215,  (a)  is  a  force  polygon  for  the  forces  repre- 
sented in  Fig.  215.  In  drawing  this  force  polygon,  the 
forces  were  taken  in  order  passing  around  the  point  O,  in  a 
direction  opposite  to  the  movement  of  the  hands  of  a  clock ; 
practically  the  same  results,  i.  e.,  the  same  relations  between 
the  lines,  would  have  been  obtained  had  the  forces  been 
taken  in  any  order.  In  (b)  and  (c)  the  forces  were  not  taken 
in  regular  order.  For  the  purposes  of  graphical  statics,  it 
makes  no  difference  in  what  ordt  r  the  lines  are  drawn  ;  the 
relative  lengths  of  the  lines  necessary  to  form  a  closed  poly- 
gon are  the  same  in  any  case.  It  is  usually  the  most  con- 
venient, however,  to  take  the  forces  in  order  around  the 
point  of  application.  It  is  not  necessary  to  use  the  same 
scale  to  represent  the  forces  in  the  force  polygon,  as  (a) 
that  was  used  to  represent  them  in  the  original  figure,  as 
Fig.  215. 
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1103.  In  the  force  polygon,  place  the  arrow-head  in 
each  case  a  little  to  one  side  of  the  center  of  the  line  and 
nearer  to  the  end  of  the  line  corresponding  to  the  point  of 
application.  (See  Art.  1099.)  If  the  sense  of  the  force 
is  towards  the  point  of  application,  the  arrow-head  should 
point  towards  the  shorter  portion  of  the  line,  but  if  the  sense 
of  the  force  is  away  from  the  point  of  application,  the  arrow- 
head should  point  towards  the  longer  portion  of  the  line. 
The  advantage  of  this  practice  will  be  shown  further  along. 

1104.  The  point  of  application  of  the  forces  can  not  be 
represented  in  the  force  polygon  by  a  single  point.  In  Fig.  215 
each  line  not  only  represents  the  magnitude  and  direction 
of  a  force,  but  it  also  definitely  locates  its  line  of  action. 
The  point  of  application  of  each  force  must  be  some  point 
in  its  line  of  action ;  in  this  case  it  is  the  common  point  O. 
But  in  the  force  polygon  (a),  (b)y  or  (r),  each  line  is  simply 
drawn  parallel  to  the  direction  of  the  corresponding  force; 
it  does  not  in  any  manner  indicate  either  its  line  of  action 
or  its  point  of  application;  it  represents  the  force  in 
magnitude  and  direction  only. 

1 1  ()5.  The  Triangle  of  Forces  and  the  Equi- 
librant. 


In    Fig.  216,    the    lines    A 

A 


O  and  O  B  represent  two 
forces  whose  lines  of  action 
meet  at  an  angle  of  30 
degrees  at  the  common 
point  O.  The  force  A  O  = 
35  pounds  and  O  B  =  45 
pounds.  The  scale  used  is 
32  pounds  to  the  inch.  As 
the  lines  A  O  and  O  B  can 
not  be  so  drawn  as  to  form 
a  closed  figure,  the  forces 
cannot  be  in  equilibrium.  (Arts.  HOI  and  1102.)  But 
it  is  evident  that  a  line  drawn  from  B  to  Ay  as  indicated  by 
the  dotted  line  B  A,  would  fulfil  this  condition;  for  a  pencil 
coijkj.  then  start  at  A,  and,  passing  along  each  line  in  the 
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direction  indicated  by  the  arrow-heads,  travel  entirely 
around  the  figure  and  return  to  the  starting  point.  The 
force  B  A  (meaning  the  force  represented  in  magnitude  and 
direction  by  the  line  B  A)  is,  therefore,  in  equilibrium  with 
the  forces  A  O  and  0  B;  measured  to  the  scale  used  it 
equals  23  pounds.  The  position,  with  reference  to  the 
point  of  application,  of  the  force  represented  by  B  A 
may  be  represented  by  either  C  O  or  O  C ,  each  equal  to 
B  A. 

As  explained  in  Art.  11019a  force  equal  to  B  A,  but 
acting  in  the  opposite  direction  (with  the  arrow-head  re- 
versed), would  be  the  resultant  of  the  two  forces  A  0  and 
O  B.  In  general,  if  the  direction  of  the  arrow-head  on  any 
line  of  an  equilibrium  polygon  be  reversed,  the  force  repre- 
sented by  that  line  will  be  the  resultant  of  all  the  forces 
represented  by  the  other  lines  of  the  polygon. 

1106.  The  complete  triangle  A  O  B  A,  Fig.  216,  is 
called  a  triangle  of  forces;  B  A  is  called  the  closing 
line. 

A  force  which  is  in  equilibrium  with  any  combination  of 
forces  is  called  the  equilibrant  of  the  original  forces;  it 
must  be  equal  in  magnitude,  but  opposite  in  direction  to 
their  resultant,  and  is  sometimes  called  the  anti-resultant. 

The  equilibrant  is  the  force  which,  when  added  to  any 
combination  of  forces  not  in  equilibrium,  will  produce 
equilibrium  between  all  the  forces. 

In  the  usual  language,  a  force  or  system  of  forces  is  said 
to  be  equilibrated,  or  balanced,  by  the  equilibrant. 

1107.  From  the  foregoing  may  be  deduced  the 
following  principles : 

(a)  If  two  concurring  forces  are  respectively  represented  in 
magnitude  and  direction  by  lines  drawn  end  to  end,  a  third 
line  drawn  from  the  unconnected  end  or  terminus  of  the  second 
to  the  beginning  of  the  first  line,  completing  the  triangle \  will 
represent  in  magnitude  and  direction  the  equilibrant  of  the 
original  forces. 
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(b)  If  the  third  line  is  drawn  in  the  opposite  direction, 
from  the  beginning  of  the  first  line  to  the  terminus  of 
the  second,  it  will  represent  the  resultant  of  the  two  original 
forces. 

(c)  If  three  forces  are  in  equilibrium,  each  force  will  be 
the  equilibrant  of  the  other  two  ;  each  force  will  be  equal  in 
magnitude,  but  opposite  in  direction,  to  the  resultant  of  the 
other  two. 

(d)  The  line  representing  the  equilibrant  of  two  forces  fnay 
be  changed  to  represent  their  resultant,  or  the  line  represent- 
ing  their  resultant  may  be  changed  to  represent  their 
equilibrant  by  simply  reversing  the  direction,  of  the  arrow- 
head. 

Example. — Two  forces,  A  O  =  100  pounds,  and  O  2?  =  122  pounds 
(Fig.  216),  act  upon  a  body  at  the  common  point  O,  their  lines  of  action 
meeting  at  an  angle  of  35  degrees ;  the  sense  of  A  O  is  towards  O,  and 
the  sense  of  O  B  is  away  from  O.  What  is  the  magnitude  of  their 
equilibrant  ? 

Solution. — Draw  two  lines  of  indefinite  length  making  an  angle  of 
35  degrees  with  each  other.  With  any  convenient  scale,  say  16  pounds 
to  the  inch,  lay  off  A  O  upon  one  line  equal  to  100  pounds  =  iff  =  6± 
inches,  and  upon  the  other  line  lay  off  O  B  equal  to  122  pounds  =\ff  = 
7|  inches.  The  arrows  marked  upon  the  lines,  indicating  the  sense  of 
each  force  with  reference  to  the  point  O,  must  follow  each  other;  one 
arrow  must  point  towards,  and  one  arrow  must  point  away  from,  the 
intersection  of  the  lines.  The  line  connecting  the  extremities  of  the 
two  lines,  i.  e.,  the  closing  line  of  the  triangle,  will  to  the  same  scale 
represent  the  magnitude  of  the  equilibrant.  The  closing  line  B  A  is 
found  to  equal  4f  inches  =  4f  X  16  =  70  pounds.  The  line  of  action  of 
the  equilibrant  must  be  parallel  to  the  closing  line ;  an  arrow  marked 
upon  the  closing  line  following  the  direction  of  the  other  two  arrows 
around  the  triangle  will  indicate  the  sense  of  the  equilibrant. 

11()8.  The  Equilibrant  and  Resultant  of  any 
Number  of  Forces. 

The  statement  that  the  line  necessary  to  close  the  figure 
represents  the  equilibrant,  while  a  line  in  the  same  position, 
but  drawn  in  the  opposite  direction,  represents  the  resultant 
of  the  forces  represented  by  the  original  lines,  is  also  true  of 
lines  representing  any  number  of  forces. 
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Illustration. — In  Fig.  217,  let  each  side  of  the  triangle 
A  O  B  represent  the  same  force  as  that  represented  by  the 
corresponding  lines  in  Fig.  216. 

In  Art.  1107,  these  forces 
were  shown  to  be  in  equilibrium. 
For  instance,  it  was  found  that 
a  line  drawn  from  B  to  A  rep- 
resented a  force  in  equilibrium 
with  the  forces  A  O  and  O  Bf 
and  that  a  line  in  the  same  posi- 
tion, but  drawn  from  A  to  By 
represented  the  resultant  of 
those  forces.     But  the  lines  A  0  fig.  217. 

and  O  B  may  each  represent  the  resultant  of  any  number  of 
forces.  For  the  lines  A  c  and  c  0>  for  instance,  may  repre- 
sent two  forces,  of  which  the  force  A  0  is  the  resultant. 
But  A  c  may  represent  the  resultant  of  the  forces  A  b  and 
b  c,  while  c  0  may  represent  the  resultant  of  the  forces  c  d 
and  d  O.  Again,  A  b,b  c,  c  d,  and  d  0  may  each  represent 
the  resultant  of  other  forces,  each  of  which  may  be  in  turn 
the  resultant  of  still  other  forces ;  and  as  this  process  may 
be  extended  indefinitely,  it  is  plain  that  A  0  may  represent 
the  resultant  of  any  number  of  forces.  The  same  is  true  of 
0  B  ;  and,  if  instead  of  two  original  forces,  as  represented 
by  the  lines  A  0  and  0  By  there  were  eight  original  forces, 
as  represented  by  the  lines  A  b,b  c,c  d,  d  OfOeyef  fgy  and 
g  B9  or  any  number  of  forces  represented  by  lines  starting 
at  A  and  terminating  at  B,  the  closing  line  B  A  would  still 
represent  a  force  in  equilibrium  with,  i.  e.,  the  equilibrant 
of,  the  entire  system  of  original  forces,  and  a  line  from  A 
to  B  would  represent  their  resultant. 

Hence  the  following  principles: 

(a)  If  any  number  of  concurring  forces  not  in  equilibrium 
are  respectively  represented  in  magnitude  and  direction  by 
lines  drawn  successively  end  to  end,  the  equilibrant  of  the 
original  forces  may  be  represented  by  a  line  drawn  from  the 
terminus  to  the  starting  point  of  the  original  lines,  closing  the 
polygon. 

T.    I.— Si 
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(b)  A  line  drawn  directly  from  the  starting  point  to  the 
terminus  of  the  original  lines  will  represent  the  resultant  of 
the  original  forces. 

(c)  If  any  number  of  concurring  forces  are  in  equilib- 
rium, each  force  will  be  the  equilibrant  of  all  the  others;  each 
force  will  be  equal  in  magnitude,  but  opposite  in  direction,  to 
the  resultant  of  all  the  others. 

These  principles  could  have  been  deduced  directly  from 
the  principles  stated  in  Art.  HOI,  (a)  and  (b).  For,  if 
lines  representing  a  combination  of  -forces  which  are  in 
equilibrium  form  a  closed  polygon,  then,  when  the  forces 
are  not  in  equilibrium  so  that  the  lines  representing  them 
will  not  close,  it  is  evident  that  the  closing  line,  drawn 
from  the  terminus  to  the  starting  point  of  the  original 
lines,  will  fulfil  the  conditions  necessary  for  equilibrium 
and  will  represent  a  force  in  equilibrium  with  the  original 
forces. 

If  the  original  forces  are  already  in  equilibrium,  the  force 
polygon  will  close,  showing  that  they  can  have  neither 
equilibrant  nor  resultant. 

11()9.  Values  of  Forces  Which  May  Be 
Determined  by  the  Force  Polygon. 

The  force  polygon  may  be  called  a  geometrical  equa- 
tion, for  it  expresses  the  relations  between  the  values  of  the 
quantities  (forces)  involved  that  are  necessary  to  a  condition 
of  equilibrium.  If  the  equation  contains  an  unknown 
quantity,  its  value  may  be  found  by  solving  the  equation, 
i.  e.,  by  drawing  the  polygon. 

It  should  be  borne  in  mind  that  each  line  in  the  force 
polygon  represents  two  distinct  values — namely,  the  mag- 
nitude and  the  line  of  action  of  a  force. 

The  values  for  each  force  necessary  to  satisfy  the  condi- 
tion of  equilibrium  between  the  forces  represented  may  be 
determined  by  drawing  the  force  polygon: 

(a)  When  both  the  magnitude  and  the  line  of  action  of 
one  force  are  unknown. 
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(b)  When  the  magnitude  of  one  force  and  the  line  of 
action  of  another  force  are  unknown,  the  line  of  action  of 
the  former  and  the  magnitude  of  the  latter  being  known. 

(c)  When  the  lines  of  action  of  two  forces  are  unknown, 
their  magnitudes  being  known. 

(d)  When  the  magnitudes  of  two  forces  are  unknown, 
their  lines  of  action  being  known. 

Note. — The  arrow-head  marked  upon  each  line  to  indicate  the 
sense  of  the  force  along  its  line  of  action  is  to  some  extent  independent 
of  the  above  conditions ;  the  sense  of  a  force  possessing  any  of  the 
unknown  conditions  as  above  may  always  be  determined  in  connection 
with  the  determination  of  the  unknown  condition. 

1110.  Case  (a) — How  to  find  the  magnitude  y  line  of 
action ,  and  sense  of  the  one  unknown  force  necessary  to 
fulfil  the  condition  of  equilibrium  has  been  explained  quite 
fully  in  Arts.  1105  to  1108.  The  operation  is  sub- 
stantially the  same  in  all  cases,  and  will  require  no  further 
explanation. 

1111.  Case  (£>— Example. — In  Fig.  218,  the  lines  of  action  of 
the  forces  A  0>  BO,  C0t  and  D 0  meet  at  the  common  point  0  ;  the 
magnitude    and   direction    of    each  are  known.      A  O  —  40  pounds, 
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B  O  =  60  pounds,  C  O  —  30  pounds,  and  D  O  =  70  pounds,  and  the 
direction  of  each  force  is  indicated  in  the  figure.  A  force  EO  whose 
magnitude  is  unknown  acts  along  the  line  of  action  EO.  A  force  of 
50  pounds  designated  as  FO  also  acts  upon  the  point  O,  but  its  line  of 
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action  is  not  known.  The  sense  of  neither  force  is  known.  It  is 
desired  to  find  the  magnitude  of  the  force  EO  and  the  direction  of  the 
force  FO. 

Solution. — Draw  end  to  end  consecutively,  and  to  any  scale,  the 
lines  representing  the  known  forces  A  0,  BO,  CO,  and  D 0,  as  a bt 
b  c,  c  d,  and  d  e  in  (d),  Fig.  218.  Through  e,  draw  a  line  of  indefinite 
length,  as  ef,  having  the  direction  of  the  force  EO  ;  from  the  point  a 
as  a  center,  with  a  radius  whose  length  represents  50  pounds  (the 
magnitude  of  the  force  FO  whose  direction  is  unknown),  strike  the 
arc  of  a  circle  intersecting  the  indefinite  line  efdXf ;  draw  the  line/  a, 
and  mark  upon  it  an  arrow  indicating  a  direction  corresponding  to  the 
general  directions  of  the  other  lines  around  the  polygon.  The  direc- 
tion of  the  force  FO  is  thus  found  to  be  the  direction  of  the  line/  a  ; 
and  the  magnitude  of  the  force  E  O  is  represented  by  the  length  of 
the  line  between  e  and/ ;  E  O  =  80  pounds.  The  same  scale  must  be 
used  for  all  the  lines  of  the  force  polygon. 

1112.  Case  (c)—  Example.— In  Fig.  219,  the  forces  A  O,  B  O, 
C  Ot  and  D  O,  which  meet  at  the  common  point  0,  have  the  same 
values  as  the  corresponding  forces  represented  in  Fig.  218;  namely, 
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40,  60,  80,  and  70  pounds,  respectively.  Also  acting  upon  the  same 
point  are  two  forces,  EO  =  S0  pounds  and  FO  =  b0  pounds,  whose 
directions,  i.e.,  lines  of  action  and  sense,  are  unknown.  It  is  desired 
to  find  the  directions  of  the  two  forces  /sOand  FO,  in  order  that 
there  may  be  equilibrium. 

Solution. — Draw  end  to  end  consecutively,  and  to  any  scale,  the 
lines  representing  the  known  forces  A  O,  B  O,  C  O,  and  D  O,  as  a  b% 
b  c,  c  d,  and  d  e,  in  (d).  From  e  as  a  center,  strike  the  arc  of  a  circle 
having  a  radius  equal  to  EO  =  80  pounds;  and,  from  a  as  a  center. 
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strike  the  arc  of  a  circle  having  a  radius  equal  to  FO  —  50  pounds;  or 
vice  versa.  If  the  forces  are  in  equilibrium,  the  arcs  will  intersect,  as 
at/ and/'.  Draw  the  lines  efandf  a  (or  e  f  and/'  a);  mark  upon 
the  lines  arrows  indicating  directions  corresponding  to  the  general 
directions  of  the  other  lines  around  the  polygon.  Then,  the  directions 
of  the  lines  */and/  a  (or  e  /'  and  /'  a)  will  be  the  directions  of  the 
forces  EO  and  FO,  respectively.  If  E O  has  the  direction  ef,  then, 
FO  must  have  the  direction/ a  ;  but,  if  EO  has  the  direction  ef,  as 
indicated  by  the  line  E'  O,  then,  FO  must  have  the  direction  /'  a,  as 
indicated  by  the  line  F'  O.  Or,  if  the  center  for  the  larger  radius  had 
been  taken  at  a,  and  for  the  shorter  radius  at  e,  the  figure  enclosed  by 
dotted  lines  would  have  been  reversed,  as  indicated,  but  the  results 
would  have  been  the  same. 

1113.  Case  (dy- Example.— In  Fig.  220,  the  forces  A  0,  B  O, 
C  O,  and  D  O,  which  meet  at  the  common  point  O,  again  have  the 
values  40,  60,  30,  and  70  pounds,  respectively,  as  in  Fig.  218.  Two  other 
forces,  designated  as  £0  and  FO,  act  upon  the  point  0.    The  lines  of 
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action  of  these  two  forces  are  the  lines  E  E'  and  F F\  but  neither  the 
magnitude  nor  the  sense  of  either  force  is  known.  It  is  desired  to  find 
the  magnitude  and  sense  of  the  two  forces  EO  and  FO,  in  order  that 
they  may  be  in  equilibrium. 

Solution. — Draw  end  to  end  consecutively,  and  to  any  scale,  the 
lines  representing  the  known  forces  A  O,  BO,  CO,  and  D  O,  as  a  b, 
b  c,  c  d,  and  d  e,  in  (d).  Through  e,  draw  a  line  of  indefinite  length 
parallel  to  E  E',  and  through  a,  draw  a  line  of  indefinite  length  paral- 
lel to  F F' ,  these  lines  will  intersect  at/.  Mark  arrow-heads  upon 
them  having  the  same  general  directions  around  the  polygon  as  the 
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lines  representing  the  known  forces.  Then,  the  line  ef  will  represent 
the  force  whose  line  of  action  is  E  E\  and  the  Vine/  a  will  represent 
the  force  whose  line  of  action  is  F F'.  The  same  result  will  be 
obtained  if  the  line  parallel  to  E  E'  is  drawn  through  a,  and  the  line 
representing  F  F'  is  drawn  through  e.  The  force  E  0  may  have  the 
position  E  0  or  0  E\  and  the  force  FO  may  have  the  position  FO  or 
OF'. 

The  geometrical  equation  or  force  polygon  for  the  last 
condition  (d)  is  very  valuable;  it  is  extensively  used  for 
determining  the  stresses  in  bridges,  roofs,  and  other  framed 
structures,  when  the  lines  of  action  of  the  two  unknown 
forces  are  not  parallel. 

1114.     Bow's  Notation. 

The  following  system  of  notation,  devised  by  Mr.  R.  H. 
Bow,  of  Edinburgh,  is  of  great  assistance  in  the  graphical 
solution  of  statical  problems : 

Illustration. — In  Fig.  221,  let  the  lines  represent  a  sys- 
tem of  forces  which  meet  at  a  common  point.  Instead  of 
being  designated  by  letters  written  at  the  ends  of  the  lines, 
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they  are  designated  by  letters  placed  Li  the  spaces  between 
the  lines.  Any  line  (or  force)  is  designated  by  the  two  let- 
ters between  which  it  is  situated.  For  instance,  the  vertical 
line  in  the  figure  is  designated  as  the  line  A  B,  the  hori- 
zontal line  as  the  line  B  C,  etc.  The  force  polygon  (d)9 
Fig.  221,  is  drawn  in  the  same  manner  as  has  been  explained ; 
the  lines  are  designated  by  letters  placed  at  the  angles  or 
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ends  of  the  lines;  and  the  line  designated  by  any  two  letters 
represents  the  same  force  as  that  represented  by  the  line 
that  is  designated  by  the  corresponding  letters  in  Fig.  221. 
Thus,  in  (d)y  Fig.  221,  the  line  a  b  represents  the  same  force 
that  in  Fig.  221  is  represented  by  the  line  A  By  the  line  b  c 
represents  the  same  force  as  the  line  B  C,c  d  the  same  force 
as  C  D.  etc. 

This  very  convenient  method  of  notation  will  be  adopted ; 
small  letters  placed  at  the  angles  of  the  force  polygon  will 
designate  a  force  which  in  the  original  figure  or  frame  is 
designated  by  the  corresponding  capital  letters  placed  in  the 
spaces  and  between  which  the  line  is  situated.  In  the 
original  figure,  as  Fig.  221,  any  entire  space  not  crossed  by  a 
line  representing  a  force  will  be  designated  by  the  same  letter. 

1115*  Forces  in  a  Frame — External  and  Internal 
Forces. 

Illustration. — Fig.  222  represents  a  triangular  frame 
which  is  acted  upon  by  three  forces.  The  directions  of  the 
three  forces  are  known,  and  if  their  lines  of  action  were  pro- 
duced they  would  all  meet  at  the  common  point  O;  there- 
fore, they  are  concurring  forces.  (See  Art.  1095.)  The 
magnitude  of  one  force  (A  B)  is  known,  and  the  condition 
of  equilibrium  between  all  the  forces  is  assumed.  The 
forces  are  designated  by  Bow's  notation,  each  force  being 
designated  by  the  two  letters  between  which  the  line  is 
situated.  The  three  forces  which  act  upon  the  frame  are 
A  B,  B  Dy  and  D  A  ;  as  these  forces  are  entirely  external  to 
the  frame  itself,  they  are  called  external  forces.  It  is 
evident  that  they  must  be  resisted  and  held  in  equilibrium 
by  forces  in  the  frame;  for  they  arc  applied  at  different 
points,  and  equilibrium  between  them  can  only  be  produced 
by  means  of  forces  in  the  frame.  These  forces  in  the 
members  of  the  frame  are  called  internal  forces,  or 
stresses. 

The  lines  of  action  of  the  internal  forces  must  extend  in 
the  directions  of  the  members  B  C\  A  C,  and  C  Z>,  of  the 
frame.     Each  joint  (i,  2y  and  3)  is  the  point  of  application 
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of  one  external  and  two  internal  forces.  The  lines  of  action 
of  all  the  forces  are  known,  and,  at  the  joint  2,  the  magni- 
tude and  direction  of  the  external  force  A  B(=  1,000  pounds) 
are  known.  By  beginning  with  this  known  force,  the  force 
polygon  for  the  forces  which  meet  at  this  joint  may  be 
drawn,  and  the  values  of  the  two  internal  forces  which  act 

upon  this  joint  may  be  determined.     As  each  internal  force 
a  , 
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thus  determined  acts  equally  upon  two  joints,  one  force 
which  acts  upon  each  of  the  joints  1  and  2  becomes  known; 
therefore,  as  but  three  forces  act  upon  each  joint,  the  force 
polygon  may  be  drawn  for  each  of  those  joints  and  the 
remaining  forces  determined.  Thus  it  will  be  seen  that  by 
commencing  at  a  joint  at  which  not  more  than  two  forces 
which  meet  upon  it  are  unknown,  all  the  remaining  foVces 
may  be  determined  by  drawing  the  force  polygons.  The 
manner  of  drawing  the  polygons  will  now  be  explained.  * 
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1116.  Consider  first,  the  forces  which  act  upon  joint  2; 
drawtf  by  Fig.  222,  (d)y  parallel  to  the  direction  of  the  known 
force  A  B,  making  the  length  of  the  line  equal  to  that  force 
by  any  convenient  scale.  The  scale  used  in  the  figure  is 
400  pounds  to  the  inch  and  a  b  is  made  y^0  =  2£  inches 
long.  Having  thus  drawn  a  b,  draw  a  c  and  b  c  parallel, 
respectively,  to  A  C  and  B  C\  a  c  and  b  c  will  then  represent 
the  stresses  on  A  C  and  B  C,  respectively,  and,  with  their 
arrow-heads  properly  placed  (pointing  from  b  towards  c,  and 
from  c  towards  a)9  complete  the  polygon  for  joint  2.  The 
direction  of  the  arrow-heads  is  of  great  importance,  but  very 
simply  determined;  for  it  will  be  remembered  that  the 
arrow-heads  show  the  direction  in  which  a  pencil  must 
travel  around  the  polygon  from  a,  through  b  and  cy  and 
back  to  a.  On  the  line  a  £,.the  direction  of  the  arrow-head 
is  given  by  the  known  direction  of  A  2?,  and  is  placed  nearer 
b9  the  latter  point  corresponding  to  joints,  which  is  the  point 
of  application  of  the  force  A  B.  On  the  line  b  cy  the  arrow- 
head must  point  from  b  towards  r,  and  be  nearer  to  the  end 
c ;  on  the  line  c  #,  the  arrow-head  must  point  towards,  and  be 
nearer  to,  the  end  a.  In  this  polygon,  the  arrow-head  in 
each  case  points  towards  the  shorter  portion  of  the  line, 
indicating  that  the  sense  of  the  force  (which  must  always 
correspond  to  the  direction  in  which  the  pencil  travels)  is  in 
each  case  towards  its  point  of  application  (joint  2),  or,  in 
other  words,  indicating  that  each  force  pushes  against  the 
joint.  Measuring  with  the  same  scale  used  for  a  by  the  line 
b  c  =  544  pounds,  and  the  line  c  a  =  838  pounds. 

It  has  been  thus  found  that  the  force  in  B  C  pushes 
against  joint  2  an  amount  equal  to  544  pounds,  represented 
by  the  line  b  c\  but  the  member  B  C  simply  connects  joint 
2  with  joint  1\  it  is  attached  to  joints  2  and  1  only,  and  the 
internal  force  in  it  is  not  affected  by  any  other  force  except 
at  those  two  joints;  it  simply  transfers  the  push  from  one 
joint  to  the  other.  Therefore,  the  force  in  B  C  must  push 
against  joint  1  the  same  amount  that  it  pushes  against  joint  2, 
but  in  the  opposite  direction.  Hence,  the  line  b  c  (which 
represents  the  force  in  5C)  must  be  common  to  two  force 
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polygons,  but  in  the  polygon  for  joint  1  it  must  be  drawn  in 
the  direction  opposite  to  that  in  which  it  was  drawn  for 
joint  2.  As  shown  in  the  figure,  the  second  arrow-head 
marked  upon  it,  which  relates  to  its  sense  with  reference  to 
joint  i,  must  point  from  c  towards  b,  and  be  nearer  the  latter 
point,  which  in  the  new  polygon  corresponds  to  the  point  of 
application  of  the  force. 

For  joint  i,  draw  from  b  and  r,  the  lines  b  d  and  c  d 
parallel,  respectively,  to  B  D  and  C  D\  then  will  b  d  and 
c  d  represent  the  forces  B  D  and  C  Dt  respectively.  In 
going  over  the  polygon  to  mark  the  arrow-heads,  it  must 
be  remembered  that  the  starting  direction  is  from  c  towards 
bt  and  then  through  d,  back  to  c.  The  direction  in  which 
the  pencil  must  travel  in  returning  to  the  starting  point 
c  indicates  that  the  external  force  B  D  pushes  against  joint 

1,  but  that  the  internal  force  D  C  pulls  away  from  the 
joint;  in  the  latter  case,  the  arrow-head  points  towards  the 
longer  portion  of  the  line.  Measuring  with  the  scale  used 
for  a  b,  the  line  b  d=  338  pounds,  and  the  line  d  c  =  296 
pounds. 

Now  consider  joint  8.  For  the  same  reasons  which  were 
given  in  regard  to  the  direction  in  which  the  internal 
force  B  C  (=  544  pounds)  acts  upon  joint  i,  the  internal 
force  A  C  (=  838  pounds)  is  known  to  act  upon  joint  8  in 
the  opposite  direction  from  that  in  which  it  acts  upon  joint 

2,  and  the  internal  force  CD (=296  pounds)  to  act  upon 
joint  8  in  the  opposite  direction  to  that  in  which  it  acts 
upon  joint  1.  Therefore,  in  constructing  the  polygon 
for  joint  3,  mark  additional  arrow-heads  on  a  c  and  c  dy  near 
the  opposite  ends  of  the  lines  and  pointing  in  the  oppo- 
site directions  from  those  that  have  been  marked  for  joints 
1  and  £,  and  draw  d  a,  marking  its  arrow-head  to  cor- 
respond with  the  new  or  reversed  arrow-heads  marked  oh 
a  c  and  c  d.  The  line  d  a  represents  the  force  D  A,  and 
its  arrow-head  indicates  that  D  A  pushes  against  joint  3. 
By  scaling  d  a  it  is  found  to  equal  720  pounds.  If  the 
operations  have  been  properly  done,  d  a  will  be  parallel 
to  DA. 
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1117.  It  will  be  noticed  that  in  (d),  Fig.  222,  each  line 
which  represents  the  internal  force,  or  stress,  in  a  member 
of  the  frame  has  two  arrow-heads  marked  upon  it.  If  these 
arrow-heads  have  been  marked  in  accordance  with  the  in- 
structions previously  given  (see  also  Art.  1103),  they  will 
in  each  case  indicate  whether  the  stress  represented  by  the 
line  upon  which  they  are  marked  is  compression  (push) 
or  tension  (pull).  If  on  any  line  of  a  force  polygon,  the 
two  arrow-heads  point  away  from  each  other,  such  relative 
directions  indicate  that  the  internal  force  or  stress  in  the 
member  is  compression ;  but  if  the  arrow-heads  point  towards 
each  other,  then  tension  is  indicated.  Thus,  in  Fig.  222  and 
in  (d)>  Fig.  222,  the  stresses  in  the  members  A  C  and  B  C9 
which  are  represented  by  the  lines  a  c  and  b  c,  are  compres- 
sion, for  the  arrow-heads  on  each  of  these  lines  point  away 
from  each  other,  while  the  arrow-heads  upon  the  line  c  d, 
which  represents  the  stress  in  the  member  C  Dy  indicate 
that  the  stress  in  that  member  is  Compression 
tension,  because  they  point  towards 

each  other.  »    Tension    ^ 

The    relative    positions    of    the  Flo#  *■• 

arrow-heads  to  denote  tension  or  compression  are  shown  in 
Fig.  223. 

1118.  When  the  directions  of  the  forces  which  act  upon 
a  body  are  towards  each  other,  their  combined  action  tends 
to  shorten  or  compress  the  body ;  this  character  of  stress  is 
called  compressive  stress,  or  compression.  It  is  evi- 
dent that  the  forces  of  the  body  which  resist  compression 
must  act  outwards  or  away  from  each  other,  as  indicated  by 
the  arrow-heads  upon  the  line  which  denotes  compression 
in  Fig.  223. 

When  the  forces  which  act  upon  a  body  are  exerted  in 
directions  away  from  each  other,  tending  to  elongate  or 
stretch  the  body,  this  character  of  the  stress  is  called 
tensile  stress,  or  tension.  It  is  also  evident  that  the 
forces  in  the  body  which  resist  tension  must  act  inwards 
or  towards  each  other,  as  indicated  by  the  arrow-heads  upon 
the  line  denoting  tension  in  Fig.  223. 
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The  subject  of  stresses  will  be  more  fully  treated  in  con- 
nection with  Strength  of  Materials. 

1119.  A  system  of  force  polygons,  as  (d)y  Fig.  222, 
for  determining  the  forces  in  a  frame,  is  called  a  stress 
diagram  ;  it  determines  the  relative  values  of  the  internal 
forces,  or  stresses,  in  the  several  members  of  the  frame. 

1 1 20.  A  frame  which  is  constructed  for  the  purpose  of 
resisting  the  action  of  force  by  transferring  it  from  one 
position  to  another  is  called  a  truss. 

Illustration. — Fig.  224  represents  a  form  of  truss  that 
is  sometimes  built;  it  supports  at  the  center  a  load  of  3,000 
pounds,  represented  by  the  line  B  F.     But  the  truss  can 
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not  support  a  load  without  being  itself  supported  by  other 
external  forces  balancing  the  load;  for  the  office  of  the 
truss  is  simply  to  transfer  the  effect  of  the  load  from  its 
position  at  the  joint  3  to  the  supporting  forces  A  B  at 
joint  i,  and  F  A  at  joint  5.  As  the  load  is  midway  between 
these  supporting  forces,  it  is  transferred  to,  and  supported 
by,  the  forces  A  B  and  F  A  in  equal  portions;  that  is, 
A  B=  FA  =  £  BF=ly5()0  pounds,  and  ,4  B  +  FA  =  ly5Q0 
+  1,500  =  3,000  pounds  =  B  F.  The  subject  of  supporting 
forces  will  be  noticed  further  along.  The  weight  of  the 
frame    itself    will    be    neglected   in   this  case;    the  stress 
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diagram  will  be  drawn  for  the  forces  referring  to  the  load 
only.  For  clearness,  several  letters  A  are  written  in  Fig. 
224;  they  all  designate  the  same  space.  Since  in  the  stress 
diagram  each  force  polygon  is  drawn  in  succession  for  the 
forces  which  meet  at  a  joint  of  the  frame,  the  forces  are  in 
each  case  treated  as  concurring  forces.  The  diagram  (d)y 
Fig.  224,  is  the  stress  diagram  for  the  frame  here  con- 
sidered. In  drawing  the  stress  diagram,  it  is  necessary  to 
begin  at  a  joint  at  which  not  more  than  two  quantities  are 
unknown,  with  reference  to  the  forces  which  meet  at  that 
joint  (Art.  1 109).  At  joint  i,  three  forces  meet;  namely, 
the  supporting  force  A  B  and  the  internal  forces  in  the 
two  members  of  the  frame  which  connect  at  this  joint,  B  C 
and  C  A.  The  directions  of  all  three  forces  are  known, 
and  the  magnitude  of  one  force  (the  supporting  force 
A  B)  is  known;  therefore,  at  this  joint  but  two  quantities 
are  unknown  (the  magnitudes  of  the  internal  forces  in 
B  C  and  C  A),  and  the  stress  diagram  may  be  begun  by 
drawing  the  force  polygon  for  the  forces  which  meet 
at  joint  1. 

Draw  a  b,  Fig.  224,  (</),  parallel  to  the  direction  of  the 
supporting  force  A  B,  and  equal  to  that  force,  to  any  con- 
venient scale.  In  (</),  Fig.  224,  a  scale  of  2,000  pounds  to  the 
inch  is  used;  therefore,  0  £  = -J-J^-J- =  0.75  inch.  In  order 
that  a  b  may  have  the  same  sense  as  the  supporting  force 
A  By  it  must  be  drawn  upwards  from  a  to  b}  parallel  to  A  B. 
From  b  the  pencil  must  be  returned  to  the  starting  point  a9  by 
lines  drawn  parallel  to  the  lines  of  action  of  the  two  remain- 
ing forces  which  act  upon  this  joint,  or  parallel  to  B  Cand 
C  A.  The  lines  b  c  and  ca  are  such  lines;  the  pencil  can 
travel  from  b  to  c  and  from  c  to  the  starting  point  ay  thus 
passing  completely  around  the  force  polygon  a  b ca  without 
being  raised  from  the  paper.  It  is  of  course  not  expedient 
to  do  this  in  the  actual  operation  of  drawing  the  lines;  the 
line  a  b  is  drawn  equal  and  parallel  to  A  B\  then,  through 
by  a  line  of  indefinite  length  is  drawn  parallel  to  B  C,  and 
through  ay  a  line  of  indefinite  length  is  drawn  parallel  to 
A  C\    these   two   lines  must   be  so  drawn  that   they  will 
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intersect,  and  their  intersection  will  be  the  point  c.  (Arts. 
1113  and  1 1 16.)  When  the  lines  are  thus  drawn,  and  the 
arrow-head  on  a  b  marked,  the  arrow-heads  on  b  rand  c  a  are 
placed  in  the  direction  in  which  the  pencil  travels  in  moving 
around  the  polygon  from  a  to  b,  then  to  c,  and  back  to  a. 
(See  also  Art.  1103.)  The  direction  in  which  the  pencil 
travels  along  each  line  will  represent  the  sense  of  each 
respective  force  with  reference  to  the  joint  for  which  the 
polygon  is  drawn.  Hereafter,  half  arrow-heads  will  usually  be 
marked  upon  lines  which  represent  external  forces,  as  A  B, 
B  Fy  and  FA,  acting  upon  a  truss  or  frame  work,  to  distin- 
guish them  from  the  internal  forces,  or  stresses,  in  the 
members  which  will  be  designated  by  full  arrow-heads.  The 
arrow-head  on  the  line  a  b  is  marked  nearer  the  upper  end  b, 
because  the  joint  ly  which  is  the  point  of  application  of  the 
supporting  force  A  By  is  at  the  upper  end  of  the  line  which 
represents  that  force;  on  the  line  b  c,  the  arrow-head  is 
marked  nearer  the  left  end  b,  because  joint  i,  the  point  of 
application  of  the  force,  is  at  the  left  end  of  the  line  B  C; 
on  the  line  c  a,  the  arrow-head  is  marked  nearer  the  lower 
end  a,  because  joint  1}  for  which  the  polygon  is  drawn,  is  at 
the  lower  end  of  the  line  C  A.  It  is  found  that  the  force  in 
B  C  is  exerted  in  a  direction  away  from  joint  i,  while  the 
force  in  C  A  is  exerted  towards  it.  Measuring  with  the  scale 
used  for  a  b,  the  line  b  c  is  found  to  equal  1,500  pounds,  and 
the  line  c  a  X.o  equal  2,120  pounds.  Had  the  scale  been 
sufficiently  large  and  the  work  been  done  with  sufficient  care, 
so  that  exceedingly  accurate  results  had  been  obtained,  it 
would  have  been  found  that  the  force  in  C  A,  or  line  c  a, 
equals  2,121.3  pounds.  Such  degree  of  accuracy,  however, 
is  seldom  necessary. 

Next  consider  the  forces  which  act  upon  joint  2\  Three 
forces  meet  at  this  point ;  the  lines  of  action  of  all  three  forces 
are  known,  for  they  act  in  the  three  members  of  the  truss 
which  meet  at  this  joint;  the  magnitude  and  sense  of  one 
force  (the  stress  in  A  C\  represented  by  the  line  c  a)  have 
been  found.  As  the  force  in  A  C  was  found  to  push  against 
joint  ly   it  must  also  push  against  joint  £,  for  it  simply 
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transfers  the  push  from  one  joint  to  the  other;  it  is  evident 
that  it  must  push  against  joint  2  in  the  opposite  direction 
from  which  it  pushes  against  joint  1. 

Therefore,  mark  an  additional  arrow-head  on  the  opposite 
end  of  a  cy  pointing  in  the  opposite  direction ;  from  a  draw 
a  */ parallel  to  A  D%  and  from  c  draw  c  </ parallel  to  CD; 
mark  the  arrow-heads  as  usual,  starting  in  the  direction  of 
the  new  arrow-head  marked  on  a  cy  and  this  will  complete 
the  diagram  for  joint  2.  The  line  c  d  scales  2,120  pounds 
and  da  3,000  pounds. 

For  joint  4,  mark  an  arrow-head  on  a  d,  in  a  reversed 
position  and  direction,  and  draw  a  e  and  d  e  parallel  to 
A  E  and  D  Ey  respectively.  Mark  the  arrow-heads  as  in 
the  preceding  cases.  The  lines  a  e  and  d  e  are  found  to  be 
each  equal  to  2,120  pounds. 

For  joint  5,  the  force  in  A  is  has  just  been  found ;  it  equals 
e  a  =  2,120  pounds.  Mark  an  arrow-head  in  a  reversed  posi- 
tion and  direction  on  a  e;  draw  a  f  and  e  f  parallel  to 
A  F  and  E  F,  respectively,  and  mark  arrow-heads  as 
usual.  The  line  c/=  1,500  pounds,  and  fa  =  1,500  pounds  = 
£  bf=  a  b,  as  it  should.  It  is  seen  that  the  value  of  f  a, 
as  found  from  the  diagram,  must  equal  the  supporting 
force  F  A>  already  known.  This  is  a  good  check  upon  the 
work. 

The  five  forces  in  the  members  which  meet  at  joint 
S  have  all  been  determined  in  the  polygons  for  the  joints 
1,  2y  4y  and  5,  but  in  order  that  the  stress  diagram  shall 
be  in  every  way  complete,  it  will  be  necessary  to  consider 
these  forces  with  reference  to  the  joint  3.  As  each  force  is 
known,  it  will  make  no  difference  which  is  taken  first. 
Start  with  any  force,  as  the  load  B  F;  this  force  is  equal  in 
amount  to  the  sum  of  the  supporting  forces  A  B  and 
FA,  but  must  have  the  opposite  direction,  i.  e.,  it  is  ex- 
erted downwards,  while  the  supporting  forces  are  exerted 
upwards.  Therefore,  beginning  at  b  in  the  stress  diagram, 
pass  downwards  over  the  line  b  ft  which  is  equal  in  amount, 
but  opposite  in  sense,  to  the  sum  of  the  lines/***  and  a  b,  and 
mark  arrow-heads  in  reversed  positions  and  directions  on 
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/ >,  e  dy  d  cy  and  c  by  returning  to  the  starting  point  6,  for 
the  force  in  each  of  the  members  which  meet  at  the  joint 
S  must  act  upon  this  joint  in  a  direction  opposite  to  that  in 
which  it  is  exerted  upon  the  joint  at  the  opposite  end  of 
the  member.  The  reversed  arrow-heads  will  indicate  the 
sense  of  the  forces  with  reference  to  joint  3. 

After  the  forces  which  act  on  joint  2  had  been  found, 
joint  8  might  have  been  considered  instead  of  joint  -£,  since 
the  directions  of  all  of  the  five  forces  which  act  at  3  are 
known,  and  only  the  two  forces  D  E  and  E  F  are  unknown. 
(Art.  1113.) 

If  the  arrows  have  been  properly  marked  upon  the  lines, 
they  will,  by  comparison  with  Fig.  223,  indicate  the  charac- 
ter of  the  stress  in  each  member  of  the  truss,  that  is,  whether 
the  stress  is  tension  or  compression.  It  is  found  that  the 
members  A  Cy  A  Z>,  and  A  E  are  in  compression,  while  the 
members  B  C,  C  Dy  D  £,  and  E  F  are  in  tension.  The 
stress  ac  =  cd=de  =  ea  =  2,  120  pounds ;  the  stress  b  c  = 
/  ^=  1,500  pounds,  and  the  stress  a  ^=3,000  pounds 
=  bc+fe. 

1121.  In  (d),  Fig.  224,  the  line  b  /,  which  represents 
the  load,  is  called  the  load  line.  In  drawing  the  stress 
diagram,  the  load  line  is  usually  drawn  first  and  the  loads* 
laid  off  upon  it. 

NON-CONCURRING   FORCES. 

1 1 22.  Thus  far  force  has  been  considered  with  refer- 
ence to  its  direct  action  only,  and,  therefore,  its  treatment 
has  been  limited  to  concurring  forces.  Before  treating  of 
non-concurring  forces  the  subject  of  moments  must  be 
explained. 

A  force  can  act  in  two  ways:  it  can  either  produce  a 
motion  of  translation,  that  is,  cause  all  points  of  the  body 
acted  upon  to  move  in  parallel  straight  lines;  or  it  can  pro- 
duce a  motion  of  rotation,  that  is,  turn  the  body.  A 
moment  measures  the  capacity  of  a  force  to  produce 
rotation. 
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1 1 23.     The  moment  of  a  force  about  a  point  is  the 
product  of  the  magnitude  of  the  force  by  the  perpendicular 
distance  from   the  point  to  the  line  of 
action  of  the  force.     (See  Art.  906.)  £- — ►— 1 — r- 

Thus,  in  Fig.  225,  the  moment  of  the  !     ' 


force  F  about  the  point  O  equals  F  I. 

i 

1 1 24.     The  following  principles  are  ; 

of    great     importance,   and    should    be  j 

thoroughly  understood:  { 

(a)  A  moment  always  implies  a  ten-  j     | 
dency   to   rotation;    if  it  is  unresisted,                      Ol~    ' 

.    J  •  Fig.  226 

rotation  occurs. 

(b)  The  point  about  which  the  moment  is  taken,  i.  e.,  the 
point  about  which  rotation  zvould occur  under  the  action  of  the 
force,  is  variously  known  as  the  origin  of  moments,  the 
center  of  moments,  and  the  center  of  rotation.  The  last 
name  will  here  be  used.  In  Fig.  225,  the  point  O  is  the 
center  of  rotation  of  the  moment  F  I. 

(c)  The  lever  arm  of  a  moment  is  the  perpendicular  dis- 
tance from  the  center  of  rotation  to  the  line  of  action  of  the 
force.     In  Fig.  225,  /  is  the  lever  arm  of  the  moment  F  I. 

(d)  The  moment  of  a  force  about  a  point  depends  upon 
the  lever  arm  and  the  magnitude  of  the  force  only;  it  is 
independent  of  the  point  of  application  of  the  force. 

Illustration. — In  Fig.  226,  the  force  F  might  really  act 

at  /*upon  the  material  lever  P  O,  which  is  inclined  to  the 

-,  line   of  action   A   B    of   the    force. 

B  But,  according  to  Art.  1095, 
any  point  in  the  line  of  action  of  the 
force  may  be  considered  as  its  point 
of  application ;  the  point  of  applica- 
tion should  always  be  considered  to 
be  such  a  point  in  the  line  of  action, 
as  P'y  that  the  lever  arm  O  P'  will 
be  perpendicular  to  the  line  of  ac- 
fig.  226.  tion.     The  inclined  lever  arm  might 

have  any  inclination,  and,  therefore,   any  length  between 

T.    L—35 


510       ELEMENTARY  GRAPHICAL  STATICS. 

the  same  line  of  action  and  center  of  rotation,  but  the  per- 
pendicular lever  arm  can  have  but  one  length ;  the  force, 
if  applied  to  the  perpendicular  lever  at  P\  will  have  the 
same  rotative  effect  as  if  applied  at  P  or  upon  any  inclined 
lever. 

1 1 25.  The  amount^  magnitude,  or  numerical  value  of  a 
moment  is  the  measure  of  the  rotative  effect  of  the  force  at 
the  center  of  rotation,  or,  as  said  above  (Art.  1 122),  of  the 
capacity  of  the  force  to  produce  rotation  about  a  given  point. 

It  is  the  product  of  the  magnitude  of  the  force  (in  pounds 
or  tons)  by  the  length  of  the  perpendicular  lever  (in  inches 
or  feet),  and  is,  therefore,  usually  expressed  in  foot-tons, 
foot-pounds,  inch-tons,  or  inch-pounds. 

In  Fig.  226,  if  F -=.  the  force  and  /  =  the  lever  arm,  the 
moment  =  F  I;  or,  if  F  =  10  pounds  and  /=  20  inches,  the 
moment  =  10  X  20  =  200  inch-pounds. 

Either  the  inch-pound  or  the  foot-pound  will  here  be 
used  as  the  unit  of  moments,  according  to  the  convenience 
of  each  special  case.  When  the  inch-pound  is  used,  it  rep- 
resents the  effect  of  a  force  of  one  pound  acting  upon  a 
lever  arm  of  one  inch;  and  when  the  foot-pound  is  used  as 
the  unit  of  moments,  it  represents  the  effect  of  a  force  of 
one  pound  acting  upon  a  lever  arm  of  one  foot.  To  re- 
duce inch-pounds  to  foot-pounds,  divide  by  12.  To  reduce 
foot-pounds  to  inch-pounds,  multiply  by  12. 

Note. — In  Mechanics,  the  term  "  foot-pound"  is  used  in  a  very  dif- 
ferent sense ;  namely,  the  work  performed  in  lifting  a  weight  of  one 
pound  through  a  height  of  one  toot.  The  two  meanings  of  the  term 
should  not  be  confused.  In  one  case,  it  is  the  unit  of  work,  and,  in  the 
other  the  unit  of  rotative  effect. 

1 126.  The  direction  of  a  moment  is  said  to  be  to  the 
right  if  its  tendency  is  to  cause  rotation  in  a  direction 
corresponding  to  the  movement  of  the  hands  of  a  clock, 
and  to  the  left  if  it  tends  to  cause  rotation  in  the  opposite 
direction.  Thus,  in  Fig.  225,  the  direction  of  the  moment 
is  to  the  right,  while  in  Fig.  220,  the  direction  of  the 
moment  is  to  the  left. 
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1 1 27.  A  moment  will  here  be  considered  as  positive 
when  it  tends  to  produce  rotation  to  the  right ',  and  as  nega- 
tive when  it  tends  to  cause  rotation  to  the  left.  Thus, 
the  moment  of  the  force  in  Fig.  225  is  positive ;  that  of  the 
force  in  Fig.  226,  negative. 

In  computations,  positive  moments  are  designated  by 
the  +  and  negative  moments  by  the  —  sign.  In  Fig.  225, 
the  moment  is  +  F  I,  or  simply  Fl  (+ sign  being  under- 
stood); but,  in  Fig.  226,  the  moment  is  —  F  L 

1 1 28.  The  moment  of  a  force  about  any  point  in  its  line 
of  action  is  zero,  for  the  lever  arm  of  a  moment  is  the 
perpendicular  distance  from  the  center  of  rotation  to  the 
line  of  action  of  the  force;  and,  if  this  distance  is  zero,  as 
in  this  case,  then  the  moment  of  the  force  F  will  be  F  x 
0  =  0. 

1 1 29.  For  the  existence  of  an  effective  moment  two  forces 
are  necessary :  one,  which  we  may  call  the  applied  force  (as  F 
in  Figs.  225  and  220),  tending  to  produce  rotation  ;  and  an- 
other,  which  is  of  the  nature  of  a  resistance,  acting  at  the 
center  of  rotation,  equal  in  amount,  but  opposite  in  direc- 
tion, to  the  applied  force.  The  effect  of  the  latter  is  to  fix  the 
center  of  rotation,  which  would  otherwise  be  moved. 

Illustrations. — (a)  Fig.  227  illustrates  a  very  simple 
example  of  a  moment;  it  represents  a  stick  standing  on 
end.     If  a  steady  horizontal 


force  F,  just  sufficient  to  tip 
the  stick,  is  applied  to  its 
upper  end,  the  stick  will  ro- 
tate about  O;  that  is,  it  will 
fall  over,  the  top  moving  in 
the  direction  of  the  dotted 
line,  while  the  bottom  re- 
mains at  O.  When  the  force 
F  is  applied  to  the  top  of  the  fig.  227. 

stick,  an  exactly  equal  and  opposite  force  F'  is  incited  at 
the  bottom;  for,  were  it  not  for  the  force  F',  the  stick  would 
not  rotate  about  O,  but  would  simply  slide  along  towards  the 
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left,  the  point  O  (center  of  rotation)  not  being  fixed,  the 
motion  would  be  one  of  translation,  not  of  rotation.  The 
force  F',  in  this  case,  is  the  friction  between  the  end  of  the 
stick  and  the  body  on  which  it  rests.   ■ 

(b)  Fig.  238  represents  a  shorter  stick  or  block  which 
can  not  be  so  easily  tipped.  If  it 
rests  on  smooth,  slippery  ice,  and 
a  steady  horizontal  force  F  is  ap- 
plied to  the  top,  it  will  slide  along 
on  the  ice  and  rotation  will  not  oc- 
cur. But,  if  it  rests  on  some  sub- 
stance which  will  offer  considerable 
frictional  resistance,  this  resistance 
becomes  an  equal  and  opposite 
no.  ass.  force,   F',  and   the  block  will  not 

slide,  but  tip  over;  or,  in  other  words,  a  moment  will  be 
formed  and  rotation  will  take  place, 

1 1 30.  When  two  equal  and  opposite  forces  act  at  differ- 
ent points,  thus  tending  to  cause  rotation,  the  combination  is 
called  a  statical  couple.     (See  Arts.  907  to  909-) 

The  lever  arm  of  a  couple  is  the  perpendicular  distance 
between  the  forces. 

The  moment  of  a  couple  is  the  product  of  either  of  the 
equal  forces  by  the  lever  arm.  The  intersection  of  the  line 
of  action  of  either  force  with  the  common  lever  arm  may 
be  regarded  as  the  center  of  rotation,  and  the  moment  of 
the  couple  as  the  moment  of  the  other  force  about  that 
center. 

Illustration. — Thus,  in  the  couple  represented  in  Fig. 
22!),  the  forces  /-"and  F'  are  equal,  and  act  at  the  opposite 
ends  of  the  same  lever  arm  /.  The  moment  of  the  couple 
is  either  F I  or  F'  I;  for,  as  indicated  in  the  figure,  the 
force  F  tends  to  cause  rotation  about  the  point  O,  while  F' 
also  tends  to  cause  rotation  about  O ,  and  as  O  is  a  point 
midway  between  the  two  forces,  the  moment  of  /•"—  Fx  $1, 
and  the  moment  of  F'  —  F'  X  J  /.  As  the  forces  are  equal 
and  have  equal  lever  arms,  the  combined  moment  of  the  two 
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forces  equals  £  Fl -f-  \F'  1  =  Fl  =  F' 1  =  the   product  of 

either  force  by  the  lever  arm.     If,  then,   either  force  of  a 

couple  be  considered  as  tending  to  cause 

rotation  about  the  point  of  application 

of  the  second  force,  and  the  effect  of  the 

second  force  is  ignored,  the  result  thus 

obtained  will  be  the  same  as  if  the  center 

of  rotation  were  taken  between  the  two 

forces,  and  the  moments  of  the  two  forces 

taken   about   that   center.     In   general, 

any  point  in  the  plane  of  a  couple  may  be 

taken  as  the  center  of  rotation.     For,  if 

through   that  point  a  perpendicular  be  Pl°-  m 

drawn  to  the  common  direction  of  the  forces,  the  algebraic 

sum   of  the   moments  of   the  forces  about  that  point  will 

always  be  equal  to  the  constant  product  F  I. 

1131.  The  effect  of  a  statical  couple •,  and  the  only  effect \ 
is  tendency  to  cause  rotation. 

Illustration. —  A  good  illustration  of  a  statical  couple 
is  the  pulley  by  which  a  line  of  shafting  is  driven  by  a  belt, 

Fig.  230.  By  means  of  the  belt  a 
force  F  is  continually  applied  to 
the  rim  of  the  pulley,  causing  it  to 
rotate.  Another  force  Ff  must  be 
continually  applied  to  the  axis  of 
the  pulley  by  means  of  the  journal, 
or  the  pulley  would  be  drawn  from 
its  position  by  the  belt.  The  mo- 
ment at  the  axis  or  center  of  rotation,  i.  e.,  the  measure  of 
the  effect  of  the  applied  force  on  the  shaft,  is  equal  to  the 
force   F  (pull  of  the  belt)  multiplied  by  the  radius  of  the 

pulley. 

1132.  When  rotation  does  not  occur  as  the  effect  of  a 
couple,  then  the  moment  of  the  couple  is  balanced  by  the  oppo- 
site moment  of  a  second  couple,  and  the  forces  are  thus  held 
in  equilibrium.  A  couple  can  not  be  balanced  by  a  single 
force. 


Fig.  280. 
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Illustration. — Suppose,  in  Fig.  231,  that  A  C  is  a  lever 
30  inches  long,  having  a  fulcrum  at  B,  10  inches  from  A. 

If  a  weight    is    sus- 


!■ 


10*—+ 20*- 


W  B 


pended  from  C\  it  will 
X  Tl^t    cause     the     bar    to 


O—  ^*>v      rotate  about  B  in  the 

V_y      direction    of    the 
24  lb*  12  lb.     arrow.    A  weight  sus- 

fig.  »i.  pended  from  A   will 

cause  it  to  revolve  in  the  opposite  direction,  as  indicated  by 
the  arrow.  Suppose,  for  simplicity,  that  the  bar  itself 
weighs  nothing.  If  equal  weights  of  12  pounds  are  hung  at 
A  and  C,  it  is  evident  that  the  bar  will  revolve  in  the  direc- 
tion of  the  arrow  at  Cy  on  account  of  the  arm  B  C  being 
longer  than  the  arm  A  C.  Let  the  weight  at  A  be  in- 
creased until  it  equals  24  pounds;  the  bar  will  then  balance 
exactly,  and  any  additional  weight  at  A  will  cause  the  bar 
to  rotate  in  the  opposite  direction,  as  shown  by  the  arrow  at 
that  point.  When  the  lever  is  balanced,  i.  e.,  when  the 
forces  are  in  equilibrium,  it  will  be  found  that  24  X  10  = 
12  X  20,  or,  considering  B  as  the  center  of  rotation,  24  X 
perpendicular  distance  A  B  =  12  X  perpendicular  dis- 
tance B  C.  In  other  words,  the  moment  of  W  about  B 
must  equal  the  moment  of  P  about  B.  Further,  P  tends  to 
cause  rotation  in  the  direction  in  which  the  hands  of  a 
watch  move,  and  is  positive,  or  -f- ;  IV  tends  to  cause  ro- 
tation in  an  opposite  direction,  and  is  negative,  or  — . 
Adding  the  two  algebraically,  Px  B  C+  (  -  IV x  A  B)  = 
Px  B  C  —  IV  X  A  C  =  0,  since  the  two  moments  are 
equal. 

1 1 33.  When  the  moments  of  several  forces  are  taken 
about  the  same  point  or  center,  the  algebraic  sum  of  all  the 
moments  is  the  resultant  moment  of  the  forces  about 
that  point. 

In  other  words,  the  resultant  (effective)  moment  at  any 
point  is  the  arithmetric  difference  between  the  sum  of  the 
(positive)  moments  which  tend  to  cause  rotation  to  the  right, 


o 
o 

>* 


1 


" 


-B&- 


i 


-26*- 
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and  the  sum  of  the  (negative)  moments  which  tend  to  cause 
rotation  to  the  left  about  the  point. 

In  Fig.  231,  the  positive  and  negative  moments  were  found 
to  balance,  leaving  no  resultant  moment  when  the  moments 
of  all  the  forces  were  considered.  In  such  cases  the  alge- 
braic sum  of  all  the  moments  about  a  point  is  zero. 

Illustration. — In  Fig.  232  the  moment  of  the  force  at  a 
about  the  point  b  —  400  X 
25  =  10,000  foot-pounds 
to  the  right,  or  positive. 
The  positive  moment  of 
the  same  force  about  the 
point  <:= 400x50= 20,000 
foot-pounds,  while  the 
negative  moment  of  the 
force  at  b  about  the  same 
point  =  400  X  25=10,000 
foot-pounds;      therefore,  Fio.  282. 

the  resultant  moment  at  c  from  the  forces  at  the  left  of  that 
point  =  20,000  —  10,000  =  10,000  foot-pounds  to  the  right, 
or  positive. 

Example. — What  is  the  resultant  moment  at  dt  Fig.  232  ? 

Solution. — The  positive  moment  of  the  supporting  force  at  a=400x 
75  =  30,000  foot-pounds;  the  negative  moment  of  the  load  at  b  =  400  X 
50  =  20,000  foot-pounds;  and  the  negative  moment  of  the  load  at  c  = 
400x25=10,000  foot-pounds.  The  resultant  moment=30,000— 20,000- 
10,000  =  0. 


■-**«-■ 


o 
o 
>* 


1 1 34.  In  any  structure \  it  is  a  necessary  condition  of 
equilibrium  that  the  moments  of  all  the  forces  about  any  point 
should  balance;  in  other  words,  the  algebraic  sum  of  the  mo- 
ments of  all  the  forces  about  any  point  must  equal  zero. 

If,  at  any  point  the  moments  did  not  balance,  the  struc- 
ture, or  some  part  of  it,  would  rotate  about  that  point,  that 
is,  it  would  be  overturned,  as  when  a  dam  is  pushed  down 
by  the  pressure  of  the  water.  But,  as  the  structure,  or  any 
part  of  it,  does  not  rotate,  the  moments  of  all  the  forces 
which  act  upon  it  must  be  balanced  at  every  point. 
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1135*  In  any  structure,  the  algebraic  sum  of  the  mo- 
ments of  all  the  external  forces  about  any  point  must  equal 
zero. 

As  the  moments  of  the  internal  forces  simply  tend  to  keep 
the  structure  intact  by  resisting  any  tendency  to  rupture  or 
distortion  of  the  structure  itself,  and  act  entirely  within  the 
structure,  they  can  not  prevent  the  structure  as  a  whole 
from  rotating  about  any  point.  The  entire  structure  would, 
therefore,  rotate  if  the  moments  of  the  external  forces, 
which  always  tend  to  cause  rotation,  did  not  balance  about 
every  point. 

Illustration. — It  was  found  that  the  resultant  moment 
of  the  external  forces  at  the  left  of  the  point  c,  Fig.  232, 
about  that  point  =  10,000  foot-pounds  (positive).  But  the 
external  force  at  d  was  not  considered;  the  moment  of  this 
force  about  c  is  —  400  X  25  =  —  10,000  foot-pounds  (nega- 
tive). Therefore,  the  resultant  moment  of  all  the  external 
forces  about  the  point  c  is  10,000  —  10,000  =  0. 

1 136*  In  a  structure,  the  resultant  moment  of  the  exter- 
nal forces  on  either  side  of  any  point  is  called  the  bending 
moment  at  that  point. 

The  bending  moment  is  usually  designated  by  the  letter 
M.  In  computing  the  bending  moment  at  any  point,  it  is 
customary  to  consider  the  forces  at  the  left  of  it ;  thfis^ustom 
will  always  be  followed  except  when  otherwise  stated.  Thus, 
at  the  point  c  in  Fig.  232,  Jll  =  400  x  50  -  400  X  25  = 
20,000  —  10,000  =  10,000  foot-pounds.  The  bending  moment 
is  the  moment  which  causes  bending  stresses  in  a  structure, 
and  which  at  every  point  in  the  structure  must  be  balanced 
or  resisted  by  the  moments  of  those  stresses. 

1 1 37.  The  moment  of  the  internal  forces  or  stresses,  which 
at  any  point  in  a  structure  resists  the  bending  moment,  is 
called  the  resisting  moment. 

Note. — The  term  resisting  moment,  as  used  here  in  a  general 
sense,  must  not  be  confused  with  the  term  moment  of  resist- 
ance employed  to  designate  the  resisting  moment  of  solid  beams. 
The  latter  term  relates  to  the  Strength  of  Materials,  and  will  be 
studied  in  connection  with  that  subject. 
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1138.  At  every  point  in  the  structure,  the  resisting 
moment  must  equal  the  bending  moment. 

When  in  a  structure  the  moments  of  the  external  forces 
at  one  side  of  any  point  do  not  balance,  but  must  be  bal- 
anced by  the  moments  of  forces  on  the  opposite  side  of  the 
point,  as  in  Fig.  231,  it  is  evident  that  the  opposing  moments 
on  the  opposite  sides  of  the  point  tend  to  bend  the  structure 
about  the  point.  If  the  structure  offered  no  resistance  to 
this  bending,  it  would  close  up  like  a  jack-knife.  The  resist- 
ing moment  of  the  internal  forces  at  each  point  in  the  struc- 
ture must  be  sufficient  to  resist  the  effect  of  the  opposing 
moments,  or  the  bending  moment  of  the  external  forces  on 
the  opposite  sides  of  the  point. 

Illustration. — In  Fig.  233,  the  forces  F  and  G  represent 
portions  of  a  load  situated  at  the  center  of  a  beam ;  the  load 
is,  for  clearness,  represent- 
ed as  though  divided.  A  F  G 
portion  of  the  load  (the 
force  F)  forms  a  couple 
with  the  supporting  force 
Fy  while  the  other  portion 
(the  force  G)  forms  a 
couple  with  the  supporting 
force  iC'.     The   tendency 

of  these  two  couples  is  to    ps  qm 

cause       rotation,       either  FlG- m 

about  the  point  of  application  of  the  combined  forces  Fand  G, 
or  about  the  points  of  application  of  the  supporting  forces  Fx 
and  Gt.  But  the  two  halves  of  the  beam  do  not  rotate  about 
the  points  of  application  of  either  the  supporting  forces  or  the 
load,  because  the  moments  of  the  couple  formed  by  these 
(external)  forces  are  resisted  and  equilibrated  by  the  oppo- 
site moments  of  the  couple  formed  by  the  internal  forces  of 
the  beam  c  and  /.  These  internal  forces  are  compressive 
stress  in  the  upper  portion  of  the  beam,  and  tensile  stress  in 
the  lower  portion,  as  indicated  in  the  figure;  their  moments 
resist  the  moments  of  the  external  forces,  and  preserve  the 
form  of  the  beam. 


1  A  ' 
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1139.  The  preceding  principle  forms  the  basis  for  the 
analysis  of  stresses  by  what  is  known  as  the  Moment  Method. 
The  amount  of  the  bending  moment  is  found  at  each  re- 
quired point  in  the  structure ;  and  as  at  each  point  the  resist- 
ing moment  must  equal  the  bending  moment,  if  the  bending 
moment  at  any  point  is  divided  by  the  lever  arm  of  the 
resisting  moment  (the  effective  depth  of  the  structure),  the 
quotient  will  equal  the  resisting  force  or  bending  stress  in 
the  structure  at  that  point.  This  principle  will  be  used  in 
the  analysis  of  stresses.      . 

EXAMPLES  FOR  PRACTICE. 

Note. — The  following  examples  refer  to  Fig.  282: 

1.  What  is  the  moment  at  a  point  10  feet  to  the  right  of  a,  caused 
by  the  supporting  force  at  a  ?  Ans.  4,000  foot-pounds. 

2.  What  is  the  moment  caused  by  the  same  force  at  a  point  20  feet 
to  the  right  of  a  ?  Ans.  8,000  foot-pounds. 

8.  What  is  the  resultant  moment  at  a  point  10  feet  to  the  right  of 
b,  caused  by  the  forces  at  the  left  of  this  point  ? 

Ans.  14,000  -  4,000  =  10,000  foot-pounds. 

4.  What  is  the  resultant  moment  at  a  point  midway  between  b  and 
c  caused  by  the  forces  at  the  left  ? 

Ans.  15,000  -  5,000  =  10,000  foot-pounds. 

5.  What  are  the  resultant  moments  at  b  and  r,  respectively  ?  See 
Art.  1133,  Illustration. 

Note. — It  will  be  noticed  that  when  the  resultant  moments  are  the 
same  at  any  two  points,  and  no  forces  are  applied  between  the  points, 
the  resultant  moment  will  be  the  same  at  all  intermediate  points. 

6.  What  is  the  resultant  moment  at  a  point  5  feet  to  the  right  of  c 
caused  by  the  forces  at  the  left  ? 

Ans.  22,000  -  12,000  -  2,000  =  8,000  foot-pounds. 

7.  What  is  the  resultant  moment  at  a  point  15  feet  to  the  right  of  c 
caused  by  the  forces  at  the  left  ? 

Ans.  26,000  -  16,000  -  6,000  =  4,000  foot-pounds. 

8.  In  each  of  the  preceding  examples,  compute  the  resultant 
moment  for  the  forces  at  the  right  of  the  point,  and  compare  both  the 
amount  and  sign  of  the  answers  with  the  preceding  answers. 


REACTIONS    OF    SUPPORTS. 

1 1 40.  The  forces  that  support  a  structure,  and,  through 
the  medium  of  the  structure,  resist  the  final  effect  of  the 
loads  upon  it  (including  its  own  weight)  are  called  reactions. 

According  to  the  third  law  of  motion,  every  action  has  an 
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equal  and  opposite  reaction.  (Art.  870.)  When  a  structure 
is  acted  upon  by  downward  forces,  the  supports  react  up- 
wards. The  structure  simply  transfers  the  effect  of  the 
downward  forces  or  loads  to  the  points  of  support;  but  these 
downward  forces  would  move  the  points  of  support  down- 
wards, were  they  not  resisted  and  balanced  by  the  equal 
effect  of  the  supporting  forces  which  react  upwards,  so  that 
all  the  forces  which  act  upon  each  point  of  support  are  in 
equilibrium.  In  order  to  ascertain  the  amounts  of  the  in- 
ternal forces  in  a  structure  necessary  to  resist  the  effect  of 
the  external  forces,  the  value  of  each  reaction  must  be  found. 
If  a  beam  which  is  merely  supported  at  each  end  is  loaded 
uniformly  over  its  entire  length,  or  is  loaded  in  the  middle 
only,  it  is  evident  that  the  reaction  at  each  support  is  one- 
half  the  load  plus  one-half  the  weight  of  the  beam.  But 
when  a  load  is  placed  in  such  a  position  upon  a  beam  that 
the  distances  from  the  load  to  the  two  ends  of  the  beam  are 
unequal,  the  reactions  of  the  two  supports  will  be  unequal. 
But,  in  all  cases  where  the  loads  and  reactions  are  vertical, 
the  sum  of  the  reactions  equals  the  sum  of  the  loads  (the 
weight  of  the  structure  included}.  For  simplicity,  the 
weight  of  the  structure  itself  will  here  be  neglected.  The 
upward  reactions  are  considered  positive,  or  -f- ,  and  the 
downward  forces  negative,  or  —  .  The  loads  and  reactions 
constitute  the  external  forces  acting  upon  the  structure. 
(Art.  1115.) 

1 141.  In  order  that  a  structure  may  be  in  equilibrium, 
three  conditions  must  be  fulfilled  by  the  forces  acting  upon 
it: 

I.  The  algebraic  sum  of  all  vertical  forces  =  0. 

II.  The  algebraic  sum  of  all  horizontal  forces  =  0. 

III.  The  algebraic  sum  of  the  moments  of  all  forces  about 
any  point  —  0.     See  Art.  1 134. 

1142.  According  to  Art.  1 136,  if  a  structure  is  sup- 
ported  at   each   end   and  does   not   extend   beyond   either 
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support  (which  is  the  most  common  case),  there  can  be  no 
bending  moment  at  either  reaction;  for,  on  one  side  of  each 
reaction  there  is  no  force  to  cause  moment,  and  the  algebraic 
sum  of  the  moments  of  the  external  forces  on  the  other  side 
of  the  reaction  is  zero,  because  all  the  external  forces  which 
cause    moments   about   the   point   are    considered.      (Art. 

1135.) 

If  the  center  of  moments  is  taken  on  the  line  of  action  of 
any  force,  the  moment  of  that  force  with  reference  to  this 
center  of  moments  is  zero,  since  the  length  of  the  lever  arm 
is  zero.  (Art.  1128.)  Consequently,  if  there  are  but  two 
unknown  forces  acting  upon  a  structure  (as,  for  example, 
the  two  reactions),  one  may  be  found  by  taking  the  center 
of  moments  on  the  line  of  action  of  the  other,  and  adding, 
algebraically,  the  moments  of  all  the  other  forces  about  this 
point.  By  thus  taking  the  center  of  moments  on  the  line  of 
action  of  the  other  unknown  force,  the  second  unknown  force 
may  be  found.  This  will  be  made  clear  in  the  two  following 
articles. 


1143.     A  Single  Load  in  Any  Position  Upon  the 
Span. 

Illustration. — In  Fig.  234,  the  force  W7may  represent 
any  single  load,  in  any  position,  upon  any  span  /.     To  find 


W 


A 


a— 


1 


b 


the  value  of  Rl9  take 
moments  about  B,  the 
point  of  application  of 
Rr  The  moment  of 
the  load  W,  tending  to 
cause  rotation  to  the 
left  is  —  W by  and  the 
moment  of  reactipn  Rt 
tending  to  cause  rota- 
tion to  the  right  is  R%  L 


Rt  R* 

Fig.  2M. 

But  the  algebraic  sum  of  these  two  moments  must  equal 
zero.  Therefore,  A\  /—  W  b  —  0;  transposing,  Rt/=z  W bs 
Wb 


and  Rx  = 


In  like  manner,  by  taking  moments  about 
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W  a 
A,  RJ-  Wa  =  0,   and  7?,  =  -^.      By  Art.   1140,  the 

sum  of  the  two  reactions  must  equal  the  load ;  this  is  found 

t        Wtl    ,     Wb         rjrd  +  b         lirl  rjr 

to  be  the  case,  for  -y-  +  -y-  =  W — j—  =  IV j  =  W. 

Example. — A  load  of  24,000  pounds  is  supported  upon  a  span 
A  B  =  80  feet,  and  is  situated  at  a  distance  of  10  feet  from  A,  What 
are  the  reactions  at  A  and  B,  respectively  ? 

Solution. — If  the  load  is  at  a  distance  of  10  feet  from  A,  it  is 
30  -  10  =  20  feet  from  B.  The  reaction  at  A  =  24,000  X  fj  =  16,000 
lb.  Ans.  The  reaction  at  B  =  24,000  X  iJS  =  8,000  lb.  Ans.  The 
sum  of  the  reactions  =  16,000  +  8,000  =  24,000  =  the  load.     Art.  1 140. 


EXAMPLES  FOR  PRACTICE. 

1.  A  load  of  16,000  pounds  is  supported  upon  a  span  A  B  =  40  feet, 
and  is  situated  at  a  distance  of  15  feet  from  A.  What  are  the  reactions 
at  A  and  B,  respectively  ?        Ans.  10,000  lb.  at  A,  and  6,000  lb.  at  B. 

2.  A  weight  of  18,000  pounds  is  situated  at  a  distance  of  12  feet 
from  the  end  B  of  a  span  A  B  =  90  feet.  What  are  the  reactions  at 
A  and  Bt  respectively  ?  Ans.  2,400  lb.  and  15,600  lb. 

3.  A  load  of  20,000  pounds  is  situated  at  a  distance  of  15  feet  from 
the  end  B  of  a  span  A  B  =  75  feet.  What  are  the  reactions  at  A  and 
Bt  respectively  ?  Ans.  4,000  lb.  and  16,000  lb. 


1 1 44.     Any  Number  of  Loads  Upon  the  Span. 

The  principle  is  applied  in  exactly  the  same  manner  when 
the  span  is  loaded  with  any  number  of  loads. 

* 

Illustration. — In  Fig.  235,  the  beam  is  shown  loaded 
with  four  loads,  JVl9  JVtf  W„  and  \VK.  In  this  figure,  the 
loads  are  represented  as  though  they  were  equal,  and  the 
distances  a,  by  cy  d,  and  e,  are  equal ;  but  the  principle  is 
exactly  the  same  whether  the  loads  and  distances  are  equal 
or  unequal.  If  moments  are  taken  about  the  point  of  ap- 
plication of  A',,  the  moment  of  Rx  will  be  positive  and  jthe 
moments  of  the  loads  will  be  negative.     Then, 
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R,  I  -  Wx  {b  +  c  +  d+  e)-  W%  (c  +  d+  e)-  W,  (d+  e)  -  \VA  e 

=  0; 

transposing, 

dividing  by  /, 
V-WM  +  C  +  d+  e)  +  W%(c  +  *+e)  +  W9(d+  e)+  \VAe 


a m b m c  — 


d — 


T> 


ft 


Rt 


R* 


Fig.  285. 


Taking  moments  about  Rl9 

-RJ+  Wxa+  W,(a+b)+  Wt(a+6+c)+  WA(a+b+c+d)  =  0, 

and 

W,a  +  W,(a  +  b)  +  W%{a+b+c)  +  WA{a  +  b  +  c+d) 
»""  / 

If  Wx  is  removed  and  the  beam  loaded  with  l¥t,  W%y  and 
Wk  only,  the  values  of  the  reactions  are: 

R      W%  (c  +  J+e)  +  W,  (d+  e)  +  IV,  e  and 

if 

lVi(a  +  6)  +  Wi(a  +  b  +  c)  +  JVi(a  +  b  +  c  +  d) 

1 1 45.     Taking  again  the  values  of  Rt  and  Rt  found  in 
Art.  1 1 43,  we  have 

n      n        Wb     Wa 
A     •  A     •  • • 
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Or,  Rt':  Rt::b  :  a. 

Therefore, 

Any  load  situated  between  its  two  supports  is  transferred  to 
them  in  amounts  inversely  proportional  to  its  distances  from 
them. 

W  b  W a 

Also,  since  Rx=—j-,  and  Rt=— t— , 

Each  reaction  equals  the  load  multiplied  by  the  distance 
from  the  load  to  the  opposite  reaction  and  divided  by  the 
length  of  the  span. 

Finally,  by  observing  the  values  of  Rx  and  R%  in  Art. 

1144, 

The  reaction  at  either  end  of  the  span  from  any  number  of 
loads  equals  the  sum  of  the  reactions  at  the  same  point  from 
the  several  separate  loads. 

1146.     Special   Cases. — If ,  as  indicated  in   Fig.  235 
a  =  b  =  c  =.  d=  e  =p,  then,  a  +  b  +  £  +  d-\-e  =5/  =/,  and 

-.  =  -^  =  -,      J      =  ~-  =  -,  etc.   Therefore,  with  all  loads 

/  D  P         0  /  0  P         0 

upon  the  span, 

R,=  w,b  +  c\d+e  +  ^,i±4±£+  ivt*±A+  wter, 

or,  R,  =  $Wl  +  \Wt  +  \W%  +  i  K- 

or,  R,  =  \  IV,  +  £  lVt  +  f  W,  +  t  Wt. 

Again,  if  IV,  =  IV,  =  IV,  =  Wt  =  W,  then  R,  =  (*  +  f  + 
i  +  i)  W=2lV,andR,  =  (<s  +  $  +  $  +  i)lV=2lV  In  this 
case,  as  in  all  cases,  the  sum  of  the"  reactions  equals  the  sum 
of  the  loads:  2^+2fF=4IK 

The  conditions  of  equal  loads  and  equal  distances  are  very 
common  in  such  structures  as  bridges  and  roof  trusses.  For 
any  system  of  loads,  the  reactions  are  computed  for  those 
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loads  which  are  upon  the  structure  in  each  condition   of 
loading  for  which  the  reaction  is  required. 

Note. — When  computing  moments  or  reactions,  it  is  well,  for  the 
sake  of  clearness,  to  make  a  rough  sketch  and  mark  the  loads  and 
distances  upon  it. 

Example.— If,  in  Fig.  235,  the  load  Wx  =  IV*  =  W%  =  W<  =  15,000 
pounds,  and  a  =  6  =  c  =  d=s  =  20  feet  =  \  /,  what  are  the  values  of 
Rx  and  Rit  respectively  ? 

Solution.—/?!  =  (|  +  f  +  f  +  J)  15,000  =  V  X  15,000  =  30,0001b.,  and 
R*  =  (I  +  t  +  |  +  |)  15,000  =  V  X  15,000  =30,000  lb. 


EXAMPLES  FOR  PRACTICE. 

1.  Assuming  the  loads  and  distances  to  be  the  same  as  in  the  pre- 
ceding example,  but  that  the  load  Wx  is  removed,  and  the  span  loaded 
only  with  W*%  IV%%  and  WAt  what  are  the  values  of  Rt  and  /?,,  respect- 
ively ?  Ans.  18,000  lb.  and  27,000  lb. 

2.  With  loads  and  distances  the  same,  but  withv  \V%  also  removed, 
and  the  span  loaded  with  \V%  and  \VK  only,  what  are  the  values  of  Rx 
and  /?„,  respectively  ?  Ans.  9,000  lb.  and  21,000  lb. 

3.  With  loads  and  distances  the  same,  but  with  IV%  also  removed, 
and  the  span  loaded  with  W*  only,  what  are  the  values  of  Rx  and  R9, 
respectively  ?  Ans.  3,000  lb.  and  12,000  lb. 

4.  With  distances  the  same,  but  with  the  loads  U\  =  10,000  lb.,  W% 
=  20,000  lb.,  W%  =  30,000  lb.,  and  WK  =  40,000  lb.,  v  nat  are  the  values 
of  Ri  and  7?,,  respectively  ? 

(  Rx  =  8,000  +  12,000  +  12,000  +  8.000  =  40,000  lb. 
Ans'  {  /?,  =  2,000  +  8,000  +  18,000  +  32,000  =  60,000   lb. 

5.  With  loads  and  distances  as  in  the  preceding  example,  what  is 
the  bending  moment  M  at  \VX  ?    At  IV*  ?    At  W%  ?    At  WK  ? 

f  At  Wu  M=     800,000  ft. -lb. 

J  At  U\%  Af=  1,400,000  ft.-lb. 

Ans-  1  At  IV*,  Af=  1,600,000  ft. -lb. 

At  IV4,  M  =1,200,000  ft. -lb. 

6.  With  loads  and  distances  the  same  as  in  the  last  two  examples, 
but  with  \VX  removed,  and  the  span  loaded  with  W^  IV%,  and  H\ 
only,  what  are  the  values  of  Rx  and  R%t  respectively  ? 

Ans.  i  *l  =  S2>m  lb' 
^ns-  }  Rt  =  58,000  lb. 
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7.    With  all  conditions  the  same  as  in  the  preceding  example,  what 
is  the  bending  moment  M  at  the  position  previously  occupied  by  IVX  ? 

At  Wu  M=  640,000  ft. -lb. 
At  IV*,  i*/=  1,280,000  ft. -lb. 
At  W%y  ^=1,520,000  ft. -lb. 
At  WAt  M=  1,160,000  ft. -lb. 


At  W*  ?    At  Wt  ?    At  Wk  ? 

Ans. 


1147.  In  the  preceding  articles  it  has  been  shown  that 
the  values  of  the  reactions  may  be  determined  by  very 
simple  applications  of  the  principle  of  moments ;  the  use  of 
these  values,  when  obtained,  will  now  be  shown.  For  a 
structure,  the  magnitudes  of  the  loads  are  either  known  or 
assumed,  and  the  points  of  application  of  the  loads  are 
known;  when  the  values  of  the  reactions  from  the  given 
loads  are  determined,  all  the  external  forces  which  act  upon 
the  structure  are  known,  and  the  values  of  the  internal 
forces  or  stresses  can  usually  be  determined  by  drawing  the 
system  of  force  polygons,  i.  e.,  the  stress  diagram,  for  the 
structure.  All  the  internal  forces  which  act  at  the  point 
of  application  of  each  external  force  are  unknown,  and  as 
the  force  polygon  can  only  be  drawn  when  not  more  than 
two  quantities  are  unknown  (Art.  1109),  it  is  necessary 
to  begin  the  stress  diagram  by  drawing  the  force  polygon 
for  a  joint  at  which  not  more  than  two  internal  forces  act ; 
that  is,  at  a  joint  at  which  not  more  than  two  members 
meet.  The  point  of  application  of  a  reaction  usually  fulfils 
this  requirement;  it  is  customary  to  begin  with  the  left 
reaction. 

1148.  Illustration. — Fig.  23G  represents  a  frame  or 
truss  of  the  form  known  as  a  Warren  girder ;  it  is  a  form 
of  truss  often  used  for  bridges.  The  distance  between  the 
reactions,  or,  in  the  usual  language,  the  length  of  span, 
is  assumed  to  be  60  feet,  and  is  divided  into  four  equal  por- 
tions, or  panels,  />',  E,  //,  and  K,  each  15  feet  in  length,  as 
shown  in  the  figure.  The  loads  Wxy  \V„  and  K73  are 
supported,  respectively,  at  the  joints  3,  £,  and  7  (called 
panel  points).    _ 


7'.    L-36 
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It  is  assumed  that  W,  =  i  tons,  W%  =  3  tons,  and  W%  - 
2  tons.     Therefore  (Art.  1144),  the  left  reaction 
„  _4x45  +  3x30+2Xl5_ 


GO 


=  5  tons, 


.  „        4X  15+3X30  +  2X45 
and  V?,  = ! j^r — ! ■  =  4  tons. 

(a),  Fig.  236,  is  the  stress  diagram,  drawn  to  a  scale  of  4 
Scale  H4  tons. 

n 


Scale  1%2  tons. 


Pm.  !96. 


tons  to  the  inch,  by  means. of  which  are  determined  the  in- 
ternal forces  or  stresses  in  all  the  members  of  the  truss  for 
this  system  of  loads.  By  the  aid  of  the  system  of  notation 
used,  it  will  be  readily  understood  and  will  require  but  little 
explanation.     Each  line  upon  which  two  full  arrow-heads 
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are  marked  represents  the  stress  in  that  member  of  the 
truss  which  is  situated  between  the  two  corresponding  letters 
in  the  diagram  of  the  truss.  This  stress  diagram  is  con- 
structed as  follows: 

Draw  a  vertical  line  b  k\  beginning  at  the  top,  lay  off  down- 
wards, the  loads  W \  =  B  E  =  b  e,  W \  =  E  H '  =  e  h,  and 
W %  =  H K=  h  k  to  the  scale  used;  the  loads  are  laid  off 
downwards,  because  they  act  downwards  upon  the  truss, 
and  they  are  taken  in  order,  passing  from  left  to  right  across 
the  truss.  Next,  the  reactions  are  laid  off  upon  the  same 
line,  but  the  order  of  the  operation  is  reversed ;  beginning 
at  the  bottom  of  the  line,  lay  off  the  reactions  upwards  in 
the  reverse  order,  to  the  same  scale,  or  passing  across  the 
truss  from  right  to  left;  that  is,  beginning  at  k,  lay  off 
upwards  R9  =  K  A  =  k  a,  and  R ,  =  A  B  =  a  b.  It  is  evi- 
dent that  b  e  h  k  a  b  is  the  force  polygon  for  the  external 
forces  which  act  upon  the  truss ;  since,  through  the  medium 
of  the  truss,  these  forces  are  in  equilibrium,  they  form  a 
closed  polygon,  and,  as  the  forces  are  all  vertical,  the  poly- 
gon is  a  straight  line.  Half  arrow-heads  are  marked  upon 
the  lines  to  indicate  the  directions  of  the  forces.  The  line 
k  b,  which  represents  the  sum  of  the  reactions,  equals  the 
line  b  k,  which  represents  the  sum  of  the  loads  (Art.  1 140), 
or  the  algebraic  sum  of  these  vertical  forces  is  zero.  (Art. 
1141.)    The  line  bk  is  called  the  load  line.    (Art.  1121.) 

Of  the  forces  which  act  upon  joint  1,  all  conditions  are 
known  except  two,  the  stresses  in  B  C  and  C  A,  the  lines 
of  action  of  the  stresses  being  known ;  therefore,  the  stress 
diagram  may  be  begun  by  drawing  the  force  polygon 
for  the  forces  which  act  upon  this  joint.  Rx  is  repre- 
sented by  the  line  a  b;  therefore,  from  b  and  a  draw  b  c 
and  a  c  parallel,  respectively,  to  B  C  and  A  C,  and  intersect- 
ing at  c.  Since  the  arrow-head  on  a  b  points  from  a  towards 
b,  pass  the  pencil  around  the  polygon  from  a  to  b,  then  to  c, 
and  back  to  a,  and  mark  the  arrow-heads  in  the  direction  in 
which  the  pencil  moves.  These  arrow-heads  indicate  the 
sense  of  each  stress  with  reference  to  the  joint  considered, 
that  is,  joint  1.     On  b  c  the  arrow-head  is  nearer  b,  and  on 
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c  a  it  is  nearer  a,  because  these  ends  of  the  lines  correspond 
to  the  point  of  application  of  the  respective  forces,  or,  in 
other  words,  to  the  ends  of  the  members  B  C  and  C  A, 
which  connect  at  this  joint. 

Of  the  forces  which  act  upon  joint  2,  the  magnitude  of 
one  force,  the  stress  in  A  C,  has  been  determined.  As  ex- 
plained in  Art.  1 1 20,  it  is  evident  that  the  stress  in  this 
member  acts  upon  joint  2  in  a  direction  opposite  to  that  in 
which  it  acts  upon  joint  1.  Therefore,  an  additional  arrow- 
head is  marked  on  a  c  in  a  reversed  position  and  direction, 
so  that  it  will  point  from  a  towards  c\  a  d and  c  d  are  drawn 
parallel  to  A  D  and  C  Dy  respectively,  and  the  arrow-heads 
marked  on  them,  starting  in  the  direction  of  the  reversed 
arrow-head  on  a  c. 

Of  the  forces  which  act  upon  joint  3,  the  magnitudes  of 
two  forces,  the  stresses  in  B  C  and  C  Dy  have  been  deter- 
mined, and  the  magnitude  of  the  external  force  IV v  or  B  E, 
is  known;  as  the  lines  of  action  of  ail  the  forces  are  known, 
but  two  conditions  remain  unknown,  namely:  the  magni- 
tudes of  the  stresses  in  E  F  and  F  D.  To  determine  these, 
mark  additional  arrow-heads  in  reversed  positions  and  direc- 
tions on  d  c  and  c  b\  trace  b  e  equal  to  Wy  and  from  ^and  d 
draw  e  /and  <// parallel,  respectively,  to  the  members  E  F 
and  D  F;  they  intersect  at/.  (See  Art.  1113«)  Mark 
the  arrow-heads  as  usual.  For  joint  4,  additional  arrow- 
heads are  marked  in  reversed  positions  and  directions  on 
a  d  and  d  fy  and  f  g  and  a  gy  drawn  parallel  to  F  G  and 
A  G,  respectively. 

It  is  to  be  noticed  that£*#,  not  g  d,  represents  the  stress 
in  G  A.  As  has  been  repeatedly  explained,  the  stress  in  any 
member  is  given  by  that  line  of  the  stress  diagram  situated 
between  the  same  two  letters  between  which  the  member  is 
situated  in  the  diagram  of  the  truss. 

For  joint  5,  the  polygon  gfe  h  i g  is  drawn;  for  joint  6, 
the  polygon  a  g  i  j  a  is  drawn;  for  joint  7,   the    polygon 
j  i  h  k  Ij  is  drawn ;  for  joint  8,  the  triangle  a  J I  a  is  drawn, 
and  for  the  last  joint  9,  the  triangle  a  I  k  a  is  drawn,  comple- 
ting the  diagram.     If  the  work  has  been  done  correctly,  the 
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line  k  a  will  equal  the  reaction  Rt  (=  K  A)  =  4  tons  =  1 
inch,  by  the  same  scale  (4  tons  to  the  inch)  by  which  the 
line  a  b  was  made  equal  to  Rx. 

Each  line  in  the  stress  diagram  which  represents  stress 
in  a  member  of  the  truss  forms  a  side  of  two  polygons, 
because  each  member  is  connected  at  two  joints. 

1149*  The  correspondence  of  the  large  letters  on  the 
truss  with  the  small  ones  in  the  force  polygons  is  of  great 
assistance ;  by  noticing  it  carefully,  the  student  will  have  no 
difficulty  in  tracing  and  checking  the  stress  diagram.  Con- 
sider, for  instance,  joint  6,  the  polygon  for  which  is  a  g  ij  a. 
Notice  that  the  corresponding  letters  A  G  If  A,  on  the 
truss,  follow  one  another  around  the  joint  in  such  a  manner 
that  in  passing  from  one  to  another  we  move  in  a  direc- 
tion opposite  to  that  in  which  the  hands  of  a  clock  move, 
and  by  naming  them  all  we  go  around  an  entire  circle  in 
the  same  direction,  passing  from  A  to  G,  from  G  to  /,  from 
/to  y,  etc.  This  gives  the  directions  of  the  corresponding 
lines  in  the  diagram  for  the  given  joint.  Thus,  in  joint  6y 
the  lines  go  from  a  to  gy  from  g  to  /,  from  i  to/,  from/  to  a, 
following  the  order  A  G  I J  A.  This  applies  to  any  joint. 
The  lines,  of  course,  are  not  actually  drawn  in  the  order 
given;/ a  is  not  drawn  from/  to#,  because  the  pointy  is  not 
known ;  to  locate  it,  a  line  is  drawn  from  /  parallel  to  I J% 
and  another  from  a  parallel  to  A  J\  their  intersection  gives 
the  point  j\  but  the  direction  of  the  stress  is  from  j  to  a, 
according  to  the  rule  given  above. 

If  .from  any  cause  it  should  be  necessary  to  draw  the  first 
force  polygon  so  that  the  direction  of  the  letters  is  from 
right  to  left  around  the  joint,  all  of  the  others  must  also  be 
drawn  in  this  order. 

1150*  If  the  load  Wx  is  removed  from  joint  #,  and  the 
loads  W%  and  \V%  are  allowed  to  remain  at  joints  5  and  7, 

then   Rx   will   equal ^1 =  $   tons,   and  R^  will 

equal  3  X  3°  +  2  X  45  =  3  tons.    The  diagram  (*),  Fig.  236, 


530       ELEMENTARY  GRAPHICAL  STATICS. 

is  the  stress  diagram  for  this  condition  of  loading.  For 
joint  i,  the  line  a  b  is  drawn  equal  and  parallel  to  Rx  (=  A  B)7 
and  b  c  and  a  c  drawn  parallel  to  B  C  and  A  Cy  respectively ; 
the  directions  of  the  arrow-heads  on  b  c  and  a  c  are  marked 
to  correspond  with  that  on  a  b,  whose  direction  is  known. 
For  joint  #,  an  additional  arrow-head  is  marked  in  the  opposite 
position  and  direction  on  line  ac,  and  the  triangle  ac  da  is 
completed  as  usual.  For  joint  Sy  when  starting  at  d%  the 
reversed  arrow-heads  have  been  marked  on  lines  dc  and  cb; 
the  next  line  to  be  drawn  would  usually  be  a  line  b  e  to 
represent  the  load  Wx ;  but  as  Wx  has  been  removed,  there 
is  no  force  B  E  acting  at  this  joint,  and,  consequently, 
there  is  no  line  be  to  be  drawn.  The  space  formerly 
denoted  by  E  is  now  denoted  by  B,  and,  instead  of  the 
member  E  Fy  we  have  the  member  B  F.  From  b  draw  b  f 
parallel  to  B  Fy  and  from  d  draw  d  f  parallel  to  D  F;  these 
lines  give  the  stresses  in  B  F  (or  E  F)  and  D F.  The  stu- 
dent will  follow  through  in  detail  the  process  of  drawing 
the  force  polygons  for  the  remaining  joints;  it  is  sub- 
stantially the  same  as  in  (a),  Fig.  236,  and  by  the  aid  of  the 
notation  used  will  be  readily  understood. 

If  (b),  Fig.  236,  be  compared  with  (a)%  Fig.  236,  one  fact 
is  very  noticeable:  after  removing  the  load  Wlt  which  is 
the  heaviest  of  the  three  loads,  it  is  found  that  the  stresses 
in  the  members  D  F  and  F  G  [(b),  Fig.  236]  are  greater 
than  when  Wx  was  upon  the  truss.  This  would  be  generally 
true  of  the  stresses  in  these  members  with  reference  to  the 
load  Wx ;  it  is  characteristic  regarding  the  positions  of  loads 
for  maximum  stress,  and  will  be  noticed  again  in  the 
analysis  of  stresses. 

1151*  At  (c),  Fig.  236,  is  shown  a  stress  diagram  for  the 
truss,  loaded  with  the  load  W%  only,  the  loads  Wx  and  W% 
both  being  removed.  The  entire  space  between  Rx  and 
W%  is  now  denoted  by  By  and,  instead  of  the  members  B  C, 
E  F,  and  H  /,  we  have  B  C,  B  F9  and  B  I.  For  clearness 
this  diagram  is  drawn  to  a  larger  scale,  one  of  2  tons  to 
the  inch.     It  will  need  no  special  explanation.     The  feature 
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to  be  specially  noticed  is  that  by  removing  the  load  W% 
the  character,  of  the  stresses  in  the  members  G  /and  I J  is 
reversed.  In  (a)  and  (6)>  Fig.  236,  the  character  of  the 
stress  in  the  member  G  /,  as  indicated  by  the  arrows 
marked  upon  the  line  g  /,  is  tension,  while  in  (c),  Fig.  236, 
the  arrows  marked  upon  the  line  g  i  indicate  that  the 
stress  is  compression.  Also,  in  (a)  and  (£),  Fig.  236,  the 
arrows  upon  the  line  ij  indicate  that  the  stress  in  the  mem- 
ber I J  is  compression,  while  in  (c)  the  arrows  upon  the  line 
ij  indicate  that  the  stress  is  tension. 

1152.  The  following  is  a  tabulation  of  the  stresses  in 
the  members  of  the  truss,  as  scaled  from  the  stress  diagrams 
(a),  (£),  and  (c),  Fig.  236,  for  the  three  conditions  of  loading 
explained  above.     They  are  expressed  in  tons: 


Member. 

<«) 

<*) 

to 

A  C 

+  5.59 

+  2.24 

+  0.56 

CD 

-5.59 

-2.24 

—  0.56 

DF 

+  1.12 

+  2.24 

+  0.56 

F  G 

-1.12 

-2.24 

-0.56 

GI 

-2.24 

-1.12 

+  0.56 

I  J 

+  2.24 

+  1.12 

-0.56 

J  L 

-4.47 

-3.35 

-1.68 

LA 

+  4.47 

+  3.35 

+  1.68 

BC 

-2.50 

-  1.00 

-0.25 

EF 

-5.50 

-3.00 

-0.75 

HI 

-5.00 

-3.50 

-1.25 

KL 

-2.00 

-1.50 

-0.75 

AD 

+  5.00 

+  2.00 

+  0.50 

AG 

+  6.00 

+  4.00 

+  1.00 

AJ 

+  4.00 

+  3.00 

+  1.50 

When  a  stress  is  preceded  by  a  +  sign,  the  sign  indicates 
that  the  stress  is  compression,  and  when  preceded  by  a  — 
sign,  the  sign  indicates  that  the  stress  is  tension.  The  signs 
are  sometimes  written  after  the  stresses;  when  used  with 
stresses  they  have  no  other  meaning. 
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THE    EQUILIBRIUM    POLYGON. 

1153.  In  Arts.  1 107  and  1 108,  it  was  shown  that, 
by  means  of  the  force  polygon,  either  the  equilibrant  or  the 
resultant  of  any  number  of  concurring  forces  can  be  found. 

A  method  of  finding  the  magnitude,  direction,  and  line  of 
action  of  either  the  equilibrant  or  the  resultant  of  any  num- 
ber of  forces,  whose  lines  of  action  do  not  meet  at  a  common 
point,  will  now  be  given.  The  forces  are  considered  as 
acting  in  the  same  plane. 

Illustration. — In  Fig.  237  three  forces  of  100,  40,  and 
60  pounds,  respectively,  are  represented  by  the  lines  F„  Ft, 


Scale  JZ80  lb. 


Pig.  237. 

and  Ft ;  their  magnitudes  are  represented  by  the  lengths, 
and  their  lines  of  action  located,  by  the  positions  of  the 
respective  lines,  while  the  sense  of  each  force  is  indicated 
by  an  arrow-head  marked  upon  the  corresponding  line. 
For  these  forces,  construct  the  force  polygon  0-2-#-£-0,  by 
drawing  end  to  end  the  lines  0-1,  1-2,  and  2-3,  respectively, 
parallel  and  equal  to  Ft,  F7,  Fiy  and  complete  the  polygon 
by  drawing  the  closing  line  3-0.  The  polygon  is  drawn  in 
the  figure  to  a  scale  of  80  pounds  to  the  inch.  The  closing 
line  =  120  pounds,  if  drawn  in  the  direction  3-0,  represents 
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in  magnitude  and  direction  the  equilibrant  of  the  forces 
Fx,  F9,  Ft,  and,  if  drawn  in  the  opposite  direction  0-3,  it 
represents  the  resultant  of  those  forces  [(d),  Art.  1107; 
also,  (a)  and  (b),  Art.  1108];  but  the  position  of  the  line 
along  which  the  equilibrant  or  resultant  must  act  is  still 
unknown.  To  find  the  line  of  action  of  the  equilibrant  and 
resultant,  proceed  as  follows: 

Choose  any  point,  as  P,  and  draw  the  radial  lines  P  0, 
Pi,  P2,  and  PS,  Through  any  point,  as  b,  on  the  line  of 
action  of  the  force  Fx  (represented  also  by  0-1)  draw  a  line 
a  b  e  of  indefinite  length  and  parallel  to  P  0 ;  also,  through 
the  same  point,  draw  a  line  b  c  parallel  to  Pi  and  intersecting 
the  line  of  action  of  the  force  Ft  at  c. 

The  line  b  c  is  drawn  between  the  lines  of  action  of  Fx  and 
F9,  because  the  line  P  1,  to  which  b  c  is  drawn  parallel,  is 
drawn  from  P  to  the  point  of  intersection  1  of  the  line  0-1, 
which  represents  Fy%  and  the  line  1-2,  which  represents  Fr 
Likewise,  through  c,  draw  a  line  c  d  parallel  to  P  2,  inter- 
secting the  line  of  action  of  the  force  Ft  at  d.  Finally, 
through  d,  draw  a  line  d e  parallel  to  PS,  intersecting  at  e 
the  line  b  e  which  was  drawn  parallel  to  PO.  The  line  of 
action  of  the  equilibrant,  or  of  the  resultant,  of  the  forces 
Flt  Ft,  and  Ft,  must  pass  through  the  point  e;  this  point  is 
the  intersection  of  the  lines  b  e  and  d  e,  which  are  drawn  par- 
allel to  the  lines  PO  and  PS.  These  latter  lines  are  drawn 
from  Pto  the  extremities  of  the  line  0-S,  which  represents 
the  equilibrant,  or  the  resultant  in  the  force  polygon  0-1-2-3-0. 

If,  through  the  point  e,  the  line  E  R  is  drawn  equal  and 
parallel  to  3-0,  it  will  represent  the  equilibrant,  or,  if  the 
line  R  E  is  drawn  in  the  opposite  direction  from  R  towards 
E,  it  will  represent  the  resultant  of  the  forces  7^,  Ft,  and  Ft; 
the  equilibrant  and  resultant  are  exactly  equal  and  opposite. 

This  method  of  finding  the  magnitude,  direction,  and 
position  of  the  equilibrant  and  resultant  is  applicable  to  any 
number  of  forces  acting  in  the  same  plane.  It  may  also  be 
extended  so  as  to  apply  to  forces  acting  in  different 
planes,  but  such  application  of  the  method  will  not  here  be 
considered. 
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1154.  In  (d)%  Fig.  237,  the  point  Pis  called  the  pole;  the 
lines  POyP  1,  P  2,  and  PS,  which  join  the  pole  with  the  ver- 
texes  of  the  force  polygon,  are  called  the  rays,  or  strings. 
The  complete  figure,  composed  of  the  force  polygon,  the  pole, 
and  the  rays,  is  called  the  force  diagram.  The  polygon 
b  c  d  e  by  Fig.  237,  which  represents  a  system  of  intervening 
or  connecting  forces  through  the  medium  of  which  the  sys- 
tem of  original  forces  and  their  equilibrant  may  be  held  in 
equilibrium,  is  called  the  equilibrium  polygon.  A  line 
of  the  equilibrium  polygon  included  between  the  lines  of 
action  of  two  forces,  as  the  line  b  c  or  c  d,  etc. ,  is  sometimes 
called  a  line  of  resistance. 

As  the  pole  P  may  be  taken  anywhere,  any  number  of 
force  diagrams,  and,  consequently,  any  number  of  equilib- 
rium polygons,  may  be  drawn,  each  of  which  will  give  the 
same  value  and  locate  the  same  line  of  action  for  the  equi- 
librant (or  for  the  resultant).  To  test  the  accuracy  of  the 
work,  take  a  new  position  for  the  pole  and  proceed  as  before. 
If  the  work  has  been  correctly  done,  the  first  and  last  lines 
of  the  equilibrium  polygon,  b  e  and  d V,  which  are  drawn 
respectively  parallel  to  PO  and  P  3,  the  first  and  last  rays 
of  the  force  diagram,  will  intersect  somewhere  on  the  line 
of  action  of  the  equilibrant  and  resultant,  or  E  R,  produced 
if  necessary. 

1155.  The  equilibrium  polygon  gives  an  easy  method 
of  resolving  a  force  into  two  components. 


Fig.  288. 


In  Fig.  238,  let  ^=16  pounds  be  the  force,  and  let  it  be 
required  to  resolve  it  into  two  parallel  components  A  and 
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B,  at  distances,  respectively,  of  5  feet  and  15  feet  from  F. 
The  magnitudes  of  A  and  B  are  required.  Draw  0-1  to 
represent  F  =  16  pounds;  choose  any  convenient  pole  P 
and  draw  the  rays  PO  and  Pi.  Take  any  point,  a  on  Fy 
and  draw  a  b  parallel  to  P  0y  intersecting  A  at  by  and  a  c 
parallel  to  P  ly  intersecting  B  at  c.  Join  b  and  c  by  the  line 
be.  Through  the  pole  Py  draw  Pd  parallel  to  be,  inter- 
secting 0-i  at  d.  Then,  0  d  is  the  magnitude  of  A  measured 
with  the  scale  to  which  0-1  was  drawn,  and  d  1  is  the  mag- 
nitude of  B  measured  with  the  same  scale. 

The  operations  may  be  checked  by  the  method  of  moments. 
The  process  is  similar  to  that  for  finding  the  reactions  at 
A  and  B  due  to  a  load  F  in  a  corresponding  position  on  the 
space  A  B;  the  components  A  and  B  will  be  equal  in  magni- 
tude, though  opposite  in  direction,  to  the  respective  re- 
actions.    Thus,  taking  moments  about  A,  we  have,  5x20= 

Fx  5,  or5==-^=  4,  and  A  =  F-B=lZy  since  A  + 

B=F;  or,  taking  moments  about  B}  Ax  20=^X15;  or,  A  = 
16  X  15 


20 


=  12,  as  before.     The   student  should  familiarize 


himself  with  all  these  methods  and  the  principles  involved. 
1156.     If  the  components  are  not  parallel  to  the  given 


\*-¥ 


force,  they  must  intersect  its 
line  of  action  in  a  common 
point. 

In  Fig.  239,  let  F  =  16 
pounds  be  the  force.  It  is 
required  to  resolve  it  into  two 
components,  A  and  By  inter- 
secting at  ay  as  shown.  Draw 
0-1  to  some  convenient  scale 
to  represent  16  pounds;  then  draw  i-Pand  OP  parallel  to 
A  and  B;  OP  and  Pi  are  the  values  of  the  components 
both  in  magnitude  and  direction. 


FlO.  880. 


Example. — Let  Fu  F9,  F%,  F4,  and  F6  (Fig.  240)  be  five  forces  whose 
magnitudes  are  7, 10,  5, 12,  and  15  pounds,  respectively.     It  is  required 
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to  find  their  resultant  and  to  resolve  this  resultant  into  two  compo- 
nents parallel  to  it  and  passing  through  the  points  a  and  b. 

Solution. — Choose  any  point,  0,  and  draw  0-1  parallel  and  equal  to 
Fiy  1-2  parallel  and  equal  to  F»,  etc. ;  0-5  will  be  the  value  of  the  result- 
ant, and  its  direction  will  be  frorn  0  to  5,  opposed  to  the  other  forces 
acting  around  the  polygon.  Choose  a  pole  P,  and  complete  the  force 
diagram.  Choose  a  point  ron  Fu  and  draw  the  equilibrium  polygon 
c  d ef  g hc\  the  intersection  of  c h,  parallel  to  P 0,  and^-^,  parallel  to 
P  J,  gives  a  point  h  on  the  resultant  R.    Through  h,  draw  R  parallel 

V. 


::~~^r 


.<r-' 


.^ 


.-'','' 


FlO.  340. 

to  0-6,  and  it  will  be  the  position  of  the  line  of  action  of  the  resultant 
of  the  five  forces.  The  components  must  pass  through  the  points 
a  and  b,  according  to  the  conditions;  hence,  draw  Vx  and  Vt  parallel 
to  R  through  a  and  b.  Since  0-5  represents  the  magnitude  of  Ry  draw 
hk  and  hi  parallel  to  Po  and  P 5  (they,  of  course,  coincide  with  c h 
and  g  h,  since  the  same  pole  P  is  used),  intersecting  V\  and  V*  in  k 
and  /.  Join  k  and  /,  and  draw  P  Q  parallel  to  k  I.  Then  0  Q  =  Vx  and 
Q5=V\. 

1157.  By  the  principle  explained  in  the  preceding 
article,  the  reactions  from  any  system  of  loads  may  be 
found.     This  will  be  shown  by  an  example. 
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Example. — Let  Pi  be  the  reaction  of  the  left  support,  and  P,  the 
reaction  of  the  right  support;  let  the  distance  between  the  two  sup- 
ports be  14  feet  Suppose  that  loads  of  50,  80,  100,  70,  and  80  pounds 
are  supported  at  distances  from  the  left  support  equal  to  2,  5,  8,  10, 
and  \2\  feet,  respectively.  The  reactions  of  the  supports  are  required, 
neglecting  the  weight  of  the  beam.     See  Fig.  241. 

Solution. — The  reactions  may  be  found  graphically  by  resolving 
the  resultant  of  the  loads,  which  in  this  case  acts  vertically  downwards, 
into  two  parallel  components  passing  through  the  points  of  support. 


60  lb 8. 

St 


roibs. 


30  lb$. 


Scale  1=160  lbs. 


Fig.  Ml. 


The  reactions  are  equal  and  opposite  to  the  components.  Draw  the 
beam  to  some  convenient  scale  and  locate  the  loads,  as  shown  in  the 
figure.  Construct  the  force  diagram,  making  0-1  =  50  pounds,  1-2  = 
80  pounds,  etc.,  the  line  0-5  representing  the  force  polygon.  Choose  a 
point  b  on  the  line  of  action  of  the  force  Wx>  and  draw  the  equilib- 
rium polygon  abcdefga\  ab  and  f  g  intersect  in  h,  the  point 
through  which  the  resultant  P  must  pass.  By  drawing  P  m  parallel  to 
the  closing  line  ag  of  the  equilibrium  polygon,  the  resultant  0-5  is 
resolved  into  the  components  Om  and  pi  5,  which  are  equal  and  oppo- 
site to  the  reactions  Px  and  R%1  respectively. 
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Measuring  0  m  and  tn  5,  with  the  same  scale  that  was  used  to  lay  off 
0-5,  it  is  found  that  fi\  =  160  pounds,  and  R*  =  170  pounds.  By  calcu- 
lation, Ri  =  160.4  pounds,  and  Rt  =  169.6  pounds,  which  shows  that  the 
graphical  method  is  sufficiently  accurate  for  all  practical  purposes. 
The  larger  the  scale  used,  the  more  accurate  will  be  the  results. 

1 1 58.  In  case  it  had  not  been  desired  for  any  purpose 
to  ascertain  the  line  of  action  of  the  resultant  (or  equili- 
brant),  but  simply  to  determine  the  values  of  the  reactions 


5  PlO.  242. 

Rx  and  R%,  which,  when  applied  at  the  points  A  and  B9 
would  support  or  equilibrate  the  loads,  the  portions  b  h  and 
/  //  of  the  lines  a  h  and  g  h  could  have  been  omitted.  The 
figure  abed  e  f  g  a  would  then  be  the  equilibrium  polygon ; 
the  force  diagram  would  have  been  the  same. 
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The  method  of  ascertaining  the  reactions  without  locating 
the  line  of  action  of  the  equilibrant  and  resultant  will  be 
illustrated  by  a  very  general 

Example. — The  system  of  forces  Fx  =  30  lb.,  F%  =  25  lb.,  Ft  =  401b., 
FK  =  20  lb. ,  and  Ft  =  85  lb.  have  the  directions  and  positions  shown  in 
Fig.  242.  It  is  desired  to  determine  the  magnitudes  and  directions  of 
the  reactions  Px  and  R*%  which,  if  applied  at  a  and  g,  respectively, 
will  equilibrate  the  system  of  original  forces. 

Solution. — Construct  the  force  polygon  0-1-2-3-4-6-0;  the  closing 
line  5-0  represents  the  equilibrant  of  the  original  forces,  but  its  posi- 
tion need  not  be  found.  Choose  any  position  for  the  pole  P  and  draw 
the  rays  P0t  Pi,  P Sy  PS,  P 4,  and  PS.  Through  a  and gt  which  are 
to  be  the  points  of  application  of  the  reactions,  draw  the  lines  a  h  and 
g  k  of  indefinite  length  and  parallel  to  5-0.  From  a,  or  from  some 
point  on  a  h%  as  a\  draw  a'  b  parallel  to  P  0,  intersecting  the  line  of 
action  of  the  force  Fx  (produced  as  far  as  necessary)  at  b ;  from  bt  draw 
b  c  parallel  to  P  i,  intersecting  the  line  of  action  of  F%  at  c;  from  ct 
draw  cd  parallel  to  P2,  intersecting  the  line  of  action  at  F%  at  d; 
from  d,  draw  de  parallel  to  P3\  from  e%  draw  ef  parallel  to  P 4,  and 
from/  draw  f  g'  parallel  to  P5,  intersecting  the  line  g  k  at  g\ 
Draw  g'  a\  and  through  .Pdraw  Pm  parallel  to  it,  intersecting  0-5 
at  m;mO  =  /?,  =  44  pounds,  and  5  m  =  P9  =  39  pounds.  The  line  g '  a' 
is  called  the  closing  line  of  the  equilibrium  polygon. 

Examples. — Solve  by  the  graphical  method  the  examples  given  in 
Art.  1143.  

GRAPHICAL   EXPRESSION    FOR    MOMENTS, 

1 1 59.  Culmann's  Principle. — The  moment  of  a  sin- 
gle force  about  any  point  may  be  expressed  and  determined 
graphically  in  the  following  manner : 

Example. — See  Fig.  243.  Let  F=  10  pounds  represent  a  force 
which  tends  to  cause  rotation  about  the  point  rasa  center.  The  lever 
arm  of  the  moment  is  f  c  =  7±  feet. 

It  is  desired  to  ascertain  the  moment  of  F  about  c. 

Solution. — Draw  0-1  parallel  to  F  and  equal  to  10  pounds  to  any 
convenient  scale.  Choose  any  point  P  as  the  pole,  and  draw  the  rays 
P0  and  Pi;  also,  draw  P 2  perpendicular  to  0-1.  Through  any  point, 
as  b,  on  F,  draw  the  lines  b  a  and  b  g  parallel,  respectively,  to  PO  and 
Pi;  the  lines  b a  and  b  g  correspond  to  the  lines  t  b  and  e d  of  the 
equilibrium  polygon,  Fig.  237,  through  the  intersection  of  which  the 
resultant  must  pass,  the  force  F,  in  the  present  case,  corresponding  to 
the  resultant  in  Fig.  237.     Prolong  a  bt  and  through  c  draw  c  e  parallel 
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to  F,  intersecting  b g  and  ad  in  d  and  e.     By  geometry  it  can  be 
shown  that  0-1  Xf  c  =  deX  P 2,  or,  as  0-1  =  F  and  Fxfc  is  the 
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moment  of  F  about  r,  the  moment  of  F about  c  =z  e  d  X  P  2*  if  ed  v& 
measured  to  the  same  scale  used  for  f  c%  and  P  2  is  measured  to  the 
same  scale  used  for  0-1. 

1160.     The  line  P  2  is  called  the  pole  distance;  it  is 

always  drawn  perpendicular  to  the  line  which  represents  the 
force ;  it  is  usually  designated  by  the  letter  //,  and  will  so  be 
designated  hereafter.  The  line  d  e,  which  is  intercepted 
between  the  two  lines  which  meet  upon  the  line  of  action  of 
the  force  (one  line,  as  a  b,  being  prolonged  if  necessary),  is 
called  the  intercept. 

In  the  triangle  P0-1,  the  lines  P0  and  Pi  represent  the 
components  of  the  force  F  in  the  directions  a  b  and  g  b> 
respectively;  while  the  lines  of  action  of  those  components 
are  a  b  and  g  by  meeting  at  b.  Since  d  e  is  limited  by  g  b 
and  a  b  (the  latter  produced),  we  may  give  the  following 
general  definition :  The  intercept  of  a  force  whose  moment 
about  a  point  is  to  be  found  is  the  segment  (or  portion) 
which  the  two  components  (produced,  if  necessary)  cut  off 
from  a  line  drawn  through  the  center  of  moments  parallel 
to  the  direction  of  the  force.  The  principle  explained 
above  may  be  stated  as  follows: 

The  moment  of  a  force  about  any  point  equals  the  intercept 
with  respect  to  that  point  multiplied  by  the  pole  distance. 

This  is  known  as  Cu  I  ma  tin's  Principle;  it  is  one  of  the 
most  important  facts  in  Graphical  Statics,  and  should  be 
thoroughly  understood. 
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Suice,  in  Fig.  243,  but  one  force  F  is  represented,  it  is 
evident  that,  in  this  figure,  the  equilibrium  polygon  is  not 
complete ;  for  the  action  of  a  single  force  can  not  produce  a 
condition  of  equilibrium.  The  lines  a  b  and  g  by  however, 
may  be  any  two  lines  of  the  equilibrium  polygon  which 
intersect  upon  the  line  of  action  of  the  force. 

1161*  If  the  principle  given  in  the  preceding  article  be 
applied  to  the  resultant  of  any  number  of  forces,  it  will  give 
the  resultant  moment  of  all  the  forces  about  any  given 
point;  for  the  moment  of  the  resultant  of  the  given  forces 
about  any  point  will  equal  the  resultant  moment  of  the  same 
forces  about  the  same  point.  Culmann's  principle  thus 
becomes  perfectly  general,  and  is  applicable  to  any  number 
of  forces. 

Example. — Let  Fx  —  20  pounds,  F%  =  25  pounds,  and  F%  =  18  pounds 
be  three  forces  acting  as  shown  in  Fig.  244;  it  is  desired  to  find  their 
resultant  moment  about  the  point  C\ 

Solution. — Draw  the  force  diagram  and  equilibrium  polygon,  and 
determine  the  position  of  the  resultant  R  in  the  manner  previously 
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explained.  Through  C  draw  C  e  parallel  to  R.  The  intercept  de, 
multiplied  by  the  pole  distance  P  Q,  or  Ht  equals  the  resultant 
moment  of  the  given  forces  about  C. 

1162.  That  the  moment  of  the  resultant  of  a  system 
of  forces  about  any  point  equals  the  resultant  moment  of 
the  same  forces  about  the  same  point  will  be  shown  by  an 
example  in  which  the  given  forces  are  vertical.  This  ren- 
ders the   force   diagram  and  equilibrium   polygon   simpler 
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figures,  and  the  representation  of  the  moments  of  the  forces 
will  be  readily  understood. 

Example.— In  Fig.  245,  the  forces  Fx  =  30,  F9  =-•  20,  and  F%  =  20 
pounds  are  vertical.  F9  is  situated  between  Fx  and  F%%  at  a  distance 
of  50  feet  from  Fu  and  of  30  feet  from  Ft,  as  shown  in  the  figure.  It 
is  desired  to  ascertain  (a)  the  moment  of  the  resultant  R  about  the 
point  C,  which  is  distant  24  feet  horizontally  from  Ft,  and  (6)  the 
resultant  moment  of  the  given  forces  about  the  same  point 
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Solution. — The  force  diagram  which  determines  the  magnitude 
and  the  equilibrium  polygon  which  locates  the  position  of  the  resultant 
R  are  constructed  in  the  usual  manner.  R  is  found  to  equal  70 
pounds,  and  its  position  to  be  at  a  distance  of  13.14  feet  horizontally 
to  the  right  of  C.     By  computation  the  following  results  are  obtained: 

Since  the  forces  are  parallel  and  have  the  same  sense,  the  resultant  = 
30  +  20  +  20  =  70  pounds.  Distance  of  F%  from  C=  50  -  24  =  26  ft,, 
and  of  Fs,  50  +  30  —  24  =  56  ft.  If  the  sense  of  R  be  reversed  so  that 
it  acts  upwards,  the  four  forces  Fit  F%t  Fit  and  R  will  be  in  equilibrium, 
and  the  sum  of  their  moments  about  C=  0.  Denoting  the  distance  of 
R  from  C  by  x,  -  30  X  24  -  70.t •+  20  X  26  4-  20  X  56  =  0,  or  x=  13}  ft. 
Hence,  the  moment  of  R  about  C  —  13  J  X  70  =  920  foot-pounds. 

(a)  By  Culmann's  principle  (Art.  1 1 60),  the  moment  of  R  about 
C=  hix  H=  23  X  40  =  920  foot-pounds  to  the  right,  or  positive. 
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(b)  By  the  same  principle,  the  moment  of  F9  about  C  —fg  X  &  = 
13  X  40  =  520  foot-pounds,  and  the  moment  of  F%  about  C  =  gtXH  = 
28x40  =  1,120  foot-pounds,  both  positive;  the  moment  of  F\  about 
C=  —fh  X  H—  —  18  X  40  =  —  720  foot-pounds,  to  the  left,  or  negative. 
Therefore,  the  resultant  moment  of  Fu  F9,  and  F%  about  C—fgX 
H+gixH-fhxH=<Jg  +  gi-fh)H=(fi'-fh)H=kixH, 
or  23  X  40  =  920  foot-pounds,  the  same  as  in  (a) ;  that  is,  the  resultant 
moment  of  the  given  forces  equals  the  moment  of  their  resultant. 

1163.  If  the  resultant  R  (Fig.  245)  is  replaced  by  the 
equilibrant  E,  the  moment  of  the  latter  will  be  equal  in 
amount,  but  opposite  in  character,  to  the  moment  of  R; 
that  is,  the  moment  of  the  equilibrant  will  be  —  920  foot- 
pounds. This  added  algebraically  to  the  resultant  moment 
of  the  given  forces  gives  920  —  920  =  0,  as  it  should  be. 
(See  Art.  1134.) 

1164.  In  Fig.  245,  the  forces  Fv  F„  Ftt  and  E  do  not 
meet  at  any  common  point,  and,  therefore,  can  only  be  in 
equilibrium  through  the  medium  of  some  structure,  which 
is  interposed  between  their  lines  of  action  in  such  a  manner 
as  to  transfer  the  effect  of  each  force  in  proper  proportions 
to  the  points  of  application  of  the  other  forces. 

If  the  forces  Fv  Ft9  and  Ft  are  equilibrated  by  the  force 
Ey  then  the  effect  of  E  must  in  some  way  be  transferred  to 
the  points  of  application  of  Fv  F„  and  Ft,  the  portion  of  £ 
transferred  to  each  point  of  application  being  equal  to  the 
force  acting  upon  that  point.  It  is  plain  that  this  can  only 
be  accomplished  through  the  medium  of  some  structure  in 
which  sufficient  resisting  (internal)  force  or  strength  can 
develop  to  distribute  the  effect  of  the  external  forces.  It  is 
for  the  purpose  of  giving  sufficient  strength  to  the  structure 
that  the  effect  of  the  original  system  of  forces  on  each  of 
its  parts  is  ascertained  in  making  the  design.  The  structure 
may  be  a  bridge  truss,  roof  truss,  stand  pipe,  beam,  column, 
piece  of  shafting,  part  of  a  steam  engine,  or  any  piece  of 
material  intended  to  resist  force. 

1 1 65.  It  will  be  noticed  that  equilibrium  exists  between 
the  forces  represented  in  Fig.  245,  only  when  the  action  of 
all   the   forces   are  considered.     But,   at   any  point   as  Cf 
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between  Fx  and  F^  the  forces  on  one  side  of  the  point,  if 
considered  separately  (as  Fx  on  the  left),  have  a  resultant 
moment  which  tends  to  cause  rotation  in  one  direction; 
while  the  forces  on  the  opposite  side  of  the  point  (as  F%,  F99 
and  E  on  the  right)  have  a  resultant  moment  which  tends  to 
cause  rotation  in  the  opposite  direction.  Thus  the  moment 
of  Fx  (the  only  force  on  the  left)  about  C=  —  f  hx  Hy 
while  the  resultant  moment  of  F„  Fsy  and  E  (on  the  right) 
about  C  =  fgx  H  +  gix  H  -hix  H=fh  x  H.  The 
former  moment  is  negative  and  the  latter  moment  is  posi- 
tive, and,  as  they  are  thus  equal  and  opposite,  they  balance 
each  other.  But,  as  the  forces  which  produce  these  opposite 
moments  are  situated  upon  opposite  sides  of  the  point  Cy  they 
can  only  balance  or  resist  each  other  through  the  rigidity  of 
the  structure.  The  moment  of  Fv  would  cause  that  portion 
of  the  structure  at  the  left  of  C  to  rotate  downwards  or  to  the 
left,  while  the  resultant  moment  of  F„  Fiy  and  E  would 
cause  that  portion  of  the  structure  to  the  right  of  C  to 
rotate  downwards  or  to  the  right.  The  effect  of  these 
opposite  resultant  moments  would  be  to  bend  the  structure 
about  the  point  C  (or  some  point  in  the  line  C  i)  in  much 
the  same  manner  that  you  would  bend  a  stick  across  your 
knee,  if  this  tendency  to  bending  were  not  resisted  by  the 
opposite  moments  developed  by  the  internal  forces  (strength) 
of  the  structure.     (See  Art.  1138.) 

1 166.  The  resultant  moment,  at  any  point  in  a  struc- 
ture, of  all  the  forces  upon  either  side  of  the  point,  tending 
to  bend  the  structure  about  the  point  is  the  bending  mo- 
ment in  the  structure  at  that  point.     (See  Art.  1136.) 

This  bending  moment  is  equal  to  the  intercept  between 
the  lines  of  the  equilibrium  polygon  (drawn  through  the 
point  parallel  to  the  forces),  as  f  hy  multiplied  by  the  pole 
distance. 

1 167.  In  the  case  of  a  simple  structure  carrying  verti- 
cal loads  equilibrated  by  vertical  reactions,  the  lines  of  action 
of  all  the  external  forces  are  vertical,  and  the  intercepts  in 
the    equilibrium  polygon,   which    are    proportional    to  the 
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bending  moments,  are  vertical.  This  is  the  case  of  an  ordi* 
nary  bridge,  girder,  beam,  joist,  or  other  structure  which 
carries  vertical  loads  and  has  vertical  supports;  it  is  the 
most  common,  as  well  as  the  most  simple  case.  The  bend* 
ing  moment  at  any  point  in  such  a  structure  can  be  found 
by  the  following 

Rule. —  The  bending  moment  at  any  point  equals  the  verti- 
cal intercept  in  the  equilibrium  polygon  multiplied  by  the  pole 
distance. 

1 1 68.  The  equilibrium  polygon  drawn  to  determine  the 
bending  moments  caused  by  vertical  forces  acting  upon  a 
structure  is  called  a  moment  diagram. 

Example. — Fig.  246  represents  four  equal  loads,  F\  =  F\  =  F%  = 
FK  =  200  pounds,  which  are  supported  upon  the  horizontal  beam,  and 
are  in  turn  supported,  together  with  the  beam,  by  the  vertical  reactions 
Rx  and  fi9,  The  weight  of  the  beam  itself  is  not  considered.  It  is 
desired  to  ascertain  the  resultant  or  bending  moment  at  any  point,  as 
C,  a  point  at  the  center  of  the  span.  The  length  of  the  span  and  all 
distances  are  shown  in  the  figure. 

.  Solution. — The  figure  0-4  P0  is  the  force  diagram  in  which  the 
force  polygon  is  the  straight  line  0-1-2-8-4-0;  the  line  0-4,  which  repre- 
sents the  loads,  is  the  load  line  (Art.  1121),  while  the  line  in  the 
opposite  direction  4-0,  which  coincides  with  the  load  line  and  represents 
the  equilibrant  or  the  sum  of  the  reactions,  is  the  closing  line  of  the 
force  polygon.  In  the  present  case,  the  line  P  m,  which  divides  the 
load  line  into  the  reactions  mO  and  4*ny  coincides  with  the  line  P2 ; 
the  force  diagram  might  have  been  so  drawn  that  the  line  H  would 
also  have  coincided  with  P  m  and  P  2.  The  pole  distance  H=  500 
pounds.  The  polygon  ab c d cf  a  is  the  equilibrium  polygon;/**  is 
the  closing  line.  It  will  be  noticed  that  the  closing  line  of  the  equilib- 
rium polygon  is  simply  a  line  drawn  to  the  starting  point,  to  close  the 
polygon;  its  position  is  usually  between  the  lines  of  action  of  the 
reactions.  The  vertical  intercept  g  h  between  the  lines  of  the  equilib- 
rium polygon,  when  multiplied  by  the  pole  distance  //,  =  24  X  500  = 
12,000  foot-pounds,  will  equal  the  bending  moment  upon  the  beam  from 
all  the  forces  at  the  left  of  the  point  C.  For  it  has  been  shown  (Art. 
1 160)  that  the  bending  moment  of  a  force  about  any  point  is  the  pro- 
duct of  the  pole  distance  by  the  parallel  intercept  at  that  point  between 
those  two  lines  of  the  equilibrium  polygon  which  meet  upon  the  line 
of  action  of  the  force.  Remembering  this  simple  principle,  it  is  plain 
that  the  positive  moment  of  Pt  about  C  -=  g  k  X  H~  40  x  500  -  20.000 


546        ELEMENTARY  GRAPHICAL  STATICS. 

foot-pounds,  while  the  negative  moment  of  Fx  about  C=  —  ik  X  //  = 
—  12  X  503  =  —  6,000  foot-pounds,  and  the  negative  moment  of  F%  about 
C=-^/X//=-4x500=—  2,000  foot-pounds.  But  g  k  -  i  k  — 
hizzig  hy  and  the  algebraic  sum  of  g k  X  //,  —  i ' k  X  H  and  —  Az'x. 
H  —  g  Ax  H\  the  resultant  moment  of  Rx,  Fu  and  F<%  about  C  is, 
therefore,  g  hxH=z^Ax  500  =  12,000  foot-pounds,  which  is  the  same 
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as  20,000  -  6,000  -  2,000  =  12,000  foot-pounds.  It  is  thus  seen  that  the 
resultant  moment  of  the  forces  at  the  left  of  C  about  that  point  equals 
the  vertical  intercept  in  the  equilibrium  polygon  at  that  point  multi- 
plied by  the  pole  distance.  The  same  can  be  shown  of  the  moments 
of  the  forces  at  the  right  of  C\  except  that  the  resultant  moment 
would  be  negative  instead  of  positive.  As  C  may  be  any  point,  the 
principle  is  perfectly  general. 
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The  student  may  solve  by  the  graphical  method  the 
examples  given  in  Art.  1 1 46. 

1 1 69.  If  a  beam  is  acted  upon  by  inclined  forces,  the 
bending  moments  resisted  by  the  beam  are  caused  by  those 
components  of  the  applied  forces  which  are  parallel  to  the 
reactions ;  the  two  reactions  being  parallel  to  each  other,  and 
the  perpendicular  distance  between  them  being  considered  as 
the  span  of  the  beam.  If  the  reactions  are  vertical  the  bend- 
ing moments  are  caused  by  the  vertical  components  of  the 
applied  forces.  In  Fig.  247,  the  inclined  forces  Fy  =  600, 
F9  =  500,  Ft  =  800,  and  Ft  =  625,  all  in  pounds,  act  upon  the 
beam  A  G;  as  the  reactions  are  vertical,  the  bending  mo- 
ments are  caused  by  the  vertical  components  vx>  v„  v„  and  vK. 

The  horizontal  components,  Alf  A,,  A8,  hv  of  the  forces  do 
not  produce  bending  moment,  but  simply  tend  to  move  or 
slide  the  beam  to  the  right  or  left,  according  to  the  inclina- 
tion of  each  force ;  this  tendency  produces  direct  tension  and 
compression  along  different  portions  of  the  beam.  In  the 
present  case,  the  reactions  are  vertical,  and  in  order  that  the 
beams  shall  not  slide  to  the  right  or  left,  the  horizontal 
components  of  the  given  forces  must  balance  among  them- 
selves. In  the  figure,  it  is  noticed  that  the  sum  of  the 
horizontal  components  hx  and  h%  (  =  300  +  273.6  =  573.6  lb.) 
which  tends  to  move  the  beam  to  the  right  is  just  balanced 
by  the  sum  of  A,  and  A4  (  =  433  +  140.6  =  573.6  lb.)  which 
tends  to  move  it  to  the  left ;  consequently,  the  tendency  to 
cause  motion  in  one  direction  is  just  balanced  by  the  opposite 
tendency,  and  the  beam  does  not  move.  This  condition  of 
equilibrium  between  the  components  of  the  given  forces 
perpendicular  to  the  reactions  will  always  be  fulfilled,  if  the  • 
directions  of  the  reactions  are  parallel  to  the  equilibrant,  or 
the  closing  line  in  the  force  polygon.  In  the  force  polygon 
0-1-2-8-J+-0,  the  equilibrant  4-0  is  vertical,  indicating  that,  in 
this  case,  the  reactions,  or  at  least  the  resultant  of  the  re- 
actions, must  be  vertical.  To  draw  the  equilibrium  polygon 
that  will  determine  the  bending  moments  upon  the  beam, 
proceed  as  follows : 
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Draw  the  force  polygon  0-1-2-3-^-0,  in  the  usual  manner; 
the  closing  line  ,{-0  =  2,1^0.8  pounds  is  the  equilibrant. 
Project  each  side  0-1,  1-2,  2-3,  and  3-4  of  the  force  polygon 
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upon  the  equilibrant-  by  lines  drawn  through  the  vertexes 
(1,  2,  and  3)  perpendicular  to  the  equilibrant,  as  the  lines 
1-1' ,  2-2' ,  and  3-3'.     The  lines  projected  upon  the  equilibrant, 
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i.  e.,  the  portions  of  the  equilibrant  cut  off  by  these  per- 
pendicular lines,  as  0-V ,  l'-2\  2'-3\  and  #'-.£,  represent  the  com- 
ponents, parallel  to  the  equilibrant,  of  the  forces  Fx%  F„  Fv 
and  FA;  these  components  are  the  forces  which  cause  bend- 
ing moment  upon  the  beam,  and  0-1' -2' -3' -4.  is,  therefore, 
the  load  line  for  the  beam.  These  components  are,  in  this  case, 
vertical.  Choose  any  pole  P,  and  draw  the  raysPtf,  P 1\ 
P  2\  P  3\  and  P  4.  to  the  points  thus  determined  upon  the 
load  line.  Through  the  points  of  application  of  the  forces 
and  reactions  RtJ  Fx%  F„  /%,  F4J  and  R„  which  act  upon  the 
beam,  as  through  A,  B,  C,  D,  Fy  and  G  (written  below  the 
beam  for  convenience),  draw  lines  parallel  to  the  equilibrant 
and  of  indefinite  length.  These  lines,  A  ay  B  b\  C  c,  D  d, 
E  e,  and  G  g,  must  be  drawn  through  the  points  of  application 
of  the  forces  and  parallel  to  the  equilibrant.  Construct  the 
equilibrium  polygon  by  drawing  between  these  parallel  lines 
the  lines  a  by  b  cy  c  dy  d  ey  and  e  g  parallel  to  the  rays,  and, 
finally,  draw  the  closing  line^rt  to  the  starting  point.  In  the 
force  diagram,  the  line  P  m  which  divides  the  equilibrant  4.-0 
into  the  reactions  4  w  and  ;//  0  is  drawn  from  the  pole  to  the 
equilibrant  parallel  to  the  closing  line  g  a  of  .the  equilibrium 
polygon;  by  the  scale  of  forces  Riy  or  mO  =  044.5  pounds, 
and  R%,  or  .4  m  =  1,180.3  pounds.  H  is  perpendicular  to  the 
equilibrant;  in  this  case,  it  happens  to  coincide  withPw. 
The  intercept  between  the  lines  of  the  equilibrium  polygon, 
from  which  the  bending  moment  at  any  point  is  obtained, 
must  be  drawn  through  the  point  and  parallel  to  the  equili- 
brant;  the  intercept  thus  drawn  for  any  point,  when  multi- 
plied by  //,  equals  the  bending  moment  at  the  point.  Thus, 
the  maximum  intercept  is  d  d\  and  d  d'  X  //=  8.24  X  1,000  = 
8,240  foot-pounds.  The  direct  compression  in  the  beam  be- 
tween Fy  and  F7  is  represented  by  1-1' ;  2-2'  represents  the 
tension  in  the  beam  between  F9  and  Ft9  and  3-3'  represents 
the  compression  between  F9  and  FA. 

1170.  In  Fig.  240,  the  closing  line  of  the  equilibrium 
polygon  f  a  is  not  horizontal.  The  point/*  is  simply  a  point 
in  the  line  of  action  of  the  supporting  force  R%\  it  has  no 
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definite  position  with  reference  to  the  starting  point  a,  but 
may  be  any  distance  above  or  below  a  point  horizontally  oppo- 
site to  a,  and  the  closing  line  fa  may  have  any  inclination, 
according  to  the  position  of  the  pole  in  the  force  diagram. 
The  same  is  true  of  the  point  g  and  the  line  g  a  in  Fig.  247 ; 
it  is  true  of  the  closing  line  in  any  equilibrium  polygon.  It 
is  sometimes  desired  to  draw  the  equilibrium  polygon  so 
that  the  closing  line  shall  connect  two  given  points  in  the 
lines  of  action  of  the  supporting  forces,  or  so  that  the  clo- 
sing line  shall  be  horizontal  or  have  some  desired  inclination. 
This  may  always  be  done  by  proceeding  as  in  the  following 

Example. — It  is  desired  to  construct  the  equilibrium  polygon  for 
the  forces. Fif  F%%  F%%  and  their  reactions,  between  the  points  a  and  et 


Pig.  248. 

Fig.  248,  which  are  points  on  the  lines  of  action  of  the  supporting 
forces  Rx  and  R* ;  or,  in  other  words,  so  that  the  closing  line  of  the 
equilibrium  polygon  will  coincide  with  e a. 

Solution. — Lay  off  the  load  line  0-1-2-3 ;  choose  any  pole,  as  F9 
and  draw  the  rays  F  0%  F  /,  F  2,  and  F  3,  thus  forming  the  force 
diagram  0-1-2-3  P  0.  From  this  construct  the  equilibrium  polygon 
ab'  c'  d '  e'  a  in  the  usual  manner,  and,  in  the  force  diagram,  draw  the 
line  F  m  parallel  to  the  closing  line  e  a.  The  point  m  will  divide 
the  load  line  0-3  into  the  reactions  mO  and  3  m,  without  regard  to  the 
direction  of  the  line  F  //*,  which  must  differ  for  different  positions  of 
the  pole.  Through  the  point  ///,  draw  a  line  of  any  length,  as  mn% 
parallel  to  the  desired  closing  line  ea  of  the  equilibrium  polygon. 
For  a  new  pole,  choose  any  point,  as  F,  upon  the  line  mn\  draw  the 
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new  rays  PO,  Pi,  P2,  and  PS,  and  construct  the  new  equilibrium 
polygon  in  the  usual  manner  by  lines  drawn  parallel  to  the  new  rays. 
The  line  e  a  will  be  the  closing  line  of  the  new  equilibrium  polygon 
ab  c  de  a. 

EXAMPLES  FOR  PRACTICE. 

In  the  examples  of  Art.  1 1 68,  construct  the  equilibrium  polygons 
so  that  the  closing  lines  will  be  horizontal. 


1171.  When  a  load  is  distributed  uniformly  over  the 
length  of  a  structure,  it  is  divided  into  sections  of  any  con- 
venient length,  and  the  weight  of  each  section  is  considered 
to  be  concentrated  at  the  center  of  gravity  of  the  section. 
The  smaller  the  sections,  i.  e.,  the  greater  the  number  of 
sections  into  which  the  load  is  divided,  the  more  accurate 
will  be  the  results,  but  for  all  practical  purposes  it  is  not 
necessary  to  divide  the  load  into  an  inconveniently  large 
number  of  sections.  The  sections  may  be  of  equal  or 
of  unequal  length,  but  it  is  better  to  make  them  of  equal 
length  when  practicable. 

Example. — Fig.  249  represents  a  beam,  16  feet  long  between  sup- 
ports, carrying  a  uniform  load  of  960  pounds  per  foot.  The  weight  of 
the  beam  itself  is  40  pounds  per  foot.  It  is  required  to  construct  the 
equilibrium  polygon  determining  the  values  of  the  reactions  Rt  and 
R*  and  the  maximum  bending  moment  for  the  entire  load. 

Solution. — The  total  load  per  foot  supported  by  the  beam  is  960  + 
40  =  1,000  pounds.  In  order  to  construct  the  equilibrium  polygon, 
this  uniform  load  is  considered  to  be  divided  into  sections,  each  2 
feet  long ;  the  center  of  gravity  of  each  section  is  at  the  center  of  the 
section,  and  the  weight  of  each  section  is  (960  +  40)  X  2  =  2,000  pounds. 
There  are  eight  sections.     The  weight  of  each  section  is  laid  off  to  any 

convenient  scale,  upon  the  load  line  at  0-1,  1-2 , 7-8,  the  pole   P 

is  chosen  and  the  rays  P0%  Pi,  etc.,  are  drawn  in  the  usual  manner. 
The  pole  distance  H  is  equal  to  16,000  pounds.  Beginning  at  any 
point  on  the  vertical  through  Rlt  as  a,  the  line  ab  is  drawn  parallel  to 
PO  to  intersect  the  vertical  through  the  center  of  gravity  of  the  first 
section  of  the  load ;  from  b,  the  line  b  c  is  drawn  parallel  to  P 1  to 
intersect  the  vertical  through  the  center  of  gravity  of  the  next  section 
of  the  load;  from  c  the  line  c d is  drawn  parallel  to  P%  to  intersect  the 
vertical  through  the  center  of  gravity  of  the  third  section  of  the  load, 
etc     From  /  on  the  vertical  through  the  last  section  of  load,  the  line 
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ik  is  drawn  parallel  to  the  last  ray  P8,  to  intersect  the  vertical 
through  R^  and  finally  the  closing  line  k  a  is  drawn  joining  the  ver- 
ticals through  the  reactions.  In  the  force  diagram,  Pm  is  drawn 
parallel  to  k  a%  dividing  the  load  line  into  the  reactions  £ //*  =  Rt  and 
mO  —  Rx.  Measuring  to  the  scale  of  forces,  each  reaction  is  found  to 
equal  8,000  pounds.  The  maximum  intercept  is  found  to  be  at  e  e\ff 
or  any  point  between.  This  is  an  error,  for,  in  the  case  of  a  really 
uniform  load,  the  maximum  intercept  occurs  only  at  the  center.  This 
16i 
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slight  error  is  due  to  the  load  upon  each  section  having  been  considered 
as  concentrated  at  its  center  of  gravity;  if  the  number  of  sections 
were  greater,  the  error  would  be  less.  Either  e  e'  or //'  equals  the 
maximum  intercept.  Measuring  with  the  scale  of  distances  e  e'  •=//' 
is  found  to  equal  2  feet;  therefore,  the  maximum  bending  moment 
equals  2  X  16,000  =  32,000  foot-pounds. 

From  the  preceding  we  derive  the  following  general 

Rule. —  When  a  beam  {or  any  similar  structure)  carries  a 
uniform  loady  divide  the  beam  into  any  even  number  of  equal 
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parts  (the  more  the  better)  ;  divide  the  total  load  into  half  as 
many  parts ;  consider  the  equal  parts  of  the  load  to  be  ap- 
plied alternately  at  the  various  points  of  division  of  the  beamy 
and  treat  them  as  ordinary  concentrated  loads. 

In  the  example  given,  the  beam  is  divided  into  16  parts, 
the  load  into  8.  The  first  point  of  division  (adjacent  to 
the  support)  carries  a  weight  of  1,000  pounds;  the  next  one 
carries  no  weight ;  the  next  one  does,  etc.       * 

1 1 72.  The  preceding  results  may  be  readily  computed 
by  the  principles  of  moments.  It  is  evident  that  each  re- 
action equals  one-half  the  total  load.  If  the  total  load  be 
considered  concentrated  at  its  center  of  gravity,  either  as  a 
whole  or  as  divided  into  sections,  and  the  reactions  com- 
puted by  the  principles  of  Art.  1144,  each  reaction  will 
be   found   to   equal  one-half  the  load;   one-half   the  total 

load  is  — ^~ — - —  =  8,000  lb.     For  the  bending  moment 

at  any  point,  take  moments  of  the  forces  at  the  left  about 
that  point.  At  the  center,  the  positive  moment  of  the 
reaction  is  8,000  X  8  =  04,000  foot-pounds.  The  negative 
moment  of  that  portion  of  the  load  at  the  left  of  the  center 
(considering  it  to  be  concentrated  at  its  center  of  gravity) 
is  —  8,000  x  4  =  —  32,000  foot-pounds.  The  algebraic  sum 
of  these  moments  is  C4,000  —  32,000  =  32,000  foot-pounds, 
which  is  the  same  as  the  result  found  graphically. 

1173.  A  structure  which  supports  its  entire  load  or 
system  of  loads  between  two  reactions,  as  in  the  prece- 
ding example,  is  usually  known  as  a  simple  structure. 
It  is  evident  that,  in  such  a  structure,  the  two  reactions  are 
at  its  respective  ends.  By  far  the  greatest  number  of 
structures  are  of  this  class. 

But  it  is  sometimes  necessary  for  a  structure  to  extend 
beyond,  and  support  loads  beyond  one  or  both  reactions. 
The  projecting  or  overhanging  end  of  such  a  structure, 
that  is,  the  portion  of  the  structure  which  extends  beyond 
a  support,  is  known  as  a  cantilever.  Exactly  the  same 
principles    apply    in    finding    the    bending    moments    in 
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structures  having  cantilever  ends,  as  in  simple  structures. 
The  equilibrium  polygon  for  a  structure  with  cantilevers, 
although  somewhat  different  in  form  from  the  equilibrium 
polygon  drawn  for  a  simple  structure,  is  constructed  according 
to  the  same  principles  and  in  practically  the  same  manner. 

Illustration. — In  Fig.  250  is  represented  a  beam  upon 
which  are  supported  three  loads,  Wx  =  1,000  pounds,  W%  = 
800  pounds,  and  W%  =  600  pounds ;  the  beam  supports  one 
load,  W%,  beyond  its  right  support.  It  is  desired  to  ascer- 
tain the  values  of  the  reactions  and  bending  moments  for 
this  condition  of  loading,  neglecting  the  weight  of  the  beam 
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itself.  Upon  the  load  line  0-1,  1-2,  and  2-8  are  laid  off  equal 
to  Wx,  W9>  and  Wt,  respectively,  to  any  convenient  scale ; 
0-1-2-3-0  is  the  polygon  of  the  external  forces  (loads  and  re- 
actions) acting  upon  the  beam.  The  pole  P  is  chosen  and 
the  rays  of  the  force  diagram  P0y  Pi,  P  2,  and  P  3  are 
drawn  in  the  usual  manner.  In  the  figure,  the  pole  distance 
H  is  made  equal  to  2,400  pounds. 

Beginning  at  any  point  on  a  vertical  line  drawn  through 
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the  left  reaction  Riy  as  the  point  a ,  draw  a  b  parallel  to  P  0, 
intersecting  at  b  the  vertical  through  the  first  load  Wx ;  from 
b  draw  b  c  parallel  to  Pi,  intersecting  at  c  the  vertical  through 
W9;  from  c  draw  c  d  parallel  to  P2,  intersecting  the  vertical 
through  \V% ;  from  d  draw  d  e  parallel  to  PSy  intersecting  the 
vertical  through  Ra ;  and  finally  draw  the  closing  line  e  ay 
completing  the  equilibrium  polygon.  In  the  force  diagram, 
the  line  P  m  is  drawn  parallel  to  e  a,  dividing  the  load  line 
into  the  reactions  8  m  =  R9  and  m  0  =  Rx.  By  the  scale 
used,  R9  =  1,500  pounds,  and  Rt  =  900  pounds.  Rx  +  R9  = 
2,400  =  Wx  +  W\  +  Wt,  as  it  should  be. 

1 1 74.  It  will  be  well  to  notice  quite  particularly  the 
construction  of  the  equilibrium  and  force  polygons  for  the 
preceding  condition  of  loading.  Upon  the  load  line  the  loads 
are  laid  off  downwards,  beginning  with  the  load  furthest  at 
the  left  and  taking  all  the  loads  in  order,  passing  across  the 
structure  to  the  right.  Thus  0-1  is  made  equal  to  Wv  1-2 
is  made  equal  to  W„  and  2-3  is  made  equal  to  Wt.  It  would 
have  been  as  well  to  have  begun  with  the  load  at  the  right, 
proceeding  in  order  towards  the  left;  and  then  to  have  be- 
gun the  equilibrium  polygon  at  some  point  on  the  vertical 
through  the  right  reaction,  drawing  the  first  line  to  the  ver- 
tical through  the  load  furthest  to  the  right.  But  it  is  custom- 
ary to  begin  with  the  forces  at  the  left,  and,  by  following 
this  custom  and  always  proceeding  in  the  same  order,  there 
will  be  less  liability  to  confusion  and  error. 

In  constructing  the  equilibrium  polygon,  therefore,  begin 
at  the  vertical  through  the  left  reaction  Rv  and  draw  the 
first  line  a  b  parallel  to  the  first  ray  P  0,  intersecting  the 
vertical  through  the  first  load  Wx ;  whether  this  load  be  situ- 
atedat  the  right  or  at  the  left  of  the  reaction.  The  next  line 
b  c  is  drawn  to  the  vertical  through  the  load  next  at  the  right 
of  Wj,  or  \V„  etc. ;  the  line  parallel  to  the  last  ray  being 
drawn  between  the  vertical  through  the  load  furthest  at  the 
right  and  the  vertical  through  the  right  reaction.  The 
closing  line  of  the  equilibrium  polygon  is  drawn  between  the 
verticals  through  the  reactions. 
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1175.  In  order  that  the  equilibrium  polygon  may  be 
properly  drawn,  the  point  on  the  load  line  to  which  a  ray  is 
drawn  must  be  common  to  (lie  between)  the  same  two  forces 
between  the  lines  of  action  of  which  is  drawn  the  line  of  the 
equilibrium  polygon  that  is  parallel  to  that  ray.  Thus,  in 
Fig.  250,  the  point  0  on  the  load  line  is  common  to  in  O, 
which  represents  A*,,  and  0-1,  which  represents  Wx\  and  in 
the  equilibrium  polygon  the  line  a  b,  which  is  drawn  parallel 
to  PO,  is  drawn  between  the  lines  of  action  of  (i.  e.,  the  ver- 
ticals through)  Rx  and  \VX.  Again,  the  point  m  is  common  to 
the  two  reactions,  8  m,  which  represents  R„  and  /;/  0,  which 
represents  Rx ;  the  line  ea,  which  is  parallel  to  P ;//,  is  drawn 
between  the  lines  of  action  of  Rx  and  Rr  The  same  is  true  of 
any  line  of  this  or  any  properly  constructed  equilibrium 
polygon ;  it  connects  the  lines  of  action  of  the  same  two 
forces  between  which  the  point  lies,  to  which  the  correspond- 
ing ray  of  the  force  diagram  is  drawn.  By  observing  this 
principle,  the  equilibrium  polygon,  of  whatever  form,  may 
be  drawn  correctly. 

1 1 76.  The  bending  moment  at  any  point  of  a  canti- 
lever or  other  structure  is  found  by  multiplying  the  intercept 
in  the  equilibrium  polygon  by  the  pole  distance  H.  The 
position  of  the  maximum  intercept  can  usually  be  determined 
by  inspection,  aided,  if  necessary,  by  a  few  measurements. 
In  a  simple  structure  it  is  always  under  a  load,  but  it  may  be 
under  some  portion  of  a  uniformly  distributed  load.  In  a 
cantilever  it  is  always  at  the  support.  In  a  structure  having 
a  cantilever  end,  as  that  shown  at  Fig.  250,  measurement 
will  determine  whether  the  intercept  is  maximum  at  a  reac- 
tion or  under  one  of  the  loads.  In  the  present  case,  it  is 
found  that  b  b'  —  2.25  feet  is  the  maximum  intercept;  there- 
fore, the  maximum  bending  moment  is  2.25X2,400  = 
5,400  foot-pounds.  The  intercept  e  e'  at  R^  equals  1  foot, 
and  the  bending  moment  at  that  point  is  1  X  2,400  = 
2,400  foot-pounds. 

1177.  It  will  be  noticed  that  at  x,  Fig.  250,  the  lines 
of  the  equilibrium  polygon  cross ;  at  this  point  there  can  be 
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no  intercept ;  therefore,  the  bending  moment  at  this  point 
is  zero.  At  all  points  at  the  left  of  x  the  bending  moment 
is  positive ;  while  at  all  points  at  the  right  of  x  the  bending 
moment  is  negative.  (Art.  1127.)  Imagine  a  straight  line 
to  be  stretched  along  the  top  of  an  actual  beam  loaded  as 
in  the  figure,  between  Rx  and  x\  the  beam  would  be  found 
to  be  bent  or  deflected  in  such  a  manner  that  all  points  on 
it  between  Rx  and  x  would  be  slightly  below  the  straight 
line.  The  bending  moment  which  tends  to  bend  a  beam  in 
this  manner  is  considered  positive.  But  imagine  the  straight 
line  to  be  stretched  along  the  top  of  the  beam,  between 
x  and  W% ;  the  beam  would  be  found  to  be  slightly  bent  in 
the  opposite  direction,  i.  e.,  so  that  all  points  along  the  top 
of  the  beam  between  x  and  W%  would  be  slightly  above  the 
straight  line.  The  bending  moment  which  tends  to  bend  a 
beam  in  this  manner  is  considered  negative. 

The  sign  of  the  bending  moment  at  any  point  in  a  structure 
is  the  same  as  that  of  the  resultant  moment  of  the  forces  at 
the  left  of  the  point.  Thus,  when  computed  from  the  forces 
at  the  lefty  the  bending  moment  at  Wx  or  Wt1  Fig.  250,  is 
found  to  be  positive,  while  at  R%  it  is  found  to  be  negative, 
as  stated  above. 

The  point  x  is  sometimes  called  a  point  of  no  bending  or 
point  of  zero  moment,  but  it  is  more  commonly  known  as  a 
point  of  contraf lexure  (i.  e.,  contrary  flexure). 

1178.  When  the  equilibrium  polygon  is  constructed 
according  to  the  methods  just  given,  it  will  be  found  that 
the  tendency  of  the  bending  moments  is  to  bend  the  struc- 
ture in  the  direction  in  which  it  would  be  necessary  to  bend 
the  closing  line  in  order  to  make  it  coincide  with  the  other 
sides  of  the  polygon.  Thus,  in  Fig.  250,  the  bending  moment 
between  Rx  and  the  point  of  contraflexure  x  tends  to  bend 
the  beam  downwards,  which  is  the  direction  in  which 
ax  must  be  bent  in  order  to  make  it  coincide  with  a,  b,  c,x; 
the  bending  moment  between  the  point  of  contraflexure  and 
\V%  tends  to  bend  the  beam  upwards,  which  is  the  direction 
in  which  x  e  must  be  bent  to  make  it  coincide  with  x  d  e. 

T.    I.—3S 
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The  bending  moment  is  positive  where  the  closing  line,  or 
line  drawn  towards  the  left,  is  the  upper  line  of  the  polygon, 
and  negative  where  it  is  the  lower  line  of  the  polygon.  It 
is  thus  known  that  the  bending  moment,  as  found  at  Wj,  is 
positive,  or  -|-  5,400  foot-pounds,  while  the  bending  moment, 
as  found  at  R%y  is  negative,  or  —  2,400  foot-pounds. 

1 1 79.  The  values  of  the  reactions  and  of  the  bending 
moments  for  the  above  mode  of  loading  can  also  be  readily 
ascertained  by  applying  the  principles  given  in  Arts.  1 1 36 
and  1142.  According  to  Art.  1142,  the  algebraic  sum 
of  the  moments  about  either  reaction  is  zero.  Therefore,  if 
moments  are  taken  about  Rv  giving  to  each  moment  its 
proper  sign  (Art.  1127),  then, 

^,X20-  1,000  X  14  -  800  X  8  +  600  X  4  =  0; 

by  performing  each  multiplication  indicated  and  transposing, 

20  Rx  =  14,000  +  6,400  -  2,400,  and  Rx  =  ^^  =  900  lb. 

Again,  by  taking  moments  about  Rl9 

-  R9  X  20  +  1,000  X  6  +  800  X  12  +  600  X  24  =  0; 
by  multiplying,  transposing,  and  changing  signs, 

20  Rt  =  6,000  +  9,600  +  14,400,  or  R%  =  ^^—  =  1,500  lb. 

All  the  forces  acting  upon  the  structure  are  now  known, 
and  the  bending  moment  at  any  point  is  simply  the  result- 
ant moment  of  all  the  forces  upon  either  side  of  that  point. 
(Art.  1136*)  The  bending  moment  at  Wlt  taking  the 
moment  of  the  force  at  the  left,  is  900x6  =  5,400  foot- 
pounds (positive).  If,  about  the  same  point,  the  moments 
of  the  forces  at  the  right  of  the  point  be  taken,  there  will  be 
800  X  6  +  600  X  18-1,500  X  14  =  4,800  +  10,800-21,000  = 
—  5,400  foot-pounds  (negative).  By  taking  moments  about 
Rt,  the  resultant  moment  of  the  forces  at  the  left  is  900  X 
20  -  1,000  X  14-800  X  8  =  18,000-14,000-6,400  =-2,400 
foot-pounds  (negative),  while  the  moment  of  the  force  at  the 
right  about  the  same  point  is  600  X  4  =  2,400  foot-pounds 
(positive). 
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PRACTICAL   EXAMPLES. 

11  SO*  Example. — Fig.  251  represents  a  very  common  form 
of  crane  or  derrick.  The  members  are  designated  by  Bow's  system  of 
notation.  Assuming  the  dimensions  to  be  as  shown  and  the  load  W 
to  be  8,000  pounds;  construct  the  stress  diagram,  determining  the 
stress  in  each  member,  the  pull  upon  the  guy  rope  B  D%  and  the  direc- 
tion and  amount  of  the  inclined  reaction  A  D. 

Solution. — Of  the  three  forces  which  act  upon  joint  i,  one  force, 
A  B  or  W%  is  known ;  the  lines  of  action  of  the  other  two  forces  are 
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also  known,  for  they  are  the  internal  forces  in  the  members  of  the 
frame  B  Cand  C  A. 

The  line  a  b  is,  therefore,  drawn  parallel  to  the  direction  in  which 
the  load  A  B  acts  upon  this  joint,  or  downwards,  and  to  any  convenient 
scale  its  length  is  made  equal  to  the  magnitude  of  that  force ;  from 
b  and  a  the  lines  b  c  and  a  c  are  drawn  parallel  to  B  C  and  A  C,  respect- 
ively, and  the  arrow-heads  marked  as  usual  from  the  known  direction 
of  the  arrow-head  on  a  b.  For  joint  ;?,  an  additional  arrow-head  is 
marked  in  a  reversed  position  and  direction  on  c  b ;  the  lines  c  d  and 
b  d  are  drawn  parallel,  respectively,  to  C  D  and  B  D,  and  the  arrow- 
heads marked  as  usual.  For  joint  «?,  additional  arrow-heads  are  marked 
in  reversed  positions  and  directions  on  ac  and  c  d,  and  d  a  is  drawn. 
If  everything  has  been  done  properly,  a  d  will  be  parallel  to  A  D. 

The  lines  a  b,  b  d,  and  d  a  form  the  polygon  of  the  external  forces ; 
as  each  external  force  acts  upon  but  one  joint,  therefore,  but  one 
arrow-head  has  been  marked  upon  each  of  these  lines.  Measuring  the 
lines  of  the  stress  diagram  to  the  same  scale  to  which  a  b  was  made 
equal  to  Wt  and  noticing  the  relative  directions  of  the  arrow-heads 
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upon  each  line  which  represents  an  internal  force,  the  following  results 
are  obtained,  in  which  +  indicates  compression,  and  —  tensior  *. 


Scale  1*20000  lb: 

Fig.  262. 

Stress  in  A  C-a  c=  +  16,970  lb. 
Stress  in  B  C=b  t  =  -  12,650  lb. 
Stress  in    C  D  =  c  d  -  +    2,930  lb. 
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Puli  upon  B  D  =  bd  =      13,860  lb. 
Reaction   AD  =  ad  =      19,1501b. 

1181*  Example.-— In  Fig.  252  is  represented  a  very  simple  form 
of  traveler,  or  traveling  crane,  which  is  sometimes  used  to  hoist  large 
bodies  into  position  in  erecting  structures.  It  is  so  constructed  that  it 
can  be  rolled  along  upon  a  track,  and  the  long  arm  projected  beyond 
the  structure. 

By  means  of  a  system  of  ropes  and  pulleys  operated  by  an  engine  at 
W%  large  weights  are  raised  at  the  outer  end  as  shown.  The  engine 
acts  as  a  counterweight,  and  more  counterweight  is  added  if  neces- 
sary. Assuming  the  dimensions  and  load  to  be  as  shown  in  the  figure, 
draw  the  stress  diagram,  determining  the  stress  in  each  member  of  the 
traveler,  and  the  amount  of  counterweight  W  necessary  to  prevent 
the  traveler  from  overturning  under  the  action  of  the  load.  The 
weight  of  the  traveler  itself  will  be  neglected. 

Solution. — In  the  figure,  aedc  is  the  stress  diagram  for  the  forces 
acting  in  and  upon  the  frame,  drawn  to  a  scale  of  1  inch  =  20,000 
pounds.  At  joint  i,  three  forces  act ;  the  lines  of  action  of  all  three 
forces  are  known,  ana  the  magnitude  and  sense  of  one  force,  the  load 
A  B%  are  known.  'ineretore,  a  b  is  laid  off  vertically  downwards,  and 
its  length  is  made  equal  to  the  load  A  B  =  20,000  pounds.  The  lines 
a  c  and  b  c  are  drawn  parallel  to  A  C  and  B  Ct  respectively,  and  the 
arrow-heads  marked,  starting  from  a  in  the  direction  a  b,  and  going 
around  the  triangle  back  to  a. 

For  joint  £,  mark  an  additional  arrow-head  on  ^  in  a  reversed 
direction  and  position,  and  draw  c  d  and  b  dy  parallel  to  C  D  and  B  D% 
respectively;  starting  from  c%  mark  arrow-heads  on  the  lines  in  the 
directions  given  by  the  reversed  arrow-head  on  c  b. 

For  joint  4,  mark  a  reversed  arrow-head  on  b  d,  and  draw  b  e  and  de 
parallel,  respectively,  to  B  E  and  D  E%  marking  the  arrow-heads  as 
before. 

The  magnitudes  of  all  the  internal  forces  and  of  the  counterweight 
Jf  have  now  been  found;  but,  in  order  that  the  diagram  be  in  every 
way  complete  and  the  character  of  each  stress  determined  by  the  rela- 
tive directions  of  the  \rrow-heads  marked  upon  the  lines,  it  will  be 
necessary  to  consider  tne  forces  which  act  upon  joint  S  with  reference 
to  that  joint.  The  magnitudes  of  all  the  internal  forces  which  act  upon 
this  joint  have  been  found  in  drawing  the  polygons  for  joints  i,  £,  and 
4.  but  the  force  in  each  member  must  act  upon  joint  J  in  a  direction 
opposite  to  that  in  which  it  acts  upon  the  joint  at  the  opposite  end  of 
the  member;  therefore,  additional  arrow-heads  must  be  marked  in  the 
opposite  directions  and  positions  on  the  lines  representing  the  forces 
in  the  members  at  this  meeting  joint.  The  line  e  a,  pointing  upwards, 
represents  the  reaction  A  Eor  Ru  and  the  polygon  a  c  d  e  a  is  the 
force  polygon  for  joint  3. 
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The  straight  line  a  b  e  a  is  the  polygon  of  the  external  forces  A  Ft, 
B  E  and  E  A,  or  the  load  line.  The  algebraic  sum  of  the  reactions, 
or  e  a  +  (  —  b  e),  equals  the  load  a  6. 

It  is  to  be  noticed  that  the  force  in  A  C{=  a  c)  and  the  force  in  E  D 
{=  e  d)  are  equal.  The  other  forces  which  act  upon  joint  3  are  perpen- 
dicular to  these  forces  and  do  not  affect  them ;  therefore,  the  forces  in 
A  C  and  E  D  must  just  balance  each  other. 

By  measuring  the  lines  to  the  nearest  hundred  pounds  with  the 
scale  used  for  a  b,  and  noticing  the  relative  directions  of  the  two 
arrow-heads  which  have  been  marked  upon  each  line  representing  an 
internal  force,  it  is  found  that: 


=  +  40.000  lb. 
=  _  44,700  lb. 
-  +  60,000  lb. 
=  -56,  COO  lb. 
E  ■+  40,000  lb. 
Reaction  E  A  =  e  a  t=  60.000  lb. 
Counterweight  B  E=  be  =      40,000  lb. 


Stress  in  A  C  = 
Stress  in  B  C  = 
Stress  in  C  D  = 
Stress  in  B  D  = 
Stress  in  D  E= 


1 182.     Example.— In  Fig.  I 
upon  by  the  five  forces  F,  =  Et  = 


represented  a  root  truss  acted 
F,  =  Ft  =  900  pounds,  and  the 


Scale  IZZOOOlba. 
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two  vertical  reactions  flt  and  fit.  The  horizontal  distance  between 
any  two  adjacent  forces,  as  between  fit  and  /-i,  or  between  Fx  and  Ft, 
etc.,  is  8  feet,  and  the  center  height  of  the  truss  is  5-6  =  12  feet.  The 
truss  is  of  the  form  known  as  the  triangular  roof  truss.  It  is 
desired  to  find  the  values  of  the  reactions  and  to  determine  the  stress 
in  each  member  of  the  truss. 

Solution. — A  diagram  of  the  truss  and  the  directions  and  positions 
of  the  forces  are  shown  in  Fig.  253.  In  the  diagram  of  the  truss,  the 
members  are  designated  by  Bow's  system  of  notation;  the  stress  dia- 
gram is  shown  at  the  left,  the  lines  being  designated  by  letters  corre- 
sponding to  the  letters  which  in  the  diagram  of  the  truss  designate  the 
respective  members  in  which  the  forces  act.  The  polygon  of  the 
external  forces  is  first  drawn,  beginning,  for  convenience,  with  Fit 
and  laying  off  each  force  in  order,  o  n  equal  and  parallel  to  ON;  ni 
equal  and  parallel  to  N  I%  etc.  The  closing  line  a  0  =  4,120  pounds 
represents  the  equilibrant,  or  the  sum  of  the  reactions.  That  com- 
ponent of  each  inclined  force  which  affects  the  reactions  (in  this  case 
vertical)  may  be  obtained  by  projecting  each  inclined  force  upon  the 
equilibrant  by  lines  perpendicular  to  the  latter,  as  explained  in  Art. 
1 169.  In  order  to  avoid  confusion  in  the  stress  diagram,  this  opera- 
tion is  not  shown,  but  in  the  diagram  of  the  truss  each  inclined  force 
is  represented  as  resolved  into  its  horizontal  and  vertical  components. 
(Art.  1156.)  As  the  horizontal  components  balance  (that  is,  those 
whose  directions  are  to  the  right  balance  those  whose  directions  are  to 
the  left),  it  is  evident  that  the  values  of  the  reactions  resist  the  verti- 
cal components  only.  Hence,  only  the  vertical  components  of  the 
inclined  forces  and  the  vertical  force  F9  are  used  in  computing  the 
reaction.  The  vertical  component  of  each  inclined  force  is  found  to  be 
806  pounds. 

Therefore,  Rx  =  805  (^  +  j|)  +  900  X  ^  +  805 (^  +  i)  =  2,060  lb., 

and  ^==805(l-Hg)  +  900xg  +  805(|4-^)  =  2,060  lb.    Rx  + 

Rt  =  4,120  lb.  =  the  equilibrant  a  o.  Therefore,  upon  the  equilibrant, 
a  b  is  laid  off  upwards  equal  to  Ri  or  A  /?,  and  b  o  equal  to  R9,  or  I>  O ; 
oniheabovs  the  complete  polygon  of  the  external  forces  acting  upon 
the  truss.  Although  the  horizontal  components  of  the  inclined  forces 
do  not  affect  the  values  of  the  reactions,  they  do  affect  the  magnitudes 
of  the  stresses  in  the  members  of  the  truss.  In  drawing  the  force 
polygon  for  each  joint  acted  upon  by  an  external  force,  the  original 
force  must  be  used.  (If  both  the  horizontal  and  vertical  components 
are  used  the  effect  will  be  the  same.) 

Of  the  three  forces  acting  on  joint  1%  the  magnitude  and  direction 
of  one  force  (the  reaction)  are  known,  and  the  lines  of  action  of  the 
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other  two  forces  are  known,  as  they  are  the  internal  forces  acting  in 
the  two  members  of  the  truss  that  connect  at  this  joint ;  the  reaction 
A  B  is  represented  by  the  line  a  b.  Therefore,  draw  a  rand  be  parallel 
to  A  C  and  B  C  respectively,  and  mark  arrow-heads  as  usual. 

For  joint  f,  the  forces  CA  and  AE(  =  ea  and  at)  are  already 
known.  Mark  in  the  opposite  direction  and  position  an  additional 
arrow-head  on  a  e,  and  from  c  and  e  draw  c  d  and  e  d  parallel,  respect- 
ively, to  CD  and  ED  (Art.  1113),  and  mark  the  arrow-heads  by 
moving  in  the  directions  e  a  (as  shown  by  arrow-head  already  marked), 
ac  (as  shown  by  reversed  arrow-head),  cdy  de. 

Of  the  forces  which  act  upon  joint «?,  the  forces  in  B  C  and  CD  are 
now  known;  they  are  represented  by  the  lines  be  and  cd.  Therefore, 
additional  arrow-heads  are  marked  in  reversed  directions  and  positions 
on  the  lines  de  and  c  b,  and  from  b  and  d  the  lines  bf  and  df  are  drawn 
parallel  to  B  Eand  D  /%  respectively,  and  the  arrow-heads  marked  by 
going  over  the  polygon  in  the  direction  of  the  reversed  arrow-heads 
on  de  and  e  b. 

Of  the  forces  which  act  upon  joint  4,  *ne  external  force  HE  is 
known,  and  the  forces  in  ED  and  D F  have  been  found;  these  forces 
are  represented  by  the  lines  he%  e  d,  and  df,  respectively.  Additional 
arrow-heads  are  marked  in  opposite  positions  and  directions  on  e  d  and 
df\  from  h  and/  the  lines  hg  and  J '  g  are  drawn  parallel,  respectively, 
to  HG  and  EG,  and  arrow-heads  marked  as  usual. 

For  joint  5,  the  forces  in  IH{  —  th)  and  HG{  =  kg)  are  known. 
An  additional  arrow-head  is  marked  on  kg  with  position  and  direction 
reversed;  g k  and  ik  are  drawn  parallel,  respectively,  to  G K and  I K, 
and  the  arrow-heads  marked  as  usual. 

Of  the  forces  which  act  upon  joint  6t  only  the  forces  in  B  L  and  L  K 
remain  unknown.  Additional  arrow-heads  are  marked  in  reversed 
positions  and  directions  on  kg,  g  fy  and  f  b,  and  lines  b  I  and  k  I  are 
drawn  parallel,  respectively,  to  B  L  and  K L,  and  arrow-heads  marked 
as  usual. 

The  operation  of  drawing  the  force  polygon  is  substantially  the 
same  for  each  joint,  and  for  each  remaining  joint  of  the  truss  the 
operation  will  be  readily  followed  without  beiag  explained  in  detail. 

For  joint  7,  n  ik  I mn  is  the  force  polygon;  for  joint  8>  ml  o  pm  is 
the  polygon;  for  joint  9,  onm  po  is  the  polygon,  and  o  p bo  is  the 
polygon  for  joint  10.  This  last  polygon  completes  the  stress  diagram; 
the  last  line  in  this  polygon  is  the  line  bo  that  was  laid  off  eAual  to 
the  reaction  R%. 

The  arrow-head  on  each  line  is  always  marked  nearer  the  end  of  the 
line  which  corresponds  to  the  point  of  application  of  the  force,  accord- 
ing to  Art.  1099. 

From  the  stress  diagram,  the  character  and  magnitude  of  the  stress 
in  each  member  of  the  truss  are  found  to  be  as  follows: 
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Stressing  C=a  c  =+  4,610  lb. 
Stressing  C-b  c=  -4,1201b. 
Stress  in  C  D  =  c  d-  +  950  lb. 
Stress  in  D  E-^  <r  =  +  4,290  lb. 
Stress  in  D  F-d  /=  -  750  lb. 
Stress  in  B  F^  b  7  =  -  8,110  lb. 
Stress  in  F  G=f~g=  +  1,480  lb. 
Stress  in  G  H  =  g  h=+  8,260  lb. 
Stress  in  G  K-  g  k  =  -  2,010  lb. 
Stress  in  /  K-i  £  =  +  8,260  lb. 
Stress  in  K  L  -  k  /  =  +  1,480  lb. 
Stress  in  B  L  =  b  /=-  8,110  lb. 
Stress  in  L  M-  I  m=  —  750  lb. 
Stress  in  M  N=  m  n  =  +  4,290  lb. 
Stress  in  Af  P  =  mp  =  +  950  lb. 
Stress  vciB  P  =  b  p  =  -  4,120  lb. 
Stressing  0=p  o=+  4,610  lb. 

It  will  be  noticed  that  the  stresses  in  all  members  to  the  right  of  G  K 
are  the  same  as  those  in  the  corresponding  members  to  the  left.  This 
might  have  been  anticipated,  since  the  loads  are  systematically  dis- 
tributed with  respect  to  G  K.  In  all  cases  of  this  kind  it  is  sufficient 
to  determine  the  stresses  in  one-half  of  the  truss  (the  center  member 
included). 

1183*  For  the  following  examples,  and  for  those  given 
in  the  questions,  results  which  do  not  vary  more  than  one 
per  cent,  from  the  answers  given  will  be  considered  suffi- 
ciently accurate.  Usually,  results  between  10  and  100  pounds 
will  be  given  to  the  nearest  tenth  of  a  pound;  between  100 
and  1,000  pounds,  to  the  nearest  pound;  between  1,000  and 
10,000  pounds,  to  the  nearest  ten  pounds,  and  results  above 
10,000  pounds  will  be  given  to  the  nearest  hundred  pounds. 
For  graphical  work  it  is  always  best  to  use  as  large  a  scale 
as  may  be  convenient,  but  in  all  practical  work  the  results 
will  be  sufficiently  accurate  without  using  an  inconveniently 
large  scale,  if  the  lines  are  carefully  drawn.  In  order  to 
obtain  the  required  degree  of  accuracy  in  graphical  con- 
structions, the  lines  should  be  drawn  with  a  hard  and  well 
sharpened  pencil.  All  lines  must  be  distinct  and  must  give 
results  within  the  above  limits,  for  accuracy,  but  need  not 
be  drawn  in  ink.  Hard  pencil  lines  are  preferable  to  ink 
lines  for  extended  or  c  mplicated  graphical  work. 
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EXAMPLES  FOR   PRACTICE. 

1.  A  beam  rests  upon  two  supports  which  are  12  feet  apart.  It 
supports  a  load  \VX  4  feet  to  the  left  of  the  left  support,  a  load  W% 
at  the  center,  or  midway  between  the  supports,  and  a  load  W%  4  feet 
to  the  right  of  the  right  support;  each  load  is  equal  to  600  pounds. 
Compute  (a)  the  value  of  the  left  reaction  /?u  (b)  the  value  of  the  right 
reaction  R%%  (c)  the  value  (magnitude  and  sign)  of  the  bending  moment, 
at  /?i,  (d)  at  the  center,  and  to  at  R%.  The  weight  of  the  beam  will  be 
neglected  in  this  and  the  following  examples.  [  (a)  +  900  lb. 

(b)  -1-900  lb. 

Ans.  -!    (c)  -  2,400  ft.-llx 

(d)  -600  ft. -lb. 

to  -  2,400  ft. -lb. 

2.  Solve  the  preceding  example  by  constructing  the  equilibrium 
polygon. 

3.  In  the  above  example,  considering  the  load  W\  to  be  removed 
from  the  center  of  the  span,  and  the  loads  Wx  and  W%  to  remain  upon 
the  beam,  compute  the  values  {a\  (b\  (c\  (</),  and  (**). 

(a)  +  600  lb. 

(b)  +  600  lb. 
Ans.  \   \c)  —  2,400  ft. -lb. 

{d)  -  2,400  ft. -lb. 
(e)  -  2,400  ft. -lb. 

4.  Construct  the  equilibrium  polygon  for  the  conditions  given  in 
the  preceding  example,  obtaining  the  results  graphically. 

5.  Considering  the  load  W%  to  be  removed,  but  the  loads  W\  and 
W%  to  be  upon  the  beam  in  their  respective  positions,  compute  the 
values  (a),  (d),  (c),  (d)t  and  (e).  (  (a)  +  1,100  lb. 

(b)  +  100  lb. 
Ans.  -I    (c)  -  2,400  ft.-lb. 
(d)  +  600  ft.-lb. 
to  0. 

6.  Construct  the  equilibrium  polygon  for  the  preceding  example, 
obtaining  the  results  graphically. 

7.  Considering  the  loads  lVt  and  \V%  removed,  but  the  load  IV%  to 
be  upon  the  center  of  the  beam;  compute  the  values  (a),  {b\  (r),  (d), 
and  to.  f  (a)  +  300  lb. 

(b)  +  300  lb. 
Ans.  -    (*•)  0. 

(d)  -»•  1,800  ft. -lb. 
.  to  0. 

8.  Construct  the  equilibrium  polygon  for  the  preceding  example, 
obtaining  the  results  graphically. 
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9.  Considering  the  loads  IV9  and  W%  removed,  but  the  load  Wx  to 
be  in  its  position  upon  the  left  end  of  the  beam,  compute  the  values 
(a),  (b),  (0,  (d\  and  (e).  (  (a)  +  800  lb. 

(b)  -  200  lb.    • 
Ans.  \    (c)  -2,400  ft. -lb. 
(<i)  -  1,200  ft. -lb. 
0>)0. 

10.  Construct  the  equilibrium  polygon  for  the  preceding  example, 
obtaining  the  results  graphically. 

11.  A  beam  15  feet  long  between  supports  weighs  40  pounds  per 
foot.  It  carries,  besides  its  own  weight,  a  uniformly  distributed  load 
of  860  pounds  per  foot  and  a  concentrated  load  W  —  8,600  pounds,  at  a 
distance  of  5  feet  from  the  left  reaction  Rx.  Construct  the  equilibrium 
polygon  and  determine  the  value  of  (a)  the  left  reaction,  (b)  the  right 
reaction,  and  (c)  the  bending  moment  under  the  load. 

'  (a)   5,4001b. 
Ans.  \    (b)  4,200  lb. 

(c)  22, 000  ft.  -lb. 

12.  With  the  same  beam  and  uniform  load,  but  with  the  load  W  at 
a  distance  of  6  feet  from  the  left  reaction,  find  the  values  (a)%  (b\  and 
(c)  as  before.  f  (^)    5,1601b. 

Ans.  \   (b)    4,440  lb. 

[  (c)  23, 760  ft.  -lb. 

13.  (a)  What  position  of  the  load  W  upon  the  beam  will  give  the 
greatest  bending  moment  ?  (b)  What  is  the  value  of  this  bending 
moment  ?    (c)  What  is  its  sign  ?  Ans.  (b)  24,750  ft. -lb. 

14.  See  Fig.  251.  Assume  the  mast  CD  to  be  24  feet  high;  the 
member  B  C  to  be  24  feet  long  and  horizontal  (having  the  position  of 
the  dotted  line  marked  2-4')\  tne  guv  rope  B D  making  an  angle  of 
60  degrees  with  the  vertical  mast,  as  in  the  figure,  and  the  load  W 
remaining  the  same  (8,000  pounds).  Draw  the  stress  diagram  for  the 
derrick  under  the  above  assumptions,  determining  the  stress  in  each 
member,  the  pull  in  the  guy  rope  B  Z>,  and  the  amount  of  the  reaction 


AD. 


Ans. 


Stress  in  A  C=  +  11,810  lb. 
Stress  in  B  C  =  -  8,000  lb. 
Stress  in  C  D  =  +  4,620  lb. 
Pull  in  B  D  =  9,240  lb. 
Reaction  A  D  =      14,940  lb. 


A  SERIES 

OP 


QUESTIONS   AND   EXAMPLES 

Relating  to  the  Subjects 
Treated  op  in  This  Volume. 


It  will  be  noticed  that  the  questions  and  examples  con- 
tained in  the  following  pages  are  divided  into  sections 
corresponding  to  the  sections  of  the  text  of  the  preceding 
pages,  and  that  ?ach  section  has  a  headline  which  is  the 
same  as  the  headline  of  the  section  to  which  the  questions 
refer.  No  attempt  should  be  made  to  answer  any  questions 
or  to  work  any  examples  until  the  corresponding  part  of 
the  text  has  been  carefully  studied. 


ARITHMETIC. 

(SECTION  1.) 


EXAMINATION  QUESTIONS. 

(1)  What  is  arithmetic  ? 

(2)  What  is  a  number  t 

(3)  What  is  the  difference  between  a  concrete  number 
and  an  abstract  number  ? 

(4)  Define  notation  and  numeration. 

(5)  Write  each  of  the  following  numbers  in  words: 

{a)  980;  (b)  605;  (c)  28,284;  (d)  9,006,042;  (*) 
850,317,002;  (/)     700,004. 

(6)  Represent  in  figures  the  following  expressions: 

(a)  Seven  thousand,  six  hundred,  (b)  Kighty-one  thou- 
sand, four  hundred,  two.  (c)  Five  million,  four  thousand, 
seven,  (d)  One  hundred  eight  million,  ten  thousand,  one. 
(e)     Eighteen  million,  six.     (/)     Thirty  thousand,  ten. 

(7)  What  is  the  sum  of  3,290  +  504  +  865,403  +  2,074 
+  81  +  7  ?  Ans.  871,359. 

(8)  709  +  8,304,725  +  391  +  100,302  +  300  +  909=  what  ? 

Ans.  8,407,336. 

(9)  Find  the  difference  between  the  following: 
(a)  50,962  and  3,338;     (b)  10,001  and  15,339. 

Ans    i(*M7>624 
A  S'   \{b)     5,338. 

(10)  (a)   70,968  -  32,975  =  ?  (b)   100,000  -  98,735  =  ? 

Ana   \  g>  37'"a 

( (b)    i,m 
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(11)  The  greater  of  two  numbers  is  1,004  and  their  dif- 
ference is  49;  what  is  their  sum?  Ans.  1,959. 

(12)  From  5,962  +  8,471  +  9,023  take  3,874  +  2,039. 

Ans.  17,543. 

(13)  A  man  willed  $125,000  to  his  wife  and  two  children; 
to  his  son  he  gave  $44,675,  to  his  daughter  $26,380,  and  to 
his  wife  the  remainder.     What  was  his  wife's  share  ? 

Ans.  $53,945. 

(14)  Find  the  products  of  the  following: 

(a)  526,387  X  7;  (b)  700,298  X  17;  (c)  217  X  103  X  67. 

({a)    3,684,709. 

Ans.  ]  (b)  11,905,066. 

((c)    1,497,517. 

(15)  If  your  watch  ticks  once  every  second,  how  many 
times  will  it  tick  in  one  week  ?  Ans.  604,800  times. 

(16)  Jf  a  monthly  publication  contains  24  pages  in  each 
issue,  how  many  pages  will  there  be  in  eight  yearly  volumes  ? 

Ans.  2,304. 

(17)  An  engine  and  boiler  in  a  manufactory  are  worth 
$3,246.  The  building  is  worth  three  times  as  much,  plus 
$1,200,  and  the  tools  are  worth  twice  as  much  as  the  build- 
ing, plus  $1,875.  (a)  What  is  the  value  of  the  building  and 
tools  ?     (b)  What  is  the  value  of  the  whole  plant  ? 

Ans   J  <*>  $34'689' 
A     '  \  (b)  $37,935. 

(18)  Solve  the  following  by  cancelation: 

.       72  X  48  X  28  X  5  _  ,  .*    80  X  60  X  50  X  16  X  14  _ 

W    96X15X7X6  l'        70X50X24X20      ~" 

AnsJ<*>    8- 
***•  \  (b)  32. 

(19)  If  a  mechanic  earns  $1,500  a  year  for  his  labor,  and 
his  expenses  are  $968  per  year,  in  what  time  can  he  save 
enough  to  buy  28  acres  of  land,  at  $133  an  acre  ? 

Ans.  7  years. 
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(80)  A  freight  train  ran  365  miles  in  one  week,  and  3 
times  as  far,  lacking  246  miles,  the  next  week ;  how  far  did 
it  run  the  second  week  ?  Ans.  849  miles. 

(21)  If  the  driving  wheel  of  a  locomotive  is  16  ft.  in  cir- 
cumference, how  many  revolutions  will  it  make  in  going  from 
Philadelphia  to  Pittsburg,  the  distance  of  which  is  354 
miles,  there  being  5,280  feet  in  one  mile  ?    Ans.  116,820  rev. 

* 

(22)  What  is  the  quotient  of 

(a)  589,824-7-576?  (d)  369,730,620-7-43,911?  (c)  2,527,- 
525  -5-  505  ?     (d)  4,961,794,30?  -5- 1,234  ? 

f  (a)         1,024. 

Ans.  .    (*)  8,420. 

(c)  5,005. 

b  (d)  4,020,903. 

(23)  A  man  paid  $444  for  a  horse,  wagon,  and  harness. 
If  the  horse  cost  $264  and  the  wagon  $153,  how  much  did 
the  harness  cost  ?  Ans.  $27. 

(24)  What  is  the  product  of 

(a)  1,024  X  576  ?     (d)  5,005  X  505  ?      (c)  43,911  X  8,420  ? 

( {a)         589,824. 

Ans.  ]  \b)      2,527,525. 

(  (c)  369,730,620. 

(25)  If  a  man  receives  30  cents  an  hour  for  his  wages, 
how  much  will  he  earn  in  a  year,  working  10  hours  a  day 
and  averaging  25  days  per  month  ?  Ans.  $900. 
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(SECTION  2.) 


EXAMINATION  QUESTIONS. 

(26)  What  is  a  fraction  ? 

(27)  What  are  the  terms  of  a  fraction  ? 

(28)  What  does  the  denominator  show  ? 

(29)  What  does  the  numerator  show  ? 

(30)  How  do  you  find  the  value  of  a  fraction  ? 

(31)  Is  ig  a  proper  or  an  improper  fraction,  and  why  i 

(32)  Write  three  mixed  numbers. 

(33)  Reduce  the    following    fractions    to    their   lowest 
terms:  £,  ^f  ^  |f.  -     Ans.  |,  £,  £,  f 

(34)  Reduce  6  to  an  improper  fraction  whose  denomina- 
tor is  4.  Ans.  \*. 

(35)  Reduce  7-J,  13^,  and  10$  to  improper  fractions. 

Ans.  V.  W»  ¥• 

(36)  What  is  the  value  of  each  of  the  following:  ^,  if. 
K*  V.  H  ?  Ans.  6J,  4J,  4A,  2,  1^. 

(37)  Solve  the  following: 

(*)35H-A;  (#)  A  +  8;  (*)  V  +  9;  (<*)*&  +  &;  (,)  15| 
*|.  f(tf)    112. 

(*)  *• 

Ans.  <(  (')    H- 

(<0  **• 
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(38)  i+f  +  *  =  ?  Ans.  L 

(39)  ±  +  f  +  A=>  Ans.  H- 

(40)  42  +  31|+9-fr=?  Ans.  83^. 

(41)  An  iron  plate  is  divided  into  four  sections;  the  first 
contains  29f  square  inches;  the  second,  50f  square  inches; 
the  third,  41  square  inches;  and  the  fourth,  69T^-  square 
inches.     How  many  square  inches  are  in  the  plate  ? 

Ans*   190^-  sq.  in. 

(42)  Find  the  value  of  each  of  the  following : 

15  4  +  3 

/  \    7     /m  32     /  \  3  +  6  (  (*)  37^. 

W5:(*)T;Wnr  An,    Uf 

(43)  The  numerator  of  a  fraction  is  28,  and  the  value  of 
the  fraction  -J;  what  is  the  denominator?  Ans.   32. 

(44)  What  is  the  difference  between  (a)  £  and  ^  ?  (b)  13 
and  7-&  ?  (c)  312^  and  229^  ?  (  U)  TV 

Ans.  |  (*)  5^. 
((c)   83^. 

(45)  If  a  man  travels  85^  miles  in  one  day,  78-f\  miles 
in  another  day,  and  125  \ }  miles  in  another  day,  how  far  did 
he  travel  in  the  three  days  ?  Ans.   289f-$+  miles. 

(46)  From  573£  tons  take  216f  tons.  Ans.  357^. 

(47)  At  |  of  a  dollar  a  yard,  what  will  be  the  cost  of 
9}  yards  of  cloth  ?  Ans.  3£f  dollars. 

(48)  Multiply  f  of  £  of  TV  of  -J  J  of  11  by  |  of  |  of  45. 

Ans.  109^. 

(49)  How  many  times  are  f  contained  in  f  of  16  ? 

Ans.   18  times. 

(50)  Bought  21LJ-  pounds  of  old  lead  for  1£  cents  per 
pound.  Sold  a  part  of  it  for  %\  cents  per  pound,  receiving 
for  it  the  same  amount  as  I  paid  for  the  whole.  How  many 
pounds  did  I  have  left  ?  Ans.   52|f  pounds. 


ARITHMETIC. 


(SECTION  3.) 


EXAMINATION   QUESTIONS. 

(51)  Write   out   in  words   the  following  numbers.   .08 
131,  .0001,  .000027,  .0108,  and  93.0101. 

(52)  How  do  you  place  decimals  for  addition  and  sub* 
traction  ? 

(53)  Give  a  rule  for  multiplication  of  decimals. 

(54)  Give  a  rule  for  division  of  decimals. 

(55)  State    the    difference    between    a   fraction    and    a 
decimal. 

(56)  State  how  to  reduce  a  fraction  to  a  decimal. 

(57)  Reduce  the  following  fractions  to  equivalent  deci- 
mals: ±,  |,  ^,  VW,  and  tVW- 


Ans. 


.5. 

.875. 

.15625. 

.65. 

.125. 


(58)     Solve  the  following :     (a) 


32.5 +  .29 +  1.5 


4.7  +  9 


(*) 


1.283  X  8  +  5 
2.63 


(') 


589  +  27  X  163-8 
25  +  39 


V) 


40.6  +  7.1  X  (3.029-  1.874) 
6.27  +  8.53-8.01 


Ans. 


(a)  2.5029. 

(b)  6.3418. 

(c)  1,491.875 
\d)  8.1139. 
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(59)  How  many  inches  in  .875  of  a  foot  ?       Ans.  10}  in. 

(60)  What  decimal  part  of  a  foot  is  ^  of  an  inch  ? 

Ans.  .015625. 

(61)  A  cubic  inch  of  water  weighs  .03617  of  a  pound. 
What  is  the  weight  of  a  body  of  water  whose  volume  is 
1,500  cubic  inches  ?  Ans.   54.255  lb. 

(62)  If  by  selling  a  carload  of  coal  for  $82.50,  at  a  profit 
of  $1.65  per  ton,  I  make  enough  to  pay  for  72.6  ft.  of  fen- 
cing at  $.50  a  foot,  how  many  tons  of  coal  were  in  the  car  ? 

Ans.  22  tons. 

(63)  Divide  17,892  by  231,  and  carry  the  result  to  four 
decimal  places.  Ans.  77.4545+. 

(64)  Find  the  value  of  the  following  expression  when  the 
result  is  carried  to  three  decimal  places: 

74.26  X  24  X  3.1416  X  19  X  19  X  350 


33,000  X  12  X  4 


=  ?    Ans.  446.619—. 


(65)  Express    (a)   .7928    in    64ths;    (b)   .1416    in   32ds; 

(c)  .47915  in  16ths.  r  (a)  |±. 

Ans.  ■)  (b)  ■&. 

(66)  Work  out  the  following  examples: 

(a)  709.63  -  .8514;  (b)  81.963-1.7;  (c)  18  -  .18;  {d) 
I  -  .001;  (e)  872.1  -  (.8721  +  .008) ;  (/)  (5.028  +  .0073) 
-(6.704-2.38).  f  (a)  708.7786. 

(*)   80.263. 

(c)  17.82. 

(d)  .999. 

(e)  871.2199. 
U/).7113. 

(67)  Work  out  the  following: 

(a)  J -.807;  (*)  .875-1;    (c)  (^7  + .435)  -  (^-.07): 

(d)  what  is  the  difference  between  the  sum  of  33-millionths 


Ans.  < 
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and   17-thousandths,    and  the   sum   of   53-hundredths  and 

(a)  .068. 
(/>)   .5. 


274-thousandths  ? 

Ans. 


(c)  .45125. 

(d)  .780967. 


(68)  What  is  the  sum  of  .125,  .7,  .089,  .4005,  .9,  and 
.000027?  Ans.  2.214527. 

(69)  927.416  +  8.274  +  372.6  +  62.07938  =  ? 

Ans.  1,370.36938 

(70)  Add  17-thousandths,  2-tenths,  and  47-millionths. 

Ans.  .217047 

(71)  Find  the  products  of  the  following  expressions: 

{a)  .013  X  .107;   (b)  203  X  2.03  X  .203;    (c)  2.7  X  31.85 
X(3.16-.316);   (d)  (107.8  + 6.541  -  31.96)  X  1.742. 

'(a)    .001391. 
.         .  (6)    83.65427. 
AnS*  <  (c)    244.56978. 
(d)  143.507702 

(72)  Solve  the  following: 

(a)    (A  -  .13)  X  .625+1;    (6)    (H  X  .21)  -  (.02  X  A); 

(f)    (¥  +  °13  -  2.17)  X  13±  -  7  ft.  (  (a)  .384375. 

Ans.  ]  (t>)  .1209375. 

i{c)  6.4896875. 

(73)  Solve  the  following: 

W  .875  ^i;  (*)  i  +.5;  (c)  ^±.  {a)  1M 

Ans.  ]  (*)  1. 75 
(  (c)  .5. 

(74)  Find  the  value  of  the  following  expression : 

1.25  X  20  X  3 

87"+ (11  x  8)' 

459  +  32  Ans.  210f 

(75)  From  1  plus  .001  take  .01  plus  .000001. 

Ans.  .990999 
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(76 
(77 

(78 
(79 
(80 
(81 


EXAMINATION  QUESTIONS. 

What  is  25  per  cent,  of  8,428  lb.?  Ans.  2,107  lb. 

What  is  1  per  cent,  of  $100  ?  Ans.   $1. 

What  is  i  per  cent,  of  $35,000  ?  Ans.  $175. 

What  per  cent,  of  50  is  2  ?  Ans.  4#. 

What  per  cent,  of  10  is  10  ?  Ans.   100#. 

Solve  the  following: 

(a)  Base  =  $2,522  and  percentage  =  $176.54.  What  is 
the  rate?  (b)  Percentage  =  16.96  and  rate  =  8  per  cent. 
What  is  the  base  ?  (c)  Amount  =  216.7025  and  base  =  213.5. 
What    is    the   rate  ?      (d)    Difference  =  201:825   and   base 

>)    7 ft. 
(i)    212. 

(c)    1** 

(82)  A  farmer  gained  15#  on  his  farm  by  selling  it  for 
$5,500.     What  did  it  cost  him  ?  Ans.   $4,782.61. 

(83)  A  man  receives  a  salary  of  $950.  He  pays  24#  of  it 
for  board,  12£#  of  it  for  clothing,  and  17#  of  it  for  other 
expenses.     How  much  does  he  save  in  a  year?    Ans.  $441.75. 

(84)  If  37£  per  cent,  of  a  number  is  961.38,  what  is  the 
number?  Ans.   2,563.68. 

(85)  A  man  owns  £  of  a  property.  30#  of  his  share  is 
worth  $1,125.     What  is  the  whole  property  worth  ? 

Ans.   $5,00a 
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(H(>)     What  sum  diminished  by  35#  of  itself  equals  $4,810  ? 

Ans.  $7,400. 

(87)  A  merchant's  sales  amounted  to  $197.55  on  Monday, 
and  this  sum  was  12|#  of  his  sales  for  the  week.  How  much 
were  his  sales  for  the  week  ?  Ans.  $1,580.40. 

(88)  The  distance  between  two  stations  on  a  certain 
railroad  is  1G.5  miles,  which  is  12|#  of  the  entire  length  of 
the  road.     What  is  the  length  of  the  road  ?     Ans.   132  miles. 

(89)  After  paying  60#  of  my  debts,  I  find  that  I  still  owe 
$35.     What  was  my  whole  indebtedness  ?  Ans.  $87.50. 

(90)  Reduce  28  rd.  4  yd.  2  ft.  10  in.  to  inches. 

Ans.  5,722  in. 

(91)  Reduce  5,722  in.  to  higher  denominations. 

Ans.  28  rd.  4  yd.  2  ft.  10  in. 

(92)  How  many  seconds  in  5  weeks  and  3.5  days  ? 

Ans.  3,326,400  sec. 

(93)  How  many  pounds,  ounces,  pennyweights,  and 
grains  are  contained  in  13,750  gr.? 

Ans.  2  lb.  4  oz.  12  pwt.  22  gr. 

(94)  Reduce  4,763,254  links  to  miles. 

Ans.  595  mi.  32  ch.  54  li. 

(95)  Reduce  764,325  cu.  in.  to  cu.  yd. 

Ans.  16  cu.  yd.  10  cu.  ft.  549  cu.  in. 

(96)  What  is  the  sum  of  2  rd.  2  yd.  2  ft.  3  in. ;  4  yd.  1  ft. 
9  in. ;  2  ft.  7  in.  ?  Ans.  3  rd.  2  yd.  2  ft.  1  in. 

(97)  What  is  the  sum  of  3  gal.  3  qt.  1  pt.  3  gi. ;  6  gal.  1  pt. 
2  gi. ;  4  gal.  1  gi. ;  8  qt.  5  pt.?  Ans.  16  gal.  3  qt.  2  gi. 

(98)  What  is  the  sum  of  240  gr.  125  pwt.  50  oz.  and  3  lb.  ? 

Ans.  7  lb.  8  oz.  15  pwt. 

(99)  What  is  the  sum  of  11°  16'  12';  13°  19'  30';  20°  25'; 
26'  29" ;  10°  1 7'  1 V  ?  Ans.  55°  19'  47'. 

(100)  What  is  die  sum  of  130  rd.  5  yd.  1  ft.  6  in. ;  215  rd. 
2  ft.  8  in. ;  304  rd.  4  yd.  11  in.  ?     Ans.  2  mi.  10  rd.  5  yd.  7  in. 

(101)  What  is  the  sum  of  21  A.  07  sq.  ch.  3  sq.  rd.  21  sq. 
li. ;  28  A.  78  sq.  ch.  2  sq.  rd.  23  sq.  li. ;  47  A.  6  sq.  ch.  2  sq. 
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rd.  18  sq.  li. ;  56  A.  59  sq.  ch.  2  sq.  rd.  16  sq.  li. ;  25  A.  38 
sq.  ch.  3  sq.  rd.  23  sq.  li. ;  46  A.  75  sq.  ch.  2  sq.  rd.  21  sq.  li.? 

Ans.  255  A.  3  sq.  ch.  14  sq.  rd.  122  sq.  li. 

(102)  From  20  rd.  2  yd.  2  ft.  9  in.  take  300  ft. 

Ans.  2  rd.  1  yd.  2  ft.  9  in. 

(103)  From  a  farm  containing  114  A.  80  sq.  rd.  25  sq.  yd  , 
75  A.  70  sq.  rd.  30  sq.  yd.  are  sold.     How  much  remains  ? 

Ans.  39  A.  9  sq.  rd.  25^  sq.  yd. 

(104)  From  a  hogshead  of  molasses,  10  gal.  2  qt.  1  pt.  are 
sold  at  one  time,  and  26  gal.  3  qt.  at  another  time.  How 
much  remains  ?  Ans.  25  gal.  2  qt.  1  pt. 

(105)  If  a  person  were  born  June  19,  1850,  how  old  would 
he  be  August  3,  1892  ?  Ans.  42  yr.  1  mo.  14  da. 

(106)  A  note  was  given  August  5,  1890,  and  was  paid 
June  3,  1892.     What  length  of  time  did  it  run  ? 

Ans.  1  yr.  9  mo.  28  da. 

(107)  What  length  of  time  elapsed  from  16  min.  past  10 
o'clock  a.  m.,  July  4,  1883,  to  22  min.  before  8  o'clock  p.  m., 
Dec.  12,  1888  ?  Ans.  5  yr.  5  mo.  8  da.  9  hr.  22  min. 

(108)  If  1  iron  rail  is  17  ft.  3  in.  long,  how  long  would 
51  rails  be,  if  placed  end  to  end  ?        Ans.  53  rd.  1|  yd.  9  in. 

(109)  Multiply  3  qt.  1  pt.  3  gi.  by  4.7. 

Ans.  4  gal.  2  qt.  1.7  gi. 

(110)  Multiply  3  lb.  10  oz.  13  pwt.  12  gr.  by  1.5. 

Ans.  5  lb.  10  oz.  6  gr. 

(111)  How  many  bushels  of  apples  are  contained  in 
0  bbl.,  if  each  barrel  contains  2  bu.  3  pk.  6  qt.  ? 

Ans.  26  bu.  1  pk.  6  qt. 

(112)  Multiply  7  T.  15  cwt.  10.5  lb   by  1.7. 

Ans.  13  T.  3  cwt.  67.85  lb. 

(113)  Divide  358  A.  57  sq.  rd.  6  sq.  yd.  2  sq.  ft.  by  7. 

Ans.  51  A.  31  sq.  rd.  8  sq.  ft. 

(114)  Divide  282  bu.  3  pk.  1  qt.  1  pt.  by  12. 

Ans.  23  bu.  2  pk.  2  qt.  {  pt. 
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(115)  How  many  iron  rails,  each  30  ft.  long,  are  required 
to  lay  a  railroad  track  23  miles  long  ?  Ans.  8,096  rails. 

(116)  How  many  boxes,  each  holding  1  bu.  1  pk.  and  7  qt.t 
can  be  filled  from  356  bu.  3  pk.  and  5  qt.  of  cranberries  ? 

Ans.  243  boxes. 

(117)  If  16  square  miles  are  equally  divided  into  62  farms, 
how  much  land  will  each  contain  ? 

Ans.  165  A.  25  sq.  rd.  24  sq.  yd.  3  sq.  ft.  80  +  sq.  ia 


ARITHMETIC. 

(SECTION  5.) 


EXAMINATION    QUESTIONS. 

118)  What  is  the  square  of  108  ?  Ans.   11,664 

119)  Find  the  fifth  power  of  9.  Ans.   59,049. 

120)  What  is  the  value  of  .0133*  ?     Ans.   .000002352637. 

121)  In  what  respect  does  evolution  differ  from  involu- 
tion ? 

122)  Extract  the  square  root  of  90.  Ans.  9.4868+. 

123)  Find  the  value  of  (3£)f.      Ans.   52|£,  or  52.734375. 

124)  What  is  the  cube  root  of  92,416  ?      Ans.   45.212—. 

125)  Find  the  value  of  ^502,681.  Ans.  709. 

126)  What  is  the  value  of  vfj  ?  Ans.  f 

127)  From  the  cube  of  4  take  the  cube  root  of  8. 

Ans.   62. 

128)  What  is  the  value  of  fj?  Ans.   .72112+. 

129)  Extract  the  square  root  of  .3364.  Ans.   .58. 

130)  Find  the  square  root  of  3.1416.  Ans.   1.7725—. 

131)  What  number  multiplied  by  itself  equals  114.9184  ? 

Ans.   10.72. 

132)  Extract  the  square  root  of  3,486,784. 

Ans.   1,867.3—. 

[133)     Find  the  square  root  of  .00041209.  Ans.  .0203. 
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(SECTION  6.) 


EXAMINATION  QUESTIONS. 

Find  the  value  of  x  in  the  following: 

(143)  11.7  :  13  ::  20  :  x.  Ans.  22.32+. 

(144)  (a)  20  +  7:  10  +  8::  3:*;  (  (a)  2. 

(£)  12' :  100'  ::  4  :  x.  '   I  (l>)  277.7+. 

=  ?;  wT^  =  Mo-     Ans'  ^  *=1*;  (*)  *=i»;  00* 

=  20;  (rf)^=180;  (*>)*=  40. 

(146)  * :  5  ::  27  :  12.5.  Ans.  lOf 

(147)  45  :  60  ::  x  :  24.  Ans.  18. 

(148)  x  :  35  ::  4  :  7.  Ans.  20. 

(149)  9  :  *  ::  6  :  24.  Ans.  36. 

(150)  ^1,000  :  ^1,331  =  27  :  x.  Ans.  29.7. 

(151)  64  :  81  =  21a  :  x\  Ans.  23.625. 

(152)  7  +  8  :  7  =  30  :  x.  Ans.  14. 

(153)  A  man  whose  steps  measure  2  ft.  5  in.  takes  2,480 
steps  in  walking  a  certain  distance.  How  many  steps  of  2  ft. 
7  in.  will  be  required  for  the  same  distance  ?   Ans.  2,320  steps. 

(154)  If  a  horse  travels  12  mi.  in  1  hr.  36  min.,  how  far 
will  he  travel  at  the  same  rate  in  15  hr.  ?         Ans.    112.5  mi. 

(155)  If  a  column  of  mercury  27.63  in.  high  weighs  .76 
of  a  pound,  what  will  be  the  weight  of  a  column  of  mercury 
having  the  same  diameter,  29.4  inches  high  ?  Ans.  ,808+lb. 

(156)  If  2  gal.  3  qt.  1  pt.  of  water  will  last  a  man  5  da.t 
how  long  will  5  gal.  3  qt.  last  him,  if  he  drinks  at  the  same 
rate  ?  Ans.  10  da. 

(157)  Heat  from  a  burning  body  varies  inversely  as  the 
square  of  the  distance  from  it.     If  a  thermometer  held  6  ft. 
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from  a  stove  shows  a  rise  in  temperature  of  24  degrees,  how 
many  degrees  rise  in  temperature  would  it  indicate  if  held 
12  ft.  from  the  stove  ?  Ans.  6°. 

(158)  If  a  pile  of  wood  12  ft.  long,  4  ft.  wide,  and  3  ft. 
high  is  worth  $12,  what  is  the  value  of  a  pile  of  wood  15  ft. 
long,  5  ft.  wide,  and  6  ft.  high?  Ans.  $37.50. 

(159)  If  100  gal.  of  water  run  over  a  dam  in  2  hr.,  how 
many  gallons  will  run  over  the  dam  in  14  hr.  28  min.  ? 

Ans.  723|gal. 

(160)  If  a  cistern  28  ft.  long,  12  ft.  wide,  10  ft.  deep 
holds  510  bbl.  of  water,  how  many  barrels  of  water  will  a 
cistern  hold  that  is  20  ft.  long,  17  ft.  wide,  and  6  ft.  deep  ? 

Ans.  309.fr  bbl. 

(161)  If  a  railway  train  runs  444  mi.  in  8  hr.  40  min.,  in 
what  time  can  it  run  1,060  mi.  at  the  same  rate  of  speed  ? 

Ans.  20  hr.  41.44  min. 

(162)  If  sound  travels  at  the  rate  of  6,160  ft.  in  5£  sec, 
how  far  does  it  travel  in  1  min.  ?  Ans.  67,200  ft. 

(163)  If  5  men  by  working  8  hours  a  day  can  do  a  certain 
amount  of  work,  how  many  men  by  working  10  hours  a  day 
can  do  the  same  work  ?  Ans.  4  men. 

(164)  If  a  man  travel  540  miles  in  20  days  of  10  hours 
each,  how  many  hours  a  day  must  he  travel  to  cover 
630  miles  in  25  days  ?  Ans.  9£  hr. 

(165)  Referring  to  example  4,  Art.  349,  what  is  the 
horsepower  of  an  engine  whose  cylinder  is  30  in.  in  diam- 
eter, piston  speed  600  ft.  per  min.,  and  mean  effective 
pressure  42  lb.  per  sq.  in.  ?  Ans.  594  horsepower. 

(166)  The  weight  of  a  cubic  inch  of  cast  iron  is  .261 
pound.  Referring  to  Art.  345,  what  is  the  weight  of  a 
solid  cast-iron  cylinder  whose  diameter  is  12  inches  and 
length  is  60  inches  ?  Ans.  1,771.11  lb. 

(167)  Referring  to  Art.  348,  what  is  the  centrifugal 
force  of  a  40-pound  body  revolving  in  a  circle  having  a 
radius  of  10  inches,  at  a  speed  of  18  feet  per  second  ? 

Ans.  484.7  lb. 


ALGEBRA. 

(ARTS.  850-524) 


EXAMINATION   QUESTIONS. 

(168)  Change  the  fraction  —  ^  g"      so  that  the  sign 
before  the  dividing  line  will  be  +. 

(169)  Factor  the  following:     (a)  9x*  +  Ux*y  +  4/;   (b) 
49*4  -  154a*6*  +  1216* ;  (c)  <S±x*y*  +  Uxy  +  16. 

(170)  Divide :     (a)   3x*  +  x  +  9x*  -  1  by  Sx  -  1 ;  (b)  a% 
-  2aP  +  b*bya-  b\  (c)  7x*  +  5Sx  -  24r*  -  21  by  7x  -  3. 

(  (a)   3;r*  +  2* -f  1. 
Ans.   ]  (b)  a*  +  ab  —  b\ 

(171)  Why  are  letters  used  in  Algebra,  and  in  what  ways 
do  they  differ  from  figures  ? 

(172)  Factor  the  expressions:  (a)  ±x*y  —  l%x*y*  +  Sxy*. 
{b)x4-f;  {c)8x*-27y\ 


Ans    JW  (^ +>•)(' +^)(*-^)- 
((c)   (2.r-3vW4ra  +  ! 


(c)   (2x  -  3y)(4:x3  +  6xy  +  9/) 

(173)  Multiply   dm*  +3«*  +  10mn*  +  10m*n   by   5wV  — 
mn*  —  5m*n*  +  3m*n. 

Ans    -I  9m'n  +  15;;/V  —  5wV  +  G'*'7*4 
(  +  25/*  V  +  5wV  —  3mn\ 

(174)  Raise   to  their    indicated   powers  the    following: 
(2a'b/y,  (  -  3a*Pcy  and  (  -  lm*nxy)\ 

(175)  Factor:  (a)  4a'  -  *•;  (£)  16^10  -  1 ;  (c)  16x':  -  8x*f 

(176)  Extract  the  square  root  of  4#6  —  12a*x  +  5a*x*  + 
6tfV  +  a*x\  Ans.  2#f  —  3«V  -  ax*. 

(177)  (a)  Arrange  a%b%  +  2^fc  +3  -  7a*b*  +  6a'b*  accord- 
ing to  the  decreasing  powers  of  a;  (b)  according  to  the 
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increasing  powers  of  *.  (c)  With  a*  +  1  +  2* '  +  ax  arranged 
according  to  the  increasing  powers  of  a,  should  the  1  be 
placed  first  or  last,  and  why? 

(178)  Find    the    values    of  J/lto'W,     {/  —  32a1 '    and 

]/-l9128a§dl*xy. 

(1 79)  (a)  Enclose  the  first  three  and  last  three  terms  of 
a  —  2x  +  4y  —  3z  —  2*  +  c  in  parentheses  connected  by  a 
minus  sign.     (*)   Place  the  expression  —  3*  —  Ac  +  d  —  (2/ 

—  3^)  in  brackets,  preceded  by  a  minus  sign,  (c)  Indicate 
the  subtraction  of  2b  —  (3^  -f-  2d)  —  a  from  #. 

(180)  Multiply:  (a)  2^  +  2^  +  2^-2  by  ar-1;  (b) 
x*  —  4a*  +  c  by  2x  +  a9  and  (<r)  —  * s  +  3a'*  —  2**  by  5** 
+  9a*.  (  (a)  2x4-Ax  +  2. 

Ans.  )  (*)  2x*  -  7a;rf  +  2cx  -  4af;r  +  ac. 

(  (,)  -  5^»  +  6a4*  +  27a'*'  -  10a1*'  -  18a*\ 

(181)  Find  the  sum  of  the  following:     (a)  Axyz  —  Zxyz 

—  5xyz,  6xyz  —  9*^  +  dxyz.  (b)  3a*  +  2ab  +  4**,  5a*  —  Sab 
+  j«f  -  a'  +  5a*  -  b\  18a*  -  20a*  -  19**  and  14af  -  3a*  + 
20**.     (c)  Amn  +  3a*  —  Ac,  3;r  —  4a*  +  2mn  and  3wf  —  4/. 

1(a)  —  4-*7-sr. 
(*)  39aa  -  24a*  +  5*\ 
(c)  6mn  -ab  —  Ac  +  3x  +  3m*  —  4/ 

(182)  Find  the  reciprocal  of  3.1416,  .7854,  and  -gj-oS- 

(183)  Perform  the  indicated  additions: 


(a) 


+ 


x  —  y 


(*) 


+ 


x8-  1  ^.r  +  1      \—x% 


x — y    y  —  x 

oa  —  Ab       2a  —  b  +  c  ,    13a—  4<r 

S  o  r 


12 


Ans. 


x  —  y 
Zx* 


x%-V 

71a  -  20*  -  56c 
84 
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(184)  Resolve  into  their  factors :  (a)  45x'y  —  90x*yr  — 
860**/;  (b)  a*b*  +  2abcd+c*d*;  (c)  (a  +  by  -  (c  -  d)\ 

Ans.   (c)  (a  -{-  b  +  c  —  d)  (a  +  b  —  c  +  d). 

(185)  (a)  Give  an  illustration,  not  contained  in  the  text, 
which  will  explain  the  difference  between  positive  and 
negative  quantities,  (b)  In  what  respects  are  addition  and 
subtraction  different  in  Algebra  from  addition  and  subtrac- 
tion in  arithmetic? 

(186)  Divide: 

,  .2ax-\-x*.         x        /IA       6**V  —  Sn        ,  Zn 


a*  —  x*     J  a  —  xf  x  J  4m4n9  —  im*n  +  1    J  ImW  —  1 » 


Ans. 


,  x       2a  +  x 


a'+ax  +  x*' 
(b)  2tn*n  +  l. 
Sx  —  2y 


W 


(187)  State  which  of  the  following  trinomials  are  perfect 
squares:  1  —  2x*  +  x* ;  9tn*n*  —  2mn  +  16 ;  64  +  120*  +25**; 
4x  +  i  +  4r»;  4*«  +  20tf*  -  25**;  4*y  -  4/  +  *\ 

(188)  (a)  What  is  the  reciprocal  of  ff?  (*)  Of  what  num- 
ber is  700  the  reciprocal? 

(189)  Find  the  least  common  multiple  of  12*^  (x*  —y*), 
%x*  (x*  +  2xy  +/),  Sy (x  - y)%  and  6(x*  +  xy). 

Ans.  Ux*y(x+yy(x-y)\ 

(190)  Multiply:  (a)  2  +  4*  -  5a'  -  6**  by  7**;  (*)  4^ 
—4/  +  6^  by  3-r>;   (c)  Zb  +  be—  2d  by  6a. 

t  (a)  l±a*  +  28a*  -  35**  -  42a*. 
Ans.  )  (b)  12x4y  -  12*'/  +  I8x*yz*. 
(  (c)  ISab  +  SOac  —  12*^. 

(191)  (a)  Explain  in  your  own  words  the  difference  be- 
tween a  coefficient  and  an  exponent,  (b)  How  are  coefficients 
and  exponents  treated  in  multiplication,  and  how  in  division? 
(c)  What  is  the  law  of  signs  in  multiplication? 

(192)  Remove  the  symbols  of  aggregation  from  the 
following : 

(a)  2a-  {3b+[te-4a-(2a  +  2b)]  +  [da-'b+7]\i 
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(b)  7a  -  {3a  -  [(2a  -  5*)  +  4*]} ; 

(c)  a-  {Zd+[3c-da-(a+6)]  +  [2a-(6  +  c)]}. 

1(a)  5a  — Zc. 
(b)  5a. 
(c)  da— 2c. 

(193)  What  are  the  factors  of:  (a)  x*  +  S?  (b)  x*  —  27/? 
and  (c)  xtn  —  nm  +  xy  —  /y?  Ans.  (<:)  (x  —  «)  (w  +.?)• 

(194)  Extract  the  square  root  of  4.r4  4-  Sax*  +  4a*  x*  4- 
16*V  +  16a*Vr  +  16*\  Ans.  2-r1  +  2a*  +  4*1. 

(195)  Reduce    ^  /     1   aT —  to  &s  simplest  form. 

(196)  Combine  the  like  terms   of  the  expressions:  (a) 

*+y+*-{*-y)-{y+*)-{-y)\  {b)(**-y+4*)  + 

(—  x  —  y  —  4sr)  —  (3x—  2y  —  s);  (c)a  —  [2a+(3a  —  4a)]  — 
5a  —  {6a  -  [(7a  -J-  8a)  —  9a] }.  t  (a)  2y. 

Ans.  <  (b)  z  —  2x. 
(  (c)  -  5a. 

(197)  State  how  you  would  read  the  following  expres- 
sions :   (a)  a*x*  +  2a*  b*  -(a  +  b);   (b)  \fc+y(a-  n*)i  ;   (c) 

(m  +  n)(m-  n)*\m  -  |j. 

(198)  Divide  3a*  +  2  -  4a*  +  7a  +  2a#  -  5a4  +  10a*  by  a€ 
—  1  —  a*  —  2a.  Ans.  2a*  —  2a*  —  3a  —  2. 

(199)  Factor:  (a)  ;rY  -  64jtY ;  (b)  a*  -  b*  -c*  +  1  -  2a 
+  2*r ;  (c)  1  -  IGa'  +  Sac  —  c*. 

((a)   x7y*(x+2)  (x-2)  (x*  +  Zx  +  4)  (x*  -  2x  +  4). 
Ans.  ]  (b)    (a-l  +  b-c)(a-l-b  +  c). 
(  {c)   (l  +  4a-^)  (l-4a  +  <r). 

(200)  How  may  the  signs  of  all  the  terms  of  the  denom- 
inator of  a  fraction  be  changed  from  -f-  to  —  or  from  —  to  -f- 
without  altering  the  value  of  the  fraction  ? 

(201)  From  a4  —  bc  take  5as*  —  7a* b*  +  5a**,  and  from  the 
result  take  3a4  -  4a8*  -f  6a*b*  +  5ab%  -  U\ 

Ans.   —  2a4  —  a'b  +  a*b*  —  10a**  -J-  2*4. 

(202)  (a)  From  3a  -  2b  +  3c  take  2a  —  7b  —  c-b.     (*) 
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Subtract  x*  +j?  —  xf  from   2x*  —  Zx*y  -J-  %xf.     (c)  From 
14a  +  4£  —  6r  —  3^/ take  11a  —  2*  +  4*c  —  4<£ 

1(a)  a  +  6*  +  te. 
(6)  x9  -  zxy +xy  +  %xf  -y. 
\c)  3a  +  6£-10<r+rf. 

(203)  Find  the  numerical  values  of  the  following  when 
a  =  16,  b  =  10  and  x  =  5  :    (a)  (ab*x  +  2abx)4a ;     (b)  2^4* 

(  (a)  614,400. 
Ans.  <  (b)  J. 

(  (c)  23,400. 

(204)  Reduce  to  their  simplest  forms: 

i5^y .  ,      x*-i   m     (a» + y )  (*' + ** + y> 

w  75w</ '  w  4*(;*r  +  1)  '  ^  (a'  -  *»)  (a9  -  a£  +  *»)* 

Ans.  (c)  — '"t-r. 


(205)     Simplify:     (a) 


1-x       l+x 


+ 


(*) 


a*     1 


1-x  ' 1  +  x 


a 


H^b' 


(0 


*+ 


1+ 


x  +  l 
3-x 


Ans. 


(a)  x. 
<*)«  +  ' 


b 
4 


3.r  +  3* 
1 


(206)  Simplify  l^-^+l^'.     An,  _. 

4-r  —  4 

(207)  (a)  Reduce  1  +  2^* ^ to  a  fractional  form. 

ox 

3x*  -4-  2;tr  -I-  1 

(£)  Change T  ,    ,         to  a  mixed  quantity,     (c)  Multiply 

x  -f-  4 

i_i.i_.Lh         jr"7 
li"*      x'    y  xm-Hx  +  7' 


Ans. 


(«) 


10jr«  +  jr+4 
5* 


41 


(*)  8*  -  10  +  ^ 
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(208)     Find  the  products  of: 

,  .    9wV    5/>V  24*y       /M  a,-^J       -  (a  +  x)% 


«' 


fc)  3<w  +  4  and  _  t  .  ,  a.  , — .  ....  . 

Ztnnxy 


Ans. 


(*  +  *)(*'  +  «*  +  *') 
w  (a-*)  (a*-ax  +  x>) 

i  \         a 


Sax +  4? 

(209)  Divide:  (*)  35w>  +  28^y  -  14/«/  by  —  Imy: 
(b)  4a*  -  Za%b  -  *•**  by  a*;  (c)  ±x*  -  8.r*  +  12^  -  16^  by 

Ans.   ]  (b)  4  -  3* b  -  a%b\ 

(  (c)  x  -  2^*  +  3-r*  -  4*\ 

(210)  (#)  Write  a  monomial;  a  binomial;  a  polynomial 
(b)  In  the  expression,  a  -f-  2ab  —  £*,  why  cannot  the  indi- 
cated addition  and  subtraction  be  performed?  (c)  What 
operation  is  indicated  between  the  quantities  in  4ac*d1 


(211)     Multiply 


a*  +  f  +  *c 


by 


a*  +  c9  —  P  —  2ac 


a9  +  b*  —  c*  —  2tf  £    "  *  v  —  #*' 

Suggestion. — Factor  the  numerators  and  denominators  before  mul- 
tiplying. Ang  a  +  b  —  c 

ac(a—b  +  c)  (a  —  c)m 
(212)     Translate  the  following  algebraic  expressions  into 

ordinary  language:  -y- — ^-=^+4/<H — ^T'+^a  +  t+^ 

+  (a  -f-  b)c  -f-  #  +  &\ 

9 


(213)     Simplify :  (*)  ^±^  -  $£=^  + 


(*) 


+ 


2a(a  +  at)    •    2a(a  —  *)  ' 
(c)  —  -J 4 1-  -j^r — .  Ans. 


5^:       '  lfcr" 
80-r*  +  64**  +  84r  +  45 


60^* 


y 
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(214)  Find  the  least  common  multiple  of: 

(a)    l$ax>,   na f   and    Ylxy\    (b)   4(1  +  *),    4(1-*)    and, 
%{l-*)\(c)(a-b){b-c),(b-c){c-a)9(c-a){a-b) 

f  (a)  Tlax*f. 
Ans.  \  (b)  4(1  -  *'). 

[(c)  (a-b)  (b-c)(c-a). 

(215)  Factor  dx'  —  3  +  a  —  ax*. 

Ans.  (x*  +  x  +  l)(x9  -  x+  l)(x  +  l)(x -  1)(3  -  a). 

(21G)     Extract  the  square  root  of  x*  +  4£*y  +  x*y  +  %xy* 
-f-  4/.  .  Ans.  x*  +  ±xy+  %y\ 

(217)     What  is  (a)  the  arithmetic  ratio  of*4  —  lto*+l? 
{b)  The  geometric  ratio  ?  .        (  (a)  *4  —  *  —  2. 

Aas-  l  (6)  (x  -  !)(*«  + 1) 


ALGEBRA. 

(ARTS.  525-617.) 


EXAMINATION  QUESTIONS. 

(218)  (a)  Express  with  radical  signs:  x*\  3x\y-i;  3x*y  iri 

(£)  Clear  ar*fo-\ — -^-r  +  (m  —  n)-1 — ;-  of  negative  expo- 

nents.     (c)  Express  with  fractional  exponents:  $G*;  f/P7*; 
(^V)f. 

(219)  Introduce  the  coefficients  under  the  radical  signs 
in  3</tl/fi</Fc  and  %xtyx. 

(220)  A  post  has  \  of  its  length  in  the  earth,  \  in  the 
water,  and  13  feet  in  the  air.      What  is  its  length  ? 

Ans.  35  feet. 

(221)  The  following  formula  appears  in  works  on  Heat: 

t  =  — .'./      ,    a?  f  f «     It  is  required  to  transform  it  so  that 

t%  will  stand  alone  in  the  first  member.     In  other  words, 
solve  for  /,.  Ang  /  =  ( Wxsx  +  Wf%)  t  -  Wxsttt 

*  WO. 


%  % 


(222)  A  man  performed  a  journey  of  48  miles  in  a  cer- 
tain number  of  hours,  but  if  he  had  traveled  4  miles  more 
each  hour,  he  would  have  performed  the  journey  in  6  hours 
less  time.     How  many  miles  did  he  travel  per  hour  ? 

Ans.  4  miles. 


/      C P Ir 
(223)     The  formula  5  =    *—!fJL±L— 


has  been  used  to 


calculate  the  diameter  of  the  shafts  for  compound  marine 
engines,  where  S  is  the  diameter  of  shaft ;  C,  the  length  of 
crank,  D  and  d,  the  diameters  of  cylinders,  and  Py  the  steam 
pressure,     (a)  Transform  this  so  that  P  will  stand  alone  in 

For  notice  of  copyright,  see  page  immediately  following  the  title  page. 
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the  first  member,     (b)  Find  the  value  of  P  when  5  =  ^ 
C=  10,  Z>=  30,  rf=  18,  and  /=  864. 

Ans.  ]  {a>  F~  r&d* * 

(  (b)  7^=99.1,  nearly. 

(224)  Solve  the  equations : 

(a)  3x+6-2x=1x;  (b)  5x -  (3x -  7)  =  4* -  (6x -  35) ; 
(*)  (;r  +  5)f  -  (4  -  x)%  =  21*.  (  (a)  x  =  1. 

Ans.  <(b)  x  =  7. 
(  (<r)  x  =  3. 

(225)  Find  the  values  of  the  following: 

(a)  /27  + 2/48 +  3/108;  (£)  /l28  +  ^686"+  fT6; 

(')  /i  +  l/i  +  VS  f  (*)  29*/3. 

Ans.  J  y)  13^2. 

U)  «/6. 

(226)  A  vessel  containing  some  water  was  filled  by  pour- 
ing in  42  more  gallons;  there  was  then  seven  times  as  much 
water  in  the  vessel  as  at  first.  How  much  did  the  vessel 
hold?  Ans.  49  gallons. 

(227)  Solve : 

(a)  2|/ar+4  -  x  =  4;  (*)  tfdx-2  =  2(x  -  4); 

(c)  Vx+W  =  2  +  4/*.  (  (*)  x  =  4. 

Ans.  \  (b)  jr=6or  2f  . 
((c)  x=9. 

(228)  Solve: 

(a)  »/zF=Z  =  |/7-r'+  UX  ;     (b)  x*-{b-a)c  =  ax-bx 

•*» 

f  ex;  (c)  (x  -  2)(x  -  4)  -  2(  ;r-  1)(*  -  3)  =  0. 

((a)  x  =-  6  or  —  2. 
Ans.  j  (£)  jr  =  a-ior<r. 
((<:)  ;r=l±/3. 

(229)  Solve:     (a)  jx-  ±ab=  ("  +  *)("  ~  b); 

yx 

W--JL.+    l 


4/F+l       </x  —  1       /.**  —  1* 

Anc     j(«)  *=(«  +  *)*  or -(«-*)• 
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(230)  Solve  by  substitution: 

far-Sr=51.     )  Ans.^;r=9- 

19*-  37=180.  J  (^=-3. 

(231)  Solve  the  following  equations:  (a)  %x*  —  27;r  =  14' 
(^)^^^+^  =  0;  (*)*■  +  **=  &r  +  *J. 

I(#)  .r  =  14  or  —  \ 
(b)  x=\  or  \ . 
(r)   ir  =  ^  or  —  a. 

(232)  A  crew  that  can  pull  at  the  rate  of  12  miles  an 
hour  down  the  stream  finds  that  it  takes  twice  as  long  to 
row  a  given  distance  up  stream  as  it  does  down  stream. 
What  is  the  rate  of  the  current?         Ans.  3  miles  per  hour. 

(233)  Solve  the  following: 

/x  10^  +  3      6.r— 7      1A/        ,v 
(a) g^ —  =  10(^-1); 

Ans.  \  (b)  x  =  2. 
( (c)  x  =  If 

(234)  Solve  the  following  equations,  eliminating  by- 
addition  or  subtraction : 

11^  +  3^  =  100.)  Ans.p  =  8- 

4jt  —  ty  =  4.       )  (  ^  =  4. 

(235)  Solve:    (a)    ^=243;     (b)    ;r,0  +  3Lr'- 10  =  22, 

(c)  x*  -  4*»  =  96.  (  (*)  ^  =  *7. 

Ans.  \  (b)  x  =  1  or  —  2. 

((c)  *  =  2^  or  (-8)1. 

(236)  (a)  What  is  the  value  of  a0?     (b)  What  does  a%  -r-a  -' 

equal  ?    (c)  What  does  ty  (Zx*  +  hxy*  +  6^f^)f  equal  when 
*  =  2  and  7  =  4  ? 

(237)  What  is  the  value  of  x  in: 
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to 


6^+1       2* -4 


15 
/r-  3 


7* -16 

y£-4 


-5— :  <*>J=37 


V^  +  7      V^r  +  l 


? 


Ans. 


(a)  x  =  —  a. 

(*)  *  =  WZTc 
(c)  *=25. 


(288)    Simplify: 

(a)  j±;    <*)  ^; 


Ans. 


(«)  W'ST 


(239)     Solve  the  equations: 
.  x    9-T+20       4(4r-3)    .  * 


3a  — &r 


3^ 
2; 


#;r 


(*)  atn  —  b — r--J =  0, 

w  b    '  m 


Ans. 


i 


2 

(a)  x  =  8. 
(^)  ;r  =  bm . 


(240) 


Solve  the  following  equations: 
=  36.  J 


*r 


Ans.^=9^=4- 
{ jr  =  4,  ^  =  9. 


(241) 


Solve  the  equations: 
*•--/  =  98. 
x  —  y 


-/  =  98.  > 
-  y  =    2.  J 


Ana.  J  *  = '■  '  =  8' 

( x  =  —  3,  ^  =  —  5. 


(242) 


In  the  composition  of  a  quantity  of  gunpowder,  the 
niter  was  10  lb.  more  than  $  of  the  whole,  the  sulphur  was 
4£  lb.  less  than  \  of  the  whole,  and  the  charcoal  was  2  lb. 
less  than  \  of  the  niter.  What  was  the  amount  of  gun- 
powder? Ans.  69  lb. 

(243)  The  hind  and  fore  wheels  of  a  wagon  have  circum- 
ferences of  16  and  14  feet,  respectively.  How  far  has  the 
carriage  advanced  when  the  fore  wheels  have  made  51  revo- 
lutions more  than  the  hind  wheels?  Ans.  5,712  feet. 
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(244)  Find  the  values  of  x  in  the  following: 
(a)  5^-9  =  2^  +  24;     (*)J.-^a=BSJ. 

(  \  f!        x%  ~"  10  -  y      50  +  ^ 
W    5  15  25      * 

Ans.  •]  \b)  x  =  ±  |. 
((c)  *  =  ±  5. 

(245)  Solve  by  comparison: 

5/— 3*  =  22.  J  (^  =  8. 

(246)  Two  trains  start  at  the  same  time  to  run  1,200 
miles.  One  runs  10  miles  an  hour  faster  than  the  other  and 
arrives  10  hours  sooner;  what  was  the  speed  of  each,  sup- 
posing it  to  be  uniform?  Ans.  30  and  40  miles  an  hour. 

(247)  Solve: 

(248)  Find  the  product  of  the  following:  

(a)   f2  X  ^3;  (t)  Vtax  X  foP";  (c)  D,f7y  X  3^  x*y. 

{  (a)  '^8^47 

Ans. 


u 


{b)  iyw?r. 


(249)  A  can  do  a  piece  of  work  in  5  days,  B  in  6  days,  and 
C  in  7£  days ;  in  what  time  will  they  do  it,  working  together? 

Ans.  2  days. 

(250)  A  person  has  two  horses,  and  a  saddle  worth  $10. 
If  the  saddle  be  put  on  the  first  horse,  his  value  becomes 
double  that  of  the  second ;  but  if  the  saddle  be  put  on  the 
second  horse,  his  value  will  not  amount  to  that  of  the  first 
horse  by  $13.     What  is  the  value  of  each  horse? 

Ans.  $56  and  $33. 
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(251)  If  A  should  give  B  $5  he  would  then  have  $6  less 
than  B ;  but  if  he  received  $5  from  B,  three  times  his  money 
would  be  $20  more  than  four  times  B's.  How  much  money 
did  each  have  ?  A        ( A,  $31. 

Am-  I  B,  $27. 

(252)  Solve  the  following  equations  ; 

(a)  x*-6x  =  16;  (*)  x*  -  7x  =  8;  (c)  9x*  -  12.r  =  21. 

1(a)  x  =  8  or  —  2. 
\b)  x  =  8  or  —  1. 
(J)  ;r  =  2ior-l 

(253)  Find  the  values  of  the  following: 

(254)  A  wine  merchant  has  two  kinds  of  wine,  one  worth 
90  cents  a  quart,  and  the  other  50  cents  a  quart.  How  much 
of  each  must  be  put  in  a  mixture  of  60  quarts,  that  the 
mixture  may  be  worth  75  cents  a  quart? 

a        J  3?£  Qt.  of  90-cent  wine. 
(  22£  qt.  of  50-cent  wine. 

(255)  What  fraction  is  that  whose  numerator  being 
doubled,  and  denominator  being  increased  by  7,  the  value 
becomes  $ ;  but  the  denominator  being  doubled,  and  the 
numerator  increased  by  2,  the  value  becomes  -f .  Ans.  |. 

(256)  There  is  a  number  consisting  of  two  digits,  which 

is  equal  to  four  times  the  sum  of  those  digits;  and  if  18  be 

added  to  the  number,  the  digits  will  be  inverted.     What  is 

the  number? 

Note. — Remember  that  any  number,  as  28,  equals  20  -h  8  =r  10  X 
2  +  8.  Ans.  24. 

(257)  When  4  is  added  to  the  greater  of  two  numbers, 
the  greater  number  is  3±  times  the  less ;  but  when  8  is  added 
to  the  less,  the  less  is  one-half  the  greater.  What  are  the 
two  numbers?  Ans.  48  and  16. 


LOGARITHMS. 

(ARTS.  618-667.) 


EXAMINATION  QUESTIONS, 

(258)  Solve,  using  logarithms, 

x  =  351.36  X  100  X  24  [1  -  (W),,90<I8L 

Note. — In  logarithmic  work  negative  quantities  are  used  as  though 
they  were  positive,  the  sign  of  the  result  being  determined  independ- 
ently. 

Ans.  x  =  —  188,300. 

(259)  What  are  the  logarithms  of  the  following  numbers: 
(a)  2,376?     (£) .6413?     {c)  .0002507? 

(260)  Divide  the  following  by  using  logarithms: 

(a)  755.4  -T-  .00324;  (*)  .05555  -*-  .0008601;  (c)  4.62  -• .  6448. 

(  (a)  233,150. 
Ans.  ]  (6)  64.584. 
(  (c)  7.1648. 

(261)  Find  the  value  of  x,  by  using  logarithms,  in 

.t«  —  238  X  1000 
*     -    .0042-"01  ' 

Ans.  *=  2,432,700,000. 

(262)  Divide  ^00743  by  ^006. 

Ans.   1,893.6. 

(263)  Multiply  together  the  following  by  using  loga- 
rithms: 1,728,  .00024,  .7462,  302.1  and  7. 6094.     Ans.  711.40. 

(264)  Calculate  the  value  of ..       T    . 

V 298. 54      Ans.  3.0759. 

(265)  Calculate  the  value  of  J/.  0532864.         Ans.  .  65780. 

(266)  Obtain  the  values  of:  (a)  324i;  (6)  .76,M,  and 
(c)  .84-si.  t  (a)  16,777,000. 

Ans.  ]  (*)  .37028. 
(  (c)  .93590. 
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i 

(267)  Calculate  the  value  of  -W ^—  -*-  V/|p 

Ans.  .49060. 

(268)  Find  the  numbers  corresponding  to  the  following 
logarithms:     .81293,  2.52460, 1.27631. 

(269)  Find   the   value   of  vx  in  /  v1-*1  =/1^,,,4ll  when 
p  =  134.7,  v  =  1.495,  and/,  =  16.421.  Ans.  6.6504. 

(270)  What  is  the  value  of 
./7.18MX  4,764.8- X0.003S6;       ^ 


V 


.000489  X  457*  X  .576* 

/S.It 

(271)  In  the  formula  /  =  960,000 -jy,  find  the  value  of 

p%  when  /  =  A,  /=  120,  and  d=  2J.  Ans.  92.480. 

(272)  Referring  to  example  27lt  what  is  the  value  of  /, 
when/  =  160,  /  =  132  and  </=  2?  Ans.  .2386a 


Geometry  and  Trigonometry 


EXAMINATION  QUESTIONS 

Note. — In  solving  the  following  examples,  the  student  will  find 
that  he  will  understand  them  much  better  if  he  draws  a  diagram  for 
each,  showing  the  given  conditions  and  results  sought. 

(1)  If  one  of  the  angles  formed  by  one  straight  line 
meeting  another  straight  line  equals  J  of  a  right  angle,  what 
is  the  other  angle  equal  to  ?  Ans.   1|  right  angles. 

(2)  If  a  triangle  has  two  equal  angles,  what  kind  of  a 
triangle  is  it  ? 

(3)  The  perimeter  of  a  regular  decagon  is  40  inches; 
what  is  the  length  of  a  side  ?  Ans.  4   in. 

(4)  What  is  one  angle  of  a  regular  dodecagon  equal  to  ? 

Ans.   If  right  angles. 

(5)  A  triangle  has  three  equal  angles;  what  is  it  called  ? 

(6)  A  certain  triangle  has  two  equal  angles.  If,  from 
the  vertex  of  the  other  angle,  a  perpendicular  is  drawn  to 
the  side  opposite,  which  is  7  inches  long,  what  are  the 
lengths  of  the  two  parts  of  the  side  thus  divided  by  the 
perpendicular  ? 

(7)  The  shortest  distance  from  a  given  point  to  a  given 
line  is  9  inches;  the  distances  from  this  point  to  the  two 
extremities  of  the  line  are  12  inches  and  15  inches;  what 
is  the  length  of  the  line  ?  Ans.   19.94  in. 

(8)  What  is  one  of  the  angles  of  an  equiangular  octagon 
equal  to  ?  Ans.   1  \  right  angles. 

For  notice  of  copyright,  see  page  immediately  following  the  title  page. 
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(9)  Given  three  points  A,  By  and  C,  and  the  distance 
from  A  to  B  equal  to  1£  inches,  from  B  to  C  1£  inches,  and 
from  C  to  A  2  inches;  pass  a  circle  through  these  three 
points. 

(10)  The  chord  of  an  arc  in  a  circle  whose  radius  is 
6  inches  is  4  inches  long;  what  is  the  length  of  the  chord  of 
half  the  arc  ?  Ans.  2.03  in. 

(11)  The  length  of  a  perpendicular  from  the  center  of  a 
circle  to  a  chord  is  5f  inches,  if  the  diameter  of  the  circle  is 
17  inches,  what  is  the  length  of  the  chord  ?       Ans.   12.52  in. 

(12)  The  sides  of  an  inscribed  angle  intercept  three- 
fourths  of  the  circumference ;  how  many  quadrants  are  there 
in  the  angle  ?  Ans.  1£  quadrants. 

(13)  How  many  equal  sectors  are  there  in  a  circle,  if 
each  sector  measures  ^  of  a  right  angle  ?       Ans.   14  sectors. 

(14)  If  the  perimeter  of  a  regular  inscribed  octagon  is 
24  inches  and  the  length  of  the  perpendicular  from  the 
center  to  one  of  the  sides  is  3.62  inches,  what  is  the  diameter 
of  the  circle  in  which  the  octagon  is  inscribed  ? 

Ans.  7.84  in. 

(15)  What  part  of  a  circle  is  an  arc  of  19°  19'  and  19"  ? 
Express  it  decimally.  Ans.  .053672  of  a  circle. 

(16)  In  a  triangle  ABC,  A  B  =  26  feet  7  inches,  AC 
=  40  feet,  and  the  included  angle  A  =  36°  20'  43";  find  the 
remaining  parts.  c  C=  40°  16'  52". 

Ans.  ]  B  =  103°  22'  25". 
(^C  =  24ft.  4.4  in 

(17)  In  a  triangle  A  B  Cy  the  side  A  B  =  16  feet  5  inches, 
the  side  B  C=  13  feet  64-  inches,  and  the  angle  A  =  54° 


54'  54";  find  the  remaining  parts. 


Ans.  < 


f  B      =42°  19'  36",  or 
27°  50'  36". 
C     =  82°  45'  30",  or 

97°  14'  30". 
A  (7=11  ft.   1}  in., 
or  7  ft.  8|  in. 
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(18)  If  one-third  of  an  angle  of  a  certain  triangle  =  14° 
47'  10",  what  are  the  angles,  one  of  the  other  two  being  two 
and  one-half  times  the  given  angle  ?  r  24°  44'  45". 

Ans.  ]  44°  21'  30". 
( 110°  53'  45". 

(19)  In  a  right  triangle  A  B  Cy  the  two  sides  are  437  feet 
and  792  feet  in  length;  find  the  hypotenuse  and  the  two 
acute  angles  ?  r  28°  53'  19". 

Ans.  j  Gl°  C  41". 
(  904  ft.  6J  in. 

(20)  In  a  triangle  ABC,  angle  ^4  =  29°  21',  angle  C 
=  76°  44'  18",  and  the  side  A  C=  31  feet  10  inches;  find 
the  other  three  parts.  r  B  C  =  16  ft.  3  in. 

Ans.  \  A  B  =  32  ft.  3  in. 
(  B      =73°  54'  42". 

(21)  (a)  The  area  of  a  circle  is  89.42  square  inches; 
what  is  its  diameter  and  circumference  ?  (b)  What  is  the 
length  of  a  side  of  the  largest  regular  hexagon  that  could  be 
inscribed  in  it  ?  Ans.   (b)     5.335  in. 

(22)  The  distance  between  two  parallel  sides  of  a 
wrought-iron  octagon  bar  is  2  inches;  what  is  the  weight  of 
a  bar  10  feet  long,  a  cubic  inch  of  wrought  iron  weighing 
.282  pound  ?  Ans.  1121b.  2  oz. 

(23)  The  outside  and  inside  diameters  of  a  cast-iron 
spherical  shell  are  16  inches  and  12  inches;  what  is  its 
weight,  a  cubic  inch  of  cast  iron  weighing  .261  pound  ? 

Ans.   323.61  lb. 

(24)  The  length  of  an  arc  of  a  circle  is  5||  inches  by 
measurement.  If  the  number  of  degrees  in  the  arc  is  27, 
what  is  the  diameter  of  the  circle  ?  Ans.  22.95  in. 

(25)  (a)  What  is  the  area  of  a  circle  whose  diameter  is 
17^  inches  ?  (b)  What  is  the  length  of  an  arc  of  16°  7'  21" 
in  the  above  circle  ?  Ans.   (b)     2.394  in. 

(26)  (a)  What  is  the  area  of  an  ellipse  whose  axes  are 
12  inches  and  8  inches  ?     (b)  What  is  its  perimeter  ? 

AnS"  ((*)    31.731  in. 
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(27)  What  is  the  entire  surface  of  a  cone  whose  base  is 
7  inches  in  diameter  and  whose  altitude  is  11  inches  ? 

Ans.  165.41  sq.  in. 

(28)  What  is  the  height  of  a  cone  having  the  same  vol- 
ume and  diameter  as  a  10-inch  sphere  ?  Ans.  20  in. 

(29)  What  is  the  height  of  a  cylinder  having  the  same 
volume  and  diameter  as  a  12-inch  sphere  ?  Ans.  8  in. 

(30)  (a)  What  is  the  area  of  a  triangle  whose  base  is 
9£  inches  and  whose  altitude  is  12  inches  ?  (b)  If  the  angle 
which  one  side  forms  with  the  base  is  79°  22',  what  is  the 
perimeter  of  the  triangle  ?  Ans.   (b)    35. 73  in. 

(31)  The  diagonal  of  a  trapezium  is  11  inches ;  the  lengths 
of  the  perpendiculars  from  the  opposite  vertexes  upon  this 
diagonal  are  4£  inches  and  7  inches ;  what  is  the  area  of  the 
trapezium  ? 

(32)  The  length  of  a  chord  of  a  segment  in  a  circle  whose 
diameter  is  10  inches  is  6 J  inches;  what  is  the  area  of  the 
segment  and  the  number  of  degrees  in  its  arc  ? 

A        j  6. 074  sq.  in. 
'  (84°  54' 28.6". 

(33)  What  is  the  volume  and  entire  area  of  a  frustum 
of  a  cone  whose  upper  base  is  12  inches  and  lower  base  is 
18  inches  in  diameter  and  whose  altitude  is  14  inches  ? 

A        (2,506.997  cu.  in. 
nS*  1  1,042.38  sq.  in. 

(34)  What  is  the  area  of  the  surface  of  a  sphere  27  inches 
in  diameter  ?  Ans.   2,290.2  sq.  in. 

(35)  What  is  the  volume  of  an  engine  cylinder,  in  cubic 
feet,  whose  diameter  is  19  inches  and  whose  stroke  is 
24  inches  ?  Ans.  3.938  cu.  ft. 

(36)  The  chord  of  the  arc  of  a  segment  is  14  inches  long 
and  the  height  of  the  segment  is  2  inches;  what  is  the 
radius  ?  Ans.   13±  in. 

(37)  (a)  What  is  the  volume  of  a  cylindrical  ring  whose 
outside  diameter  is  16  inches  and  inside  diameter  13  inches? 
(b)  If  made  of  cast  iron,  what  is  its  weight  ? 

Ans.   (b)     21  lb. 
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(38)  The  altitude  of  a  parallelopipedon  is  18  inches;  its 
base  is  a  square,  one  edge  measuring  5£  inches;  what  is  its 
convex  area,  entire  area,  and  volume  ?  r  378  sq.  in. 

Ans.  •]  433. 125  sq.  in. 
(  496.125  cu.  in. 

(39)  What  is  the  convex  area  and  entire  area  of  a  hex- 
agonal pyramid,  the  slant  height  being  37  feet  and  one  edge 
of  the  base  measuring  12  feet  ? 


(1,332  sq.ft. 
(1,706.112  sq.  ft. 


(40)  If  the  altitude  of  the  pyramid  in  the  last  problem 
had  been  37  feet,  what  would  have  been  its  volume  ? 

Ans.  4,j614  cu.  ft. 

(41)  What  is  the  area  of  a  sector  if  the  chord  of  the  arc 
is  6$  inches  long  and  the  diameter  of  the  circle  is  10  inches  ? 

Ans.  18.95  sq.  in. 

(42)  What  is  the  area  in  square  feet  of  a  parallelogram 
whose  base  is  129  inches  long,  if  the  shortest  distance 
between  the  base  and  side  opposite  is  7  feet  ? 

(43)  The  parallel  sides  of  a  trapezoid  are  15  feet  7  inches 
and  21  feet  11  inches  long;  the  altitude  is  7  feet  8  inches. 
What  is  the  area  of  the  trapezoid  ?  Ans.  143.75  sq.  ft. 

(44)  What  would  be  (a)  the  length  of  a  side  of  a  square 
having  the  same  area  as  the  trapezoid  in  the  last  problem  ? 
(6)  the  diameter  of  a  circle  t  (c)  How  much  shorter  is  the 
circumference  of  the  circle  than  the  perimeter  of  the  square  ? 

(  (a)     11.99  ft. 
Ans.  ]  (6)     13£  ft. 

(  (c)     5  ft.  6. 6  in. 

(45)  In  a  triangle  A  B  C9  A  B  =  24  feet,  B  C  =  11  feet 
3  inches,  and  A  C  =  18  feet;  required,  the  three  angles. 

A  =  26°  28'  5". 
Ans.  \  B  =  45°  29'  23". 
C  =  108°  2'  32". 


NOTICE. 

The  present  set  of  questions  on  the  subject  of  Geometry  and  Trigonometry 
are  less  in  number  than  were  contained  in  the  former  edition.  As  a  consequence, 
there  is  a  slight  break  in  the  page  numbers  between  the  last  page  of  the  questions 
on  Geometry  and  Trigonometry  and  the  Paper  following. 


ELEMENTARY  MECHANICS. 

(ARTS.  828-966.) 


EXAMINATION  QUESTIONS, 

(355)  A  ball,  thrown  horizontally  by  the  hand,  h„as  a 
velocity  of  500  ft.  per  second.  If  the  ground  is  level,  and 
the  distance  from  the  ground  to  the  hand  at  the  instant  the 
ball  leaves  the  hand  is  5  ft.  6  in.,  how  far  will  the  ball  go 
before  striking  the  ground  ?  Ans.  292. 42  ft. 

(356)  An  engine  fly-wheel,  80  in.  in  diameter,  makes  160 
revolutions  per  minute;  what  is  the  velocity  in  feet  per  sec- 
ond of  a  point  on  the  rim  ?  Ans.  55.85  ft.  per  sec. 

(357)  In  the  last  example,  through  how  many  degrees, 
minutes  and  seconds  will  a  point  on  the  rim  turn  in  one- 
seventh  of  a  second  ?  Ans.  137°  8'  344". 

(358)  The  fly-wheel  of  an  engine  drives  a  pulley,  rigidly 
connected  to  a  drum  on  which  an  elevator  rope  winds.  The 
fly-wheel  is  4  ft.  in  diameter  and  makes  54  revolutions  per 
minute;  the  diameter  of  the  pulley  is  36  in.,  and  of  the 
drum,  18  in. ;  (a)  how  long  will  it  take  the  elevator  to  reach 
the  top  of  a  building  100  ft.  high  ?  (b)  If  required  to  reach 
it  in  30  seconds,  how  many  revolutions  should  the  fly-wheel 
make  per  minute  ?  *         (   (a)  17.68  sec. 

"  t    (*)  31.83  R.   P.   M. 

(359)  Define  and  give  an  example  of  uniform  motion ;  of 
variable  motion. 

(360)  Define  force.     Name  five  different  kinds  of  forces, 

(361)  Explain  what  you  understand  by  inertia. 

(362)  Is  inertia  a  force  ?     If  so,  why  ? 

(363)  What  is  weight  ?     How  is  it  measured  ? 

(364)  In  order  that  the  effect  of  a  force  upon  a  body  may 
be  compared  with  that  of  another  force  acting  on  the  same 
body,  what  three  conditions  must  be  fulfilled  * 

For  notice  of  the  copyright,  sec  pa^e  immediately  following1  the  title  page. 
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(365)     What  is  motion  ?     What  is  rest  ? 

(300)  Can  a  body  be  in  motion  with  respect  to  one  body 
and  at  rest  with  respect  to  another  ?     Give  examples. 

(307)  Where  will  a  body  weigh  the  more,  on  the  top  of  a 
high  mountain  or  at  the  bottom  of  a  deep  valley,  the  bottom 
of  the  valley  being  as  far  below  sea-level  as  the  top  of  the 
mountain  is  above  ? 

(3G8)  If  the  top  of  a  mountain  is  31,680  feet  above 
sea-level,  what  would  a  body  weighing  20,000  lb.  at  sea- 
level  weigh  at  the  top  of  the  mountain  ?  Take  the  radius  of 
the  earth  at  sea-level  as  3,960  miles.      Ans.  19,939  lb.  8A-  oz. 

(369)  If  the  body  in  the  last  example  had  been  dropped 
in  a  hole  just  big  enough  to  let  it  fall  to  the  bottom,  and  the 
bottom  of  the  hole  was  2  miles  below  sea-level,  how  much 
would  it  have  weighed  at  the  bottom  of  the  hole  ? 

Ans.  19,989  lb.  14.4  oz. 

(370)  State  the  three  laws  of  motion. 

(371)  What  is  acceleration  ? 

(372)  What  do  you  understand  by  initial  velocity  ? 

(373)  Why  is  it  dangerous  to  jump  from  a  moving  train  ? 

(374)  Why  is  it  that  a  man  cannot  lift  himself  by  pulling 
his  boot  straps  ? 

(375)  Explain  how  forces  are  represented  by  lines. 

(376)  What  is  meant  by  the  expression,  "the  resultant 
of  several  forces  "? 

(377)  If  a  line  5  in.  long  represents  a  force  of  20  lb.,  (a) 
how  long  must  the  line  be  to  represent  a  force  of  1  lb.  ?  (b) 
Of  0J-  lb.  ? 

(378)  What  do  you  understand  by  the  components  of  a 
force  ? 

(379)  If  a  body  be  acted  upon  by  two  equal  forces,  one 
due  east  and  the  other  due  south,  in  what  direction  will  the 
body  move  ?  What  is  the  direction  of  the  resultant  of  the 
two  forces  ? 

(380)  Find  the  point  of  suspension  of  a  rectangular  cast 
iron  lever  4  ft.  6  in.  long,  2  in.  deep  and  J  in.  thick,  having 
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weights  of  47  lb.  and  71  lb.  hung  from  each  end,  in  order 
that  there  may  be  equilibrium.  Take  the  weight  of  a  cubic 
inch  of  cast  iron  as  .261  lb. 

Suggestion. — First  find  the  weight  of  the  lever;  then  consider  this 
weight  to  be  concentrated  at  the  center  of  gravity  of  the  lever,  and 
combine  it  with  the  other  two  weights  in  the  same  manner  as  though 
there  were  three  weights. 

Ans    ■[  Short  arm  =  22* 342  in* 
(  Long  arm  =  31.658  in. 

Solve  the  two  following  examples  by  the  method  or  tri- 
angle of  forces,  and  parallelogram  of  forces,  and  mark  the 
direction  of  the  resultant: 

(381)  Two  forces  act  upon  a  body  at  a  common  point; 
one  with  a  force  of  75  lb.,  and  the  other  with  a  force  of  40 
lb. ;  if  the  angle  between  them  is  60°,  and  both  forces  act 
towards  the  body,  what  is  the  value  of  the  resultant  ? 

Ans.  101.12  lb. 

(382)  In  the  last  example,  if  one  force  (the  one  of  75  lb.) 
acts  away  from  the  body,  and  the  other  towards  it,  what  is 
the  resultant  ?  Ans.  65  lb. 

(383)  If  two  forces  of  27  lb.  and  46  lb.,  respectively,  act 
in  exactly  opposite  directions  upon  a  body,  what  is  the 
resultant  ? 

(384)  The  entire  solar  system  is  moving  through  space 
at  the  rate  of  18  miles  per  second;  (a)  what  is  its  velocity 
in  miles  per  hour  ?  (£)  How  far  will  it  go  in  one  day  ? 

(385)  Two  bodies,  starting  from  the  same  point,  move 
in  opposite  directions,  one  at  the  rate  of  11  ft.  per  second, 
and  the  other  at  the  rate  of  15  miles  per  hour;  (a)  what 
will  be  the  distance  between  them  at  the  end  of  8  minutes  ? 
(b)    How  long  before  they  will  be  825  ft.  apart  ? 

Ans.  |  (*)  3  miles-  , 
(  (o)  25  seconds. 

(386)  If  six  forces  act  towards  the  center  of  gravity  of  a 
body  at  angles  of  30°,  45°,  135°,  210°,  225°,  and  300°,  whose 
magnitudes  are  75,  47,  61,  32,  53,  and  98  pounds,  respectively, 
what  is  the  value  of  their  resultant  ?  Solve  by  method  of 
polygon  of  forces.  Ans.  45J  lb. 
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« 

(387)  Suppose  that  the  velocity  of  a  steamboat  in  still 
water  is  10  miles  per  hour,  and  that  it  is  placed  in  a  river 
flowing  4  miles  per  hour;  also,  that  a  man  is  walking  the 
deck  from  stern  to  bow  at  the  rate  of  3  miles  per  hour,  (a) 
What  is  the  velocity  of  the  boat  when  headed  up  stream  ? 
(b)  When  headed  down  stream  ?  (c)  Of  the  man  in  each  case  ? 

(388)  A  peg  in  the  wall  is  pulled  by  two  strings,  one 
with  a  force  of  21  lb.,  at  an  angle  to  the  vertical  of  45°,  and 
the  other  with  a  force  of  28  lb. ,  at  an  angle  of  60° ;  what  is 
the  value  and  direction  of  the  resultant  when  the  forces  are 
on  opposite  sides  of  the  vertical  line  ?  Use  the  method  of 
parallelogram  of  forces.  Ans.  30.34  lb. 

(389)  A  force  of  87  lb.  acts  at  an  angle  of  23°  to  the  hori- 
zontal ;  what  are  its  horizontal  and  vertical  components  ? 
Find,  first,  by  the  method  of  triangle  of  forces,  and,  second, 
by  trigonometry.  Ang    j  80.084  lb. 

"   (33.994  1b. 

(390)  A  weight  of  325  pounds  rests  upon  a  smooth 
inclined  plane,  as  shown  in  Fig.  119,  Art.  884.  If  the 
angle  of  the  plane  is  15°,  (a)  what  is  the  perpendicular  pres- 
sure against  it  ?  (b)  What  force  would  it  be  necessary  to 
exert  parallel  to  the  plane,  to  keep  it  from  sliding  down- 
wards, there  being  no  friction  ?  Solve  by  trigonometry,  and 
also  by  the  method  of  the  triangle  of  forces. 

Ans.  -IS   313-9Vb* 
(  (*)  84.12  1b. 

(391)  If  the  weight  of  a  body  is  125  lb.,  what  is  its  mass  ? 

(392)  If  the  mass  of  a  body  is  53.7,  what  is  its  weight  ? 

« 

(393)  (a)  Is  the  mass  of  a  body  always  the  same  ?  (6) 
If  the  mass  of  a  body  on  the  earth's  surface  is  25,  what 
would  be  its  mass  at  the  center  of  the  earth  ?  (c)  On  the 
surface  of  the  moon  ? 

(394)  A  body  on  the  earth's  surface  weighs  141  lb. ;  (a) 
at  what  point  above  the  surface  will  it  weigh  100  lb.  ?  (b)  At 
what  point  below  the  surface  ?  Take  the  earth's  radius  as 
4,000  miles.  Ans    ( (a)  749.736  miles. 

'  I  (b)  1,163.12  miles. 
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(395)  If  a  body  were  dropped  from  a  balloon  1  mile  above 
the  earth's  surface,  (a)  how  long  a  time  would  it  require  to 
fall  to  the  earth  ?  (b)  What  would  be  its  velocity  when  it 
struck  ?  *        j  (a)  18.12  seconds. 

'  ( \b)  582. 7G  ft.  per  sec. 

(396)  In  the  last  example,  if  the  body  weighed  160  lb., 
what  would  be  the  kinetic  energy  on  striking  the  earth  ? 

Ans.  844,799  ft. -lb. 

(397)  If  a  cannon  ball  were  fired  vertically  upward  with 
a  velocity  of  2,360  ft.  per  second,  (a)  how  high  would  it  go  ? 
(b)  How  long  would  it  take  to  return  to  the  earth  ? 

A        ( (a)  16.4  miles. 

1  (b)  2  min.  26.77  sec. 

(398)  The  earth  turns  round  once  in  24  hours.  If  it  were 
a  perfect  sphere  8,000  miles  in  diameter,  how  far  would  a 
point  on  the  equator  travel  in  one  minute  ? 

(399)  If  a  projectile  weighing  400  pounds  be  fired  from 
a  cannon  with  a  velocity  of  1,875  ft.  per  second,  at  a  target 
6  ft.  distant,  (a)  what  will  be  its  kinetic  energy,  on  striking 
the  target,  in  foot-pounds  ?  (b)  In  foot-tons  ?  (c)  If  it  pene- 
trates but  6  in.,  what  will  be  its  striking  force  ? 

c(a)  21,863,339.55  ft. -lb. 
Ans.  1  (b)  10,931.67  ft. -tons. 
(  (c)    43,726,679  lb. 

(400)  If  the  acceleration  due  to  gravity  were  20  ft.  per 
second,  instead  of  32.16  ft.  per  second,  how  much  longer 
would  it  take  a  body  to  fall  to  the  earth  from  a  height  of  200 
ft.  than  it  does  now  ?  Ans.  0.9454  second. 

(401)  What  do  you  understand  by  center  of  gravity  ? 

(402)  What  do  you  understand  by  specific  gravity  ? 

(403)  (a)  What  is  the  density  of  a  cubic  foot  of  a  body 
occupying  a  space  of  800  cu.  in.,  and  weighing  500  lb.?  (b) 
What  is  its  specific  gravity  ?  .        j  (a)  33.582. 

I  (b)   17.28. 

(404)  A  body  has  been  falling  freely  for  5  seconds;  what 
is  its  velocity  ? 
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(405)  Suppose  that  a  body,  under  certain  conditions,  were 
to  fall  freely  for  3  seconds,  and  then  fall  uniformly  with  the 
velocity  it  had  at  the  end  of  the  third  second  for  6  seconds 
longer,  how  far  would.it  fall  ?  Ans.  723.6  ft. 

(406)  The  weight  of  the  head  and  piston  of  a  steam  ham- 
mer, together  with  the  piston  rod,  is  8  tons.  If  it  falls  8  ft. 
and  compresses  a  mass  of  iron  £  in.,  what  is  the  force  of  the 
blow  ?  Ans.  1,536  tons. 

(407)  Explain  what  you  understand  by  centrifugal  force. 

(408)  If  a  cast  iron  sphere  4  in.  in  diameter  be  revolved 
in  a  circle,  in  which  the  distance  from  the  center  of  the 
sphere  to  the  center  of  the  circle  is  15  in.,  what  will  be  the 
tension  of  the  string,  the  sphere  making  60  revolutions  per 
minute  ?  Ans.  13.38  lb. 

(409)  The  outside  diameter  of  an  engine  fly-wheel  is  80 
in. ;  width  of  face,  26  in. ;  average  thickness  of  rim,  5  in. ; 
revolutions  per  minute,  175;  what  is  the  centrifugal  force 
tending  to  burst  the  rim  ?  Ans.   38,641  lb. 

(410)  If  a  body  weighs  one  pound  at  a  distance  of  100 
miles  from  the  center  of  the  earth,  (a)  what  will  it  weigh  at 
the  surface  ?  (6)  At  100  miles  above  the  surface  ?  Take  the 
earth's  radius  as  4,000  miles.  *         (  (a)  40  lb. 

'  I  (t)   38.072lb. 

(411)  What  would  be  the  horsepower  of  a  machine  that 
could  raise  10,746  lb.  354  ft.  in  10  minutes  ? 

Ans.  11.5275  H.  P. 

(412)  How  far  above  the  surface  of  the  earth  will  a  2-lb. 
ball  weigh  3  oz.  ?  Ans.  9,064  miles. 

(413)  What  is  the  range  of  a  projectile  thrown  horizon- 
tally, 50  ft.  above  a  level  plain,  the  initial  velocity  being  140 
ft.  per  second  ?  Ans.  246. 87  ft. 

(414)  A  projectile  has  an  initial  velocity  of  30  ft.  per 
second.  How  far  below  the  horizontal  line  of  direction  will 
it  strike  a  body  10  ft.  away  ?  Ans.  1  ft.  9.44  in. 

(415)  What  do  you  understand  by  moment  of  a  force  ? 
Illustrate  it. 
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(416)  Illustrate  your  idea  of  a  couple. 

(417)  Can  a  couple  have  a  single  resultant  force  ? 

(418)  Where  is  the  center  of  gravity  of  a  triangle  located  ? 

(419)  If  A  B  C  D  is  a  quadrilateral,  and  A  B  =  10  in., 
BC=S  in.,  CD  =  7  in.,  Z)  A  =  9  in.,  and  the  angle  be- 
tween A  B  and  B  C  is  90°,  where  is  the  center  of  gravity  of 
the  figure  ?     Determine  it  graphically. 

(420)  Where  is  the  center  of  gravity  of  a  regular  penta- 
gon, the  length  of  a  side  being  seven  inches  ? 

(421)  If  the  weight  of  the  balls  shown  in  Fig.  128  were 
Wx  =  21  lb.,  H^  =  15  lb.,  W%  =  17  lb.,  and  IV4  =  9  lb.,  where 
would  the  center  of  gravity  be,  the  distance  between  the 
centers  of  Wx  and  lVt  being  34  in.  between  W%  and  W„  25 
in.;  between  \V%  and  \V0  40  in.,  and  between  IV4  and  IV19 
18  in.  ? 

(422)  Find  the  center  of  gravity  of  a  square  board  of 
uniform  thickness  whose  sides  are  14  in.  in  length,  and  having 
one  of  its  corners  cutoff  at  a  distance  of  4  in.,  measured 
from  that  corner  each  way;  or,  what  is  the  same  thing, 
cutting  off  a  right-angled  triangle  whose  sides,  including  the 
right  angle,  are  4  in.  long. 

(423)  A  bookbinder  has  a  press,  the  screw  of  which  has 
4  threads  to  the  inch.  It  is  worked  by  a  lever  15  in.  long,  to 
which  is  applied  a  force  of  25  lb. ;  (a)  what  will  be  the  pres- 
sure if  the  loss  by  friction  is  5,000  lb.?  (b)  What  would  be 
the  theoretical  pressure  ?  (c)  What  is  the  efficiency  in  this 
case?  (  (a)  4,424.8  lb. 

Ans.  ■]  (b)  9,424.8  lb. 
(   (c)  46.95#. 

(424)  How  would  you  determine  whether  a  body  was 
stable  or  not  if  placed  in  a  certain  position  ? 

(425)  If  a  prism  10  inches  square  has  been  so  cut  that  its 
axis  is  22  inches  long  and  makes  an  angle  of  60°  with  the 
base,  will  the  prism  stand  or  fall  when  placed  on  its  base  ? 
Consider  the  plane  of  the  upper  base  as  being  at  right 
angles  to  the  axis, 
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(426)  If  the  force  moves  through  a  distance  of  5  ft.  6  in., 
while  the  weight  is  moving  6  in. ,  (a)  what  is  the  velocity 
ratio  of  the  machine  ?  (b)  What  weight  would  a  force  of 
5  lb.  applied  to  the  power  arm  raise  ? 

(427)  In  the  last  example,  if  the  efficiency  were  65#,  what 
weight  could  be  raised  ? 

(428)  The  length  of  a  lever  is  5  ft. ;  where  must  the  ful- 
crum be  placed,  so  that  a  weight  of  35  lb.  at  one  end  may 
balance  one  of  180  lb.  at  the  other  end  ? 

(429)  In  a  block  and  tackle  the  theoretical  force  neces- 
sary to  raise  a  weight  of  1,000  lb.  is  50  lb. ;  (a)  what  is  the 
velocity  ratio  ?  (b)  How  many  pulleys  are  there  ?  (c)  If  the 
actual  force  necessary  to  raise  the  load  is  95  lb.,  what  is  the 
efficiency  ?  Ans.  (c)  52. 63#. 

(430)  The  nuts  on  a  cylinder  head  are  tightened  by  a 
wrench  whose  handle  is  20  in.  long.  If  the  force  exerted 
upon  the  wrench  is  60  lb. ,  and  the  efficiency  of  the  combina- 
tion is  40#,  what  pressure  will  the  nut  exert  against  the  head 
(or,  in  other  words,  what  is  the  tension  of  the  stud),  the 
pitch  of  the  screw  being  |  of  an  inch  ?  Ans.  24,127.5  lb. 

(431)  The  base  of  an  inclined  plane  is  20  ft.  in  length  and 
its  height  is  5  ft. ;  (a)  what  force  acting  parallel  to  the  plane 
will  balance  a  weight  of  1,580  lb.?  (b)  What  force  acting 
parallel  to  the  base  would  balance  this  weight  ? 

Ans.!</?)?83-2.lb- 


(432)  Find  what  the 
weights  IF  and  IV  must  be 
to  produce  equilibrium 
when  the  levers  shown  in 
Fig.  1  are  suspended  from 
the  ring  A. 

(433)  If  in  Fig.  141,  the 
power  arms  P  F  equal  14, 
21  and  19  inches,  respec- 
tively, and  the  weight  arms 


(  (b)  395  lb. 
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W  F  equal  2 .$•,  3 J  and  2£  inches,  respectively,  what  force 
applied  at  -Pwill  raise  a  load  of  725  lb.?  Ans.  3.032  lb. 

(434)  In  Fig.  144,  suppose  the  radius  of  the  wheel  A  is  15 
in. ;  of  Cy  12  in.,  of  £y  20  in. ;  of  the  drum  F,  5  in. ;  of  the 
pinion  Z>,  3£  in.,  and  of  £,  3  in. ;  (a)  what  load  would  a  force 
of  35  lb.  applied  at  Praise  ?  (b)  What  is  the  velocity  ratio? 
(c)  If  the  weight  actually  raised  was  1,932  lb.,  what  is  the 
efficiency?  Ans.  Efficiency  =  80. 5#. 

(435)  A  frame  having  the  shape  of  an  equilateral  triangle 
measuring  15  in.  on  each  edge  is  suspended  in  a  horizontal 
position,  weights  of  12, 15, and  18  lb.,  respectively,  being  hung 
from  each  corner.  Where  is  the  point  of  suspension  that  the 
frame  may  remain  horizontal  ?  Solve  graphically,  and 
measure  the  perpendicular  distances  from  the  point  of  suspen- 
sion to  each  edge  of  the  triangle. 

(436)  A  stone  weighing  500  lb.  is  balanced  on  the  edge  of 
the  roof  of  a  building  75  ft.  high ;  (a)  what  is  its  potential 
energy  ?  (b)  If  all  of  its  potential  energy  could  be  changed 
into  kinetic  energy,  without  any  loss  through  friction  or  heat, 
how  many  horsepower  would  be  developed,  on  the  supposition 
that  the  work  was  done  in  the  same  time  that  it  would  take 
the  stone  to  fall  freely  to  the  ground  ?      Ans.  (/;)  31.57  H.P. 

(437)  A  cubic  foot  of  a  certain  kind  of  stone  weighs  127 
lb.;  what  is  its  specific  gravity  ?  Ans.   2.032. 

(438)  The  specific  gravity  of  bismuth  is  9.823;  what  is 
the  weight  of  a  cubic  inch  ?  Ans.   .3553  lb. 

(439)  In  the  differential  pulley  shown  in  Fig.  149,  the 
radius  of  the  larger  pulley  is  6£  in.,  and  of  the  smaller  pulley, 
5|  in. ;  what  weight  will  a  force  P  of  60  lb.  raise  if  the  effi- 
ciency of  the  mechanism  is  48<£  ?  Ans.   499.2  lb. 

(440)  If  a  hammer  whose  head  weighs  \\  lb.,  strikes  a 
nail  with  a  velocity  of  25  ft.  per  second,  driving  it  f  of  an 
inch  into  the  wood,  what  is  the  force  of  the  blow  ? 

Ans.   466.42  lb. 

(441)  If  4  cu.  ft.  of  copper  alloy  weigh  a  ton  (2,000  lb.), 
(a)  what  is  its  specific  gravity  ?  (/;)  What  is  the  weight  of  a 
cu.  in.  ?  Ans.   (a)  Sp.  Gr.  8. 
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(442)  If  the  distance  between  the  center  line  of  the  handle 
and  the  axis  of  the  drum  shown  in  Fig.  143  is  14£  in.,  and 
the  diameter  of  the  drum  is  5  in.,  what  load  will  a  force  of 
30  lb.  exerted  on  the  handle  at  P  raise  ? 

(443)  If  the  coefficient  of  friction  is  .21,  what  force  would 
be  required  to  move  a  body  weighing  75  lb.  ? 

(444)  If  a  man  raises  a  weight  of  900  lb.  150  feet  in  15 
minutes,  by  means  of  a  fixed  and  movable  pulley,  (a)  how 
much  work  has  he  done  ?  (b)  What  part  of  a  horsepower  is 
this  equivalent  to  ?  Ans.   (b)  ^  H.  P. 

(445)  In  the  last  example,  what  horsepower  would  the 
man  have  actually  expended  if  the  resistance  due  to  friction 
had  been  36#  of  the  load  ?  Ans.  .3709  H.P. 

(446)  If  a  force  of  18  lb.  is  just  sufficient  to  move  a  weight 
of  88  lb.  along  a  horizontal  plane,  what  is  the  coefficient  of 
friction?  Ans.  .2045. 

(447)  If  3  cu.  ft.  of  a  certain  material  weigh  1,200  lb., 
what  is  its  density  ?  Ans.  12.438. 

(448)  An  iron  plate  rests  upon  four  supports ;  upon  it  is 
placed  a  weight  of  125  lb. ;  a  compressed  spring,  placed  under 
the  plate  directly  under  the  center  of  gravity  of  the  plate 
and  weight,  exerts  an  upward  pressure  of  47£  lb.  What  is 
the  pressure  upon  each  support  ?    Neglect  weight  of  plate. 

(449)  Find  the  resultant  of  the 
forces  acting  in  Fig.  2 — all  acting 
towards  the  same  point. 

(450)  The  distance  between 
the  center  line  of  the  handle  and 
the  axis  of  the  drum  in  Fig.  143 
is  12  in.,  and  the  diameter  of  the 
drum  is  4£  in.  The  free  end  of 
the  rope,  forming  part  of  a  block  no.  2. 
and    tackle    having   6    pulleys,    is 

wound  up  on  this  drum.  How  great  a  weight  can  be 
lifted  by  the  pulleys  if  a  force  of  30  lb.  is  exerted  on  the 
handle  ?  Ans.  960  lb. 
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(451)  (a)  What  is  the  velocity  ratio  in  the  last  example  ? 
(b)  If  the  weight  actually  lifted  by  a  force  of  30  lb.  was 
790  lb.,  what  is  the  efficiency  ?  .         (  (a)  32. 

AnS'  (  (b)  82.29*. 

(452)  It  is  desired  to  raise  a  weight  by  means  of  a  pulley 
fixed  overhead,  the  free  end  of  the  rope  passing  over  another 
pulley,  fixed  to  the  floor.  If  the  resistance  due  to  friction  is 
24*  of  the  load  lifted,  (a)  what  force  would  be  necessary  to 
raise  a  weight  of  475  lb.  ?  (b)  What  is  the  efficiency  ? 

Ans   \  <*>  589  lk 
*  (  {b)  80.64*. 

(453)  Explain  your  idea  of  work,  power,  horsepower,  and 
kinetic  energy.  If  a  constant  force  of  6  pounds  can  cause  a 
body  weighing  60  pounds  to  move  a  distance  of  25  feet  in  2| 
seconds,  what  is  (a)  the  work  done  ?  (b)  The  power  expended  I 
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HYDRAULICS. 

(ARTS.  967-1038.) 


EXAMINATION   QUESTIONS. 

(454)  An  iron  sphere  is  sunk  in  the  ocean  to  .a  depth  of 
2  miles.  The  diameter  of  the  sphere  is  20  inches;  what  is 
the  total  pressure  upon  it  ?  Ans.   5,908,971  lb. 

(455)  A  hollow  sphere  weighs  125  pounds  in  air  and  83£- 
pounds  in  water;  what  is  its  volume  ?     Ans.   1,147.4  cu.  in. 

(456)  If  capillary  attraction  causes  the  water  in  a  vessel 
to  rise  1  inch  in  a  tube  ■£$  of  an  inch  in  diameter,  how  far 
would  it  rise  in  a  tube  £  of  an  inch  in  diameter  ?     Ans.  .4  in. 

(457)  The  head  on  the  center  of  a  standard  circular 
orifice  in  the  side  of  a  reservoir  is  20  feet.  If  the  diameter 
of  the  orifice  is  9  inches,  how  many  cubic  feet  of  water  will 
be  discharged  per  second  ?  Ans.  9.432  cu.  ft. 

(458)  A  6-inch  wrought-iron  pipe  5,000  feet  long  has  a 
pressure  gauge  attached  near  the  discharge  end.  When  the 
end  is  closed,  so  that  no  water  flows  through  the  pipe,  the 
gauge  shows  a  pressure  of  150  pounds  per  square  inch;  what 
pressure  will  it  show  when  1  cubic  foot  of  water  per  second 
is  discharged  through  a  nozzle  attached  to  the  end  of  the 
pipe?  Ans.   110.36  lb.  per  sq.  in. 

(459)  If  the  stream  from  the  nozzle  in  example  458  is 
directed  vertically  upwards,  what  is  the  theoretical  height 
to  which  it  will  rise,  assuming  a  coefficient  of  velocity  of  .98 
for  the  nozzle  ?  Ans.   243.4  ft. 

(460)  A  rectangular  vertical  orifice  in  the  side  of  a 
reservoir  is  12  inches  wide  and  8  inches  deep.  If  the  sur- 
face of  the  water  in  the  reservoir  is  5  feet  above  the  upper 

For  notice  of  copyright,  see  page  immediately  following  the  title  page. 
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edge  of  the  orifice,  what  is  the  discharge  (a)  in  cubic  feet 
per  second  ?  (b)  in  gallons  per  hour  ? 

Ans  \  <tf)  7499cu-  ft- 
"  (   (b)  201,930  gal. 

(461)  Why  should  an  orifice  for  measuring  the  flow  of 
water  be  placed  at  some  distance  from  the  sides  and  bottom 
of  the  reservoir  ? 

(462)  Three  cubic  feet  of  water  per  second  flow  from  a 
nozzle  under  a  head  of  75  feet.  If  the  coefficient  of  velocity 
of  the  jet  is  .98,  what  is  the  energy  in  the  jet  as  it  leaves  the 
nozzle  ?  Ans.  13,505  ft. -lb.  per  sec. 

(463)  An  8-inch  pipe  has  a  hole  in  it  \  of  an  inch  in 
diameter;  what  would  be  the  theoretical  velocity  of  efflux, 
if  the  surface  of  the  water  were  10  feet  above  the  center  of 
the  hole  ?  Ans.  25.36  ft.  per  sec. 

(464)  A  vertical  cylinder  having  a  diameter  of  20  inches 
and  a  length  inside  of  36  inches  is  filled  with  water.  A  pipe 
having  a  diameter  of  £  of  an  inch  is  screwed  into  the  upper 
head  and  fitted  with  a  piston  weighing  10  ounces,  on  which 
is  laid  a  weight  of  25  pounds.  If  the  end  of  the  pipe  is 
10  feet  above  the  level  of  the  water  in  the  cylinder,  what  is 
the  pressure  per  square  inch  (a)  on  the  bottom  of  the  cylin- 
der ?  (b)  on  the  top  ?  (c)  What  equivalent  weight  laid  on  the 
lower  cylinder  head  would  replace  the  pressure  it  sustains  ? 

r  {a)  237.75  1b. 
Ans.  ]  (b)  236.45  1b. 

(   (c)  74,691.54  lb. 

(4G5)  If,  in  the  last  example,  a  hole  1  inch  in  diameter 
be  drilled  through  the  cylinder  wall  midway  of  its  length 
and  covered  by  a  flat  plate  in  such  a  manner  that  the  water 
can  not  leak  out,  what  will  be  the  pressure  against  the  plate  ? 

Ans.  186.22  lb. 

(4G(i)  A  piece  of  wood  weighs  11J  ounces  in  air.  It  is 
attached  to  a  piece  of  marble  weighing  5  pounds  in  air  and 
3  pounds  2  ounces  in  water.     Both  together  weigh  2  pounds 
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9  ounces  in  water;  what  is  the  specific  gravity  (a)  of  the 
wood  ?  (b)  of  the  marble  ?  As-!  ^      ^^* 

n  '  1  (6)  2.667. 

(467)  A  weir  4  feet  3  inches  long  is  used  to  measure  the 
amount  of  water  discharged  by  a  pump.  The  channel  lead- 
ing to  the  weir  is  8  feet  wide  and  3  feet  deep  below  the  crest. 
How  much  water  does  the  pump  discharge  (a)  in  cubic  feet 
per  second,  (b)  in  gallons  per  24  hours,  when  the  measured 
head  on  the  weir  is  .38  foot  ?  *  ns   \  (#)  3.274  cu.  ft. 

'  t  (b)  2,115,700  gal. 

(468)  A  circular  brick  conduit,  plastered  inside  with  neat 
cement,  is  4  feet  in  diameter  and  has  a  fall  of  3  inches  per 
100  feet.  How  much  water  will  it  discharge  when  running 
one-half  full  ?  Ans.  44.31  cu.  ft.  per  sec. 

(469)  What  should  be  the  diameter  of  a  pipe  7,640  feet 

long,    to  discharge  5  cu.   ft.   of  water  per  second  under  a 

head  of  9^  feet  ? 

*        j  Theoretical  diameter,  1.014  ft.,  nearly. 

(  Nearest  market  size,  12  irf. 

(470)  A  cylinder  fitted  with  a  piston  is  used  as  a  lifting 
cylinder  by  passing  a  rope  over  a  pulley  and  fastening  one 
end  to  the  piston  rod.  The  piston  is  moved  by  means  of 
water  obtained  from  the  city  reservoir,  and  a  gauge  attached 
to  a  pipe  near  the  cylinder  shows  the  pressure  to  be  90 
pounds  per  square  inch.  The  diameter  of  the  cylinder  is 
19  inches,  and  of  the  pipe  £  of  an  inch.  If  friction  be  neg- 
lected, (a)  how  great  a  weight  can  be  raised  ?  (b)  How 
great  a  weight  could  be  raised  if  the  pipe  were  £  of  an  inch 
in  diameter  ?  Ans.   (a)  25,517.6  1b. 

(471)  A  circular  orifice  in  the  side  of  a  large  pipe  is  3 
inches  in  diameter,  and  the  pressure  on  the  center  of  the 
orifice  is  28  pounds  per  square  inch.  What  is  the  discharge 
from  the  orifice  in  cubic  feet  per  second  ? 

Ans.   1.876  cu.  ft. 

(472)  The  upper  base  of  a  cylinder  submerged  in  water 
is  40  feet  below  the  surface.  The  diameter  of  the  cylinder 
is  20  inches,  the  altitude  is  36  inches,   and  the  bases  are 
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parallel.  If  the  bases  are  horizontal,  what  is  (a)  the  upward 
pressure  of  the  water  on  the  cylinder  ?  (b)  the  downward 
pressure  ?  Consider  the  cylinder  as  made  of  wood  having  a 
specific  gravity  of  1.09. 


A        (  (a)  5,862.85  lb. 
"  I  (b)  5,453.82  1b. 


(473)  A  bottle  weighs  2  pounds  in  air  and  10  ounces  in 
water.  A  pound  of  sugar  is  put  into  the  bottle,  and  the 
bottle  then  weighs  1G  ounces  in  water;  what  is  the  specific 
gravity  of  the  sugar  ?  Ans.   1.6. 

(474)  A  jet  of  water  issues  with  a  velocity  of  33  feet  per 
second;  what  would  be  the  theoretical  head  necessary  to 
give  it  this  velocity  ?  Ans.  16.931  ft. 

(475)  An  opening  in  a  thin  partition  between  two  reser- 
voirs is  9  inches  square.  If  the  surface  of  the  water  is  8  feel 
above  the  top  of  the  opening  on  one  side  and  3£  feet  on  the 
other,  what  will  be  the  rate  of  the  flow  through  the  opening  ? 

Ans.   5.885  cu.  ft.  per  sec. 

(476)  In  order  to  determine  the  discharge  of  a  stream,  a 
uniform  straight  stretch  300  feet  long  was  marked  by  wires 
stretched  across  the  stream,  and  the  width  of  the  stream  was 
divided  into"  10  sections.  The  area  of  each  of  these  divisions 
and  the  time  required  for  rod  floats  to  pass  from  wire  to  wire 
in  each  were  as  follows: 

Section  No.                              Area,  Sq.  Ft.                                 Time. 

1 2.36       3  m.  24    sec 

2 5.74       2  m.  32    sec 

3 7.48       1  m.  15    sec. 

4 * 9.78       0  m.  37^  sec. 

5 9.57       0  m.  40    sec. 

6 8.24      0  m.  57    sec. 

7 7. 15      1  m.     8|  sec. 

8 4.09       2  m.  45    sec. 

9 3.35       3  m.     3    sec. 

10 1.98       3  m.  47    sec. 

What  was  the  discharge  in  cubic  feet  per  second? 

Ans.   284.955  cu.  ft. 
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(477)  (a)  If  the  weight  of  40  cubic  inches  of  lead  in  air 
is  16.4  pounds,  how  much  will  it  weigh  in  water  ?  (b)  If  a 
piece  weighing  2  pounds  be  cut  off,  what  will  be  the  volume 
of  the  remaining  portion  ?  .        j  (a)  14.953  lb. 

((*)  35.122  cu.  in. 

(478)  A  vessel  having  an  elliptical  base  is  filled  with 
water.  The  area  of  the  upper  surface  of  the  water  is  47 
square  inches,  and  the  long  and  short  diameters  of  the  base 
are  13  J-  inches  and  9  inches,  respectively.  If  a  pressure  of 
12  pounds  per  square  inch  is  applied  to  the  upper  surface, 
and  the  depth  of  the  water  is  20  inches,  what  is  (a)  the  total 
downward  pressure  ?     (b)  the  pressure  against  upper  base  ? 

t(a)  1,214.144  1b. 
( (b)   564  lb. 

(479)  In  the  last  example,  suppose  that  a  flat  rectangular 
plate  b"  X  8*  were  so  placed  on  the  bottom  of  the  vessel  as  to 
make  an  angle  of  53  degrees  with  the  base,  one  of  the  narrow 
edges  resting  on  the  base;  what  is  (a)  the  perpendicular 
pressure  on  one  side  of  the  plate  ?  (b)  the  horizontal  pres- 
sure ?     (c)  the  vertical  pressure  ?  t  (a)  504.314  lb. 

Ans.  ]  (b)  402.76  lb. 
(  (c)    303. 5  lb. 

(480)  A  5-inch  pipe  discharges  water  with  a  velocity  of 
7  2  feet  per  second;  how  many  gallons  will  it  discharge  in 
one  day?  Ans.   634,478  gal.,  nearly. 

(481)  A  piece  of  brass  tubing  is  1  foot  long,  its  inside 
diameter  is  2  inches,  and  its  outside  diameter  is  2|  inches 
If  its  weight  in  air  is  6  pounds  5  ounces,  what  is  its  specific 
gravity?  Ans.   8.23. 

(482)  A  canal  is  8  feet  wide  at  the  bottom,  and  the  sides 
have  a  slope  of  30°.  If  the  vertical  depth  of  the  water  is 
5  feet,  (a)  what  is  the  wetted  perimeter  ?  (b)  what  is  the 
hydraulic  radius  ?  i  (a)  28  ft. 

\(b)   2.975  ft. 

(483)  If  the  bed  of  the  canal  in  example  482  is  composed 
of  well-packed  earth  and  has  a  fall  of  2^  inches  in  a  length 
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of  2,400  feet,  (a)  what  is  the  probable  mean  velocity  of  flow  ? 
(6)  What  is  the  discharge  in  cubic  feet  per  second  ? 

»        j   (a)  1.196  ft.  per  sec. 
nS*  \  (6)  99.627  cu.  ft. 

(484)  A  pump  must  force  5,000,000  gallons  of  water  per 
24  hours  to  a  height  of  375  feet  through  a  24-inch  pipe 
5,362  feet  long.  If  the  pipe  has  no  sharp  bends,  what  will 
be  the  pressure  per  square  inch  on  the  pump  piston  ? 

Ans.   105  lb.  per  sq.  in. 

(485)  A  water-wheel  is  supplied  with  80  cubic  feet  of  water 
per  second  through  a  48-inch  pipe  267  feet  long.  The  inlet 
end  of  the  pipe  is  flush  with  the  side  of  the  reservoir;  the 
pipe  also  has  one  bend  with  a  radius  of  4  feet.  What  is  the 
head  required  to  produce  the  flow  through  the  pipe  ? 

Ans.   1.62  ft. 

(486)  What  is  the  discharge  in  gallons  per  second  from  a 
6-inch  pipe,  if  the  mean  velocity  is  7.5  feet  per  second  ? 

Ans.   11.016  gal. 

(487)  A  hollow  iron  cylinder  is  27  inches  long  over  all ; 
its  outside  diameter  is  14  inches,  its  inside  diameter  is 
13  inches,  and  the  ends  are  £  of  an  inch  thick.  If  placed  in 
water,  will  it  sink  or  float  ? 

(488)  An  empty  bottle  weighing  1  pound  5  ounces  is  filled 
with  water  and  then  weighs  2  pounds.  When  filled  with 
linseed  oil,  it  weighs  1  pound  15.34  ounces;  what  is  the 
specific  gravity  of  the  oil  ?  Ans.   .94. 

(489)  A  weir  without  end  contractions  is  5  feet  3£  inches 
long.  Neglecting  the  head  due  to  the  velocity  of  approach, 
how  much  water  does  it  discharge  when  the  measured  head 
on  the  crest  is  .43  foot  ?  Ans.  5  cu.  ft.  per  sec. 

(490)  What  will  be  the  approximate  velocity  of  flow  from 
a  straight  tube  in  the  side  of  a  reservoir,  if  the  diameter  of 
the  tube  is  2  inches,  its  length  4£  inches,  and  the  head  on  its 
center  64  feet  ?  Ans.   52.61  ft.  per  sec. 

(491)  Water  flows  from  an  18-inch  pipe  to  a  6-inch  pipe 
through  a  conical  reducer.     Assuming  that  there  are  no 
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losses  in  pressure  due  to  resistances  in  the  reducer,  what 
will  be  (a)  the  pressure,  and  {b)  the  velocity  of  flow  in  the 
6-inch  pipe,  if  the  pressure  in  the  18-inch  pipe  is  50  pounds 
per  square  inch  and  the  velocity  of  flow  2  feet  per  second  ? 

Ans   \  (a)  ^  ^  lb.  per  sq.  in. 
'  1  (b)  18  ft.  per  sec. 

(492)  A  12-inch  pipe,  5,842  feet  long,  without  sharp  bends, 
connects  two  reservoirs,  A  and  B.  The  end  of  the  pipe 
where  it  enters  B  is  42  feet  lower  than  the  end  at  A,  and 
the  depth  of  the  water  above  the  center  of  the  pipe  at  A  is 
27  feet,  while  the  depth  above  the  center  of  the  pipe  at  B  is 
19  feet,  (a)  What  will  be  the  mean  velocity  of  flow  through 
the  pipe  ?  (b)  How  many  gallons  of  water  will  be  discharged 
per  24  hours  ?  *        j  (a)  5.246  ft.  per  sec. 

S*  1   (6)  2,662,750  gal. 

(493)  A  rectangular  orifice  in  the  side  of  a  reservoir  is 
7£  inches  wide  by  14  inches  deep,  and  has  its  upper  edge 
2  feet  below  the  surface  of  the  water.  How  many. cubic 
feet  per  minute  will  it  discharge  ? 

Ans.  346.25  cu.  ft.  per  min. 

(494)  What  would  be  the  discharge  if  the  orifice  in  ex- 
ample 493  were  placed  with  its  long  edge  horizontal,  and  the 
upper  edge  2  feet  below  the  surface  as  before  ? 

Ans.   328  cu.  ft.  per  min. 

(495)  A  cross-section  of  the  upper  end  of  a  vessel  filled 
with  water  is  an  ellipse  whose  axes  are  6  inches  and  4  inches; 
the  lower  end  is  circular  and  has  a  diameter  of  15  inches; 
the  depth  of  the  water  in  the  vessel  is  24  inches;  what  is  the 
total  pressure  upon  the  base  if  a  weight  of  132  pounds  is  laid 
upon  the  upper  surface  ?  Ans.   1,390.9  lb. 

(490)  The  cylinder  of  a  hydraulic  press  is  10  inches  in 
diameter.  The  plunger  is  forced  outwards  by  means  of  a 
small  pump  which  supplies  the  press  cylinder  with  water,  its 
piston  being  £  inch  in  diameter  and  its  stroke  1£  inches.  If  a 
force  of  100  pounds  be  applied  to  the  pump  piston,  (tf)  how 
great  a  force  can  it  exert  on  the  plunger  ?     (b)  What  is  the 
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velocity  ratio  between  the  piston  and  the  plunger  ?  (c)  How 
far  does  the  plunger  advance  for  one  stroke  of  the  piston  ? 

(  (a)  40,000  lb. 
Ans.  ]  (b)  400  :  1. 

(  (c)  .00375  in. 

(497)  The  weight  necessary  to  sink  a  Nicholson's  hy- 
drometer to  a  fixed  point  on  the  rod  is  2  pounds  8£  ounces. 
The  weight  necessary  to  sink  the  hydrometer  to  this  point 
when  a  piece  of  slate  is  in  the  basket  is  1  pound  11  ounces, 
and  when  the  slate  is  in  the  upper  pan,  12  ounces,  (a)  What 
is  the  specific  gravity  of  the  slate  ?     (b)  What  is  its  volume  ? 

Ans.  \  to  1-9' 

(  (b)  25.92  cu.  in. 

(498)  The  surface  of  the  water  contained  in  a  vessel  is 
19  feet  above  the  ground,  (a)  What  is  the  range  of  the 
water  issuing  from  an  orifice  4  feet  9  inches  from  the  top  ? 
(b)  How  far  below  the  surface  is  the  other  point  of  equal 
range  ?     {c)  What  is  the  greatest  range  ? 

Ans.  i  M  16'45*  ft' 
I  (c)  19  ft. 

(499)  How  much  water  will  a  10-inch  pipe,  6,570  feet  long, 
without  sharp  bends,  discharge  under  a  total  head  of  328  feet  ? 

Ans.   49.35  gal.  per  sec 

(500)  What  will  be  the  pressure  during  flow  at  a  point  in 
the  above  pipe  2,000  feet  from  the  inlet  end,  if  the  center  of 
the  pipe  at  that  point  is  150  feet  below  the  level  of  the  water 
in  the  reservoir?  Ans.  21  lb.  per  sq.  in.,  nearly. 

(501)  What  values  of  f  should  be  used  for  (a)  a  1-inch 
pipe  discharging  0.3  gallon  per  second;  (b)  a  4-inch  pipe 
discharging  2.5  gallons  per  second;  (c)  a  12-inch  pipe  dis- 
charging 375  cubic  feet  per  minute;  (d)  a  24-inch  pipe  dis- 
charging 8,000,000  gallons  per  day;  and  (*•)  a  48-inch  pipe 

(*)  .0260. 

(b)  .0243. 

(c)  .019. 

(d)  .0171. 

(e)  .0115. 


3£  miles  long  under  a  total  head  of  50  feet  ? 

Ans. 
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(502)  What  would  be  the  total  pressure  on  a  cube  one 
edge  of  which  measures  10£  inches,  if  sunk  3£  miles  below 
sea-level  ?  Ans.  5,443,383  lb. 

(503)  A  spherical  shell  whose  inside  diameter  is  19  inches 
is  filled  with  water,  which  is  subjected  to  a  pressure  of 
80  pounds  to  the  square  inch;  what  is  the  pressure  tending 
to  separate  one  half  of  the  sphere  from  its  opposite  half  ? 
Neglect  the  weight  of  the  water.  Ans.  22,682  lb 


PNEUMATICS. 

(ARTS.  1039-1088.) 


EXAMINATION  QUESTIONS. 

(504)  What  do  you  understand  by  tension  of  gases  ? 

(505)  A  cylinder  filled  with  compressed  air  supports  a 
column  of  mercury  4  feet  high,  (a)  What  is  the  tension  of 
the  air  in  pounds  per  square  inch  ?  (b)  In  atmospheres  ? 
Take  the  weight  of  a  cubic  inch  of  mercury  in  all  cases  as 
.49  pound.  Ajns    (  (a)  23.52  lb. 

*  ( (b)  1.6  atmos. 

(506)  By  reason  of  a  partial  vacuum,  a  column  of  water 
19  feet  in  height  is  supported  by  the  atmosphere,  (a)  Kow 
many  inches  of  vacuum  does  the  gauge  show,  and  (b)  what  is 
the  pressure  above  the  mercury  in  pounds  per  square  inch  ? 

■AnsJto  16'828in- 

i  (b)  6.454  lb.  per  sq.  in. 

(507)  A  closed  vessel,  fitted  with  a  piston,  contains  coal 
gas  under  a  pressure  of  three  atmospheres.  If  the  piston 
is  so  moved  that  the  volume  is  2£  times  its  former  volume, 
what  is  the  tension  of  the  gas  in  pounds  per  square  inch  ? 
The  temperature  is  the  same  in  both  cases. 

Ans.  17.64  lb.  per  sq.  in. 

(508)  A  certain  quantity  of  air,  under  a  pressure  of  1£ 
atmospheres  and  a  temperature  of  75°,  weighs  7.14  pounds. 
It  is  put  in  an  empty  vessel  in  which  one  cubic  foot  of  air 
weighs  .08  pound,  (a)  What  is  the  new  volume?  (b)  The 
temperature,  the  pressure  remaining  the  same?  (c)  The 
original  volume  ?  ( (a)  89.25  cu.  ft. 

Ans.  ]  (b)  283.887°. 

(  (c)  64.188  cu.  ft. 

(509)  The  temperature  of  the  discharged  air  of  an  air 
compressor,  the  tension  of  which  is  40  pounds  per  square 

For  notice  of  the  copyright,  see  page  immediately  following  the  title  page. 
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inch,  is  120° ;  when  it  has  cooled  down  to  the  temperature 
of  the  surrounding  air,  which  is  55°,  what  is  its  tension  ? 

Ans.   35.517  lb.  per  sq.  in. 

(510)  What  is  the  weight  of  a  cubic  foot  of  air  at  60°, 
under  a  pressure  of  one  atmosphere  ?  Ans.  .076296  lb. 

(511)  The  total  pressure  upon  a  body  is  175,000  pounds 
per  square  foot ;  what  is  the  equivalent  pressure  in  atmos- 
pheres ?  Ans.  82. 672  atmos. 

(512)  Three  gases,  oxygen,  hydrogen,  and  nitrogen,  are 
mixed  together  in  a  vessel  containing  40  cubic  feet.  The 
volume  and  tension  of  the  oxygen  are  12  cubic  feet  and  one 
atmosphere,  respectively;  of  the  hydrogen,  10  cubic  feet  and 
two  atmospheres;  of  the  nitrogen,  8  cubic  feet  and  three 
atmospheres.  The  temperature  of  the  separate  gases  and 
of  the  mixture  remaining  the  same  throughout,  what  is  the 
tension  of  the  mixture  ?  Ans.  20.58  lb.  per  sq.  in. 

(513)  In  the  last  example,  suppose  the  volume  of  the 
mixture  is  not  known,  and  that  the  tension  is  required  to  be 
23  pounds  per  square  inch;  what  is  the*,  volume  of  the 
mixture  ?  Ans.   35.79  cu.  ft. 

(514)  A  balloon  is  filled  with  10,000  cubic  feet  of  hot  air 
at  a  temperature  of  280°.  If  the  temperature  of  the  sur- 
rounding air  is  77°,  and  the  weight  of  the  balloon  and 
fixtures  is  100  pounds,  how  great  a  weight  will  it  lift  ?  The 
tension  of  the  hot  air  is  one  atmosphere.         Ans.   102.68  lb. 

(515)  A  vessel  containing  13  cubic  feet  of  air  having  a 
temperature  of  73°  and  a  tension  of  one  atmosphere  is 
placed  in  communication  with  another  vessel  containing  i8 
cubic  feet  of  air,  at  a  temperature  of  53°  and  a  tension  of  30 
pounds  per  square  inch.  What  is  the  new  temperature  if 
the  tension  of  the  mixture  is  20  pounds  per  square  inch  ? 

Ans.    -20.65°. 

•    (516)     What  is  a  vacuum  ?     Illustrate  it. 

(517)  What  pressure  per  square  foot  is  equivalent , to  a 
receiver  pressure  of  fa  of  an  inch  of  mercury  ?   Ans.  1.764  lb. 

(518)  A  horizontal  cylinder,  closed  at  one  end  and  open 
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at  the  other,  is  exactly  fitted  with  a  piston  having  a  hole  in 
it  to  allow  the  confined  air  to  escape.  The  length  of  the 
cylinder  is  6  feet,  and  the  diameter  is  40  inches.  The  piston 
weighs  325  pounds,  and  is  moved  inwards  until  the  length 
of  the  space  between  the  cylinder  head  and  the  piston  is  40 
inches,  (a)  How  great  a  force  will  be  necessary  to  pull  the 
piston  out  of  the  cylinder  after  the  hole  has  been  plugged, 
if  the  coefficient  of  friction  is  14#  ?  (b)  To  shove  it  in  until 
the  length  of  the  enclosed  space  is  6  inches  ?  Assume  that 
the  temperature  remains  constant. 


Ans  i<*)  8>&tf.55lb. 
'  <(£)  104,723.6121b. 


(519)  There  are  8.47  cubic  feet  of  air,  under  a  pressure 
of  38  pounds  per  square  inch.  If  4£  cubic  feet  be  removed, 
what  will  be  the  tension  of  the  remainder,  the  temperature 
remaining  the  same  ?  Ans.   17.812  lb.  per  sq.  in. 

(520)  A  vessel  containing  3  cubic  feet  of  gas  weighing 
.5  pound  under  a  pressure  of  one  atmosphere  has  com- 
pressed into  it  enough  more  of  the  gas  to  make  it  weigh  1 
pound  and  6  ounces;  the  temperature  remaining  the  same, 
what  is  the  new  tension  of  the  gas  in  pounds  per  square 
inch  ?  Ans.  40.425  lb.  per  sq.  in. 

(521)  If  4,516  cubic  inches  of  gas  having  a  temperature 
of  260°  are  cooled  down  to  a  temperature  of  80°,  the  pressure 
remaining  the  same,  what  is  the  volume  ? 

Ans.   1.96  cu.  ft. 

(522)  If  55  cubic  feet  of  air,  under  a  pressure  of  1J 
atmospheres,  have  a  temperature  of  88°,  what  is  the  weight  ? 

Ans.  4.977  lb. 

(523)  Two  vessels,  the  volumes  of  which  are  each  7£ 
cubic  feet,  are  filled  with  air;  the  temperature  is  the  same 
in  both,  but  the  tension  in  one  is  two  atmospheres,  and  in 
the  other  40  pounds  per  square  inch.  If  all  of  the  air  in 
one  vessel  is  compressed  into  the  other,  what  is  the  tension 
of  the  mixture  after  it  has  cooled  down  to  the  original 
temperature  ?  Ans.  69.4  lb.  per  sq.  in. 
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(524)  A  solid  block  of  wood,  48'  X  36'  X  24',  weighs  in 
air  1,200  pounds;  how  much  will  it  weigh  in  vacuum  ?  The 
temperature  of  the  air  is  60°.  Ans.   1,201.83  lb. 

(525)  A  double-acting  steam  pump  is  required  to  force 
water  to  a  height  of  127  feet;  the  height  of  the  suction  is 
16  feet.  Allowing  25#  for  friction,  etc.,  (a)  what  must  be 
the  horsepower  of  a  steam  engine  to  drive  this  pump,  if  the 
diameter  of  the  plunger  is  9  inches,  stroke  12  inches,  and 
number  of  strokes  per  minute  125  ?  {b)  How  many  gallons 
could  be  discharged  per  hour  ?  *         (  (a)  19.942  H.  P. 

"  \(6)  24,784.3  gal. 

(526)  In  the  last  example,  if  the  pump  is  single-acting, 
and  the  number  of  strokes  per  minute  100,  what  will  be  the 
discharge  in  gallons  per  hour  ?  Ans.   9,914.4  gal. 

(527)  If  you  are  told  that  the  vacuum  gauge  of  a  con- 
denser shows  23  inches  vacuum,  what  do  you  understand 
by  it  ?     What  is  the  pressure  in  the  condenser  ? 

(528)  What  is  a  pressure  of  one  atmosphere  equivalent 
to  in  pounds  per  square  foot  ?       Ans.  2,116.8  lb.  per  sq.  ft. 

(529)  If  the  weight  of  3  cubic  feet  of  air  at  a  certain 
temperature  and  under  a  pressure  of  30  pounds  per  square 
inch  is  .27  pound,  what  is  the  weight  of  1  cubic  foot  under 
a  pressure  of  65  pounds  per  square  inch  and  at  the  same 
temperature?  Ans.  0.195  lb. 

(530)  In  the  last  example,  what  is  the  temperature  of 
the  air?  Ans.  439.6°. 

(531)  What  are  the  absolute  temperatures  corresponding 
to  32°,  212°,  62°,  0°  and  -  40°  ? 

(532)  Three  and  one-half  pounds  of  air,  under  a  pressure 
of  10  atmospheres,  occupy  a  volume  of  4  cubic  feet.  What 
is  the  temperature  ?  Ans.  —  6.583°. 

(533)  Fifteen  cubic  feet  of  oxygen,  having  a  tension  of 
63  pounds  per  square  inch,  and  19  cubic  feet  of  nitrogen, 
having  a  tension  of  three  atmospheres,  are  mixed  together 
in  a  vessel  the  volume  of  which  is  25  cubic  feet.  The  tem- 
perature of  both  gases  and  of  the  mixture  being  the  same, 
what  is  the  tension  of  the  mixture  ?  Ans.  71.316  lb. 
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(534)  One  pound  of  air  has  a  temperature  of  80°  and  a 
volume  of  10  cubic  feet ;  what  is  its  tension  ? 

Ans.  20  lb.  per  sq.  in. 

(535)  If  an  indicator  card  taken  from  a  condensing 
engine  shows  a  pressure  of  12£  pounds  below  the  atmos- 
phere, how  many  inches  of  vacuum  will  the  vacuum  gauge 
show  ? 

(536)  A  vacuum  of  27  inches  will  support  a  column  of 
water  of  what  height  ?  Ans.  30. 6  ft. 

(537)  A  certain  vessel  has  a  volume  of  6.7  cubic  feet.  A 
vacuum  gauge  attached  to  it  shows  17£  inches,  (a)  How 
much  air  at  atmospheric  pressure  will  it  be  necessary  to 
admit  to  have  the  vacuum  gauge  show  5  inches  ?  (6)  to 
show  0  inches  ?  Ans.   (a)  2.79|  cu.  ft. 

(538)  A  certain  vessel  contains  11  cubic  feet  of  gas 
weighing  2.4  pounds.  If  put  in  communication  with  a 
second  vessel  from  which  all  the  air  has  been  removed,  and 
which  has  a  volume  of  25  cubic  feet,  what  will  be  the  weight  of 
a  cubic  foot  of  the  gas,  the  temperature  remaining  constant  ? 

Ans.  -fa  lb. 

(539)  The  air  contained  in  a  closed  vessel,  under  a  pres- 
sure of  12  pounds  per  square  inch,  is  heated  from  60°  to 
300°;  what  is  its  tension  ?  Ans.   17.54  1b. 

(540)  What  is  the  weight  of  a  cubic  foot  of  air  at  212°, 
under  a  pressure  of  one  atmosphere  ?  Ans.  .059039  lb. 

(541)  The  diameter  and  stroke  of  the  piston  of  an  air 
compressor  is  20  inches  and  32  inches,  respectively.  If  the 
discharge  valve  opens  when  the  piston  has  completed  26 
inches  of  its  stroke,  (a)  what  is  the  volume  ?  (b)  the  weight  ? 
(c)  the  tension  of  the  air  discharged  ?  Take  the  temper- 
ature of  the  outside  air  as  75°,  and  the  temperature  at  dis- 
charge as  125°.  (  (a)  1,884. 96 cu.  in.  =  1.0908  cu./t 

Ans.  )(£)  .43143  lb. 

( (r)  85.727  lb.  per  sq.  in. 

(542)  Nineteen  cubic  feet  of  air,  having  a  tension  of  12 
pounds  per  square  inch,  are  mixed  in  a  vessel  which  holds  30 
cubic  feet,  with  21  cubic  feet  of  air  from  another  vessel.     If 

T.    L—43 
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the  tension  of  the  mixture  is  35  pounds  per  square  inch, 
what  was  the  tension  of  the  second  volume  of  gas  ? 

Ans.   39.14  lb.  per  sq.  in. 

(543)  A  vessel  containing  45  cubic  feet  of  air  at  a  tem- 
perature of  60°  and  a  tension  of  13  pounds  per  square  inch 
is  emptied  into  another  vessel  containing  60  cubic  feet  of  air 
at  a  temperature  of  80p  and  a  tension  of  17  pounds  per 
square  inch.  What  is  the  tension  of  the  mixture  if  its 
temperature  is  72°  ?  Ans.  26.723  lb.  per  sq.  in. 

(544)  What  is  a  partial  vacuum  ?  If  enough  air  is  ad- 
mitted to  the  vacuum  chamber  to  cause  the  column  of  mer- 
cury to  be  4£  inches  shorter  than  the  barometer  column, 
how  many  inches  of  vacuum  will  the  gauge  show  ? 

(545)  By  reason  of  a  partial  vacuum,  a  column  of  alcohol 
16  feet  high  is  supported.  How  many  inches  will  the 
vacuum  gauge  show  ?  Ans.  11.337  in. 

(546)  The  stroke  and  diameter  of  the  piston  of  a  blowing 
engine  (one  form  of  an  air  compressor)  are  each  80  inches. 
The  valves  are  so  set  that  they  will  open  for  discharge  when 
the  tension  of  the  compressed  air  becomes  9  pounds  above 
the  atmosphere,  (a)  At  what  point  of  the  stroke  will  the 
valves  open  ?  (b)  How  many  cubic  feet  of  air  having  this 
tension  will  be  discharged  during  one  stroke  of  the  piston, 
the  temperature  being  constant  throughout  ? 

Ans   \  <*>  30'38  in- 

"  (  (b)  144.34  cu.  ft. 

(547)  A  certain  quantity  of  air  under  a  pressure  of  3£ 
atmospheres  weighs  13  pounds.  After  expanding  under  a 
constant  temperature,  the  weight  of  the  same  volume  is 
only  2  pounds.     What  is  the  tension  of  the  air  ? 

Ans.  7.915  lb.  per  sq.  in. 

(548)  The  stroke  of  the  piston  in  an  air  compressor  is  60 
inches.  When  the  piston  has  traveled  50  inches,  what  is  the 
tension  (the  temperature  at  discharge  being  130°)  of  the 
enclosed  air,  assuming  that  the  delivery  valves  do  not  open 
until  this  point  is  reached  ?  The  original  temperature 
is  60°.  Ans.  100.07  lb.  per  sq.  in. 
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(549)  A  pound  of  air  has  a  temperature  of  127°  and  a 
tension  of  27  pounds  per  square  inch.     What  is  its  volume  ? 

Ans.  8.055  cu.  ft. 

(550)  The  weight  of  a  certain  body  of  air  having  a  ten- 
sion of  4,000  pounds  per  square  foot  and  a  temperature  of 
100°  is  .5  pound.     What  is  its  volume  ?     Ans.  3.735  cu.  ft. 

(551)  Forty  cubic  feet  of  air  having  a  temperature  of 
100°  and  a  tension  of  90  pounds  per  square  inch  are  mixed 
with  57  cubic  feet  having  a  temperature  of  130°  and  a  ten- 
sion of  80  pounds  per  square  inch.  The  tension  of  the 
mixture  is  120  pounds  per  square  inch  and  the  temperature 
is  110°.     What  is  the  volume  ?  Ans.  67.248  cu.  ft. 

(552)  If  a  bottle  fitted  with  a  rubber  bulb,  as  shown  in 
Fig.  199,  be  filled  with  water  until  the  air  in  the  bulb  oc- 
cupies a  space  of  20  cubic  inches  under  a  tension  of  exactly 
one  atmosphere,  what  will  be  the  difference  between  the 
internal  and  external  pressure  on  the  bottom  of  the  bottle 
after  the  bulb  is  squeezed  until  the  space  is  only  £  of  the 
original  volume  ?  The  opening  of  the  neck  of  the  bulb  is 
£  of  a  square  inch,  the  bottom  of  the  bottle  is  3  inches  in 
diameter,  and  the  depth  of  the  water  is  12  inches. 

Ans.   314.793  lb. 

(553)  Four  cubic  feet  of  air  is  heated  under  a  constant 
pressure  from  40°  to  115°.     What  is  the  resulting  volume  ? 

Ans.  4.6  cu.  ft. 


Elementary  Graphical  Statics. 


(ARTS.  1089-1183.) 


EXAMINATION  QUESTIONS. 

(554)  A  simple  beam  20  feet  long  between  supports 
carries  a  load  of  4  tons,  at  a  distance  of  8  feet  from  the  left 
support.  Compute  (a)  the  reaction  Rt  at  the  left  support; 
(6)  the  reaction  Rt  at  the  right  support ;  (c)  the  bending 
moment  in  foot-tons  under  the  load,  and  (d)  the  bending 
moment  in  inch-pounds  at  the  same  point. 

(a)  2.4  tons. 
.         .   (b)  1.6  tons. 
AnS'  1   (c)   19.2  ft. -tons. 
(d)  460,800  in. -lb. 

(555)  Find,  graphically,   the  magnitude,  direction,  and 


Fig.  8. 

position  of  the  resultant  of  the  forces  shown  in  Fig.  3. 

Note. — In  Fig.  3,  and  occasionally  in  subsequent  figures,  the  direc- 
tions and  positions  of  the  forces  are  designated  by  means  of  the  refer- 
ence line  tn  n,  which  is  drawn  simply  to  locate  the  forces.  The 
directions  of  the  forces  are  shown  by  their  angles  with  the  reference 
line,  and  the  distances  between  them  are  measured  along  it.  When 
the  directions  of  the  forces  are  not  shown  by  a  figure,  but  are 
described  by  means  of  their  angle  with  the  reference  line  m  #,  the 
reference  line  is  considered  to  be  horizontal  and  the  angles  are  given 
in  accordance  with  the  note  explaining  Fig.  116  of  Art.  879. 

(556)  How  many  and  what  kinds  of  motion  can  a  force 
produce  ? 

For  notice  of  copyright,  see  page  immediately  following  the  title  page. 
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(557)     Find  the  resultant  moment  of  the  forces  shown  in 
Fig.  4,  about  the  point  C. 


fig.  4. 


(558)  Find  the  resultant  of  the  forces  shown  in  Fig.  5, 
and  resolve  this  resultant  into  two  forces  whose  lines  ot 
action  will  be  parallel  to  the  line  of  action  of  the  resultant 


m— 


y 


and  pass  through  the  points  A  and  By  which  are  the  respect- 
ive points  where  the  forces  Fx  and  F4  intersect  the  horizontal 
reference  line  m  n. 

(559)  Two  forces,  Fx  =  20  lb.  and  F%  =  10  lb.,  act  upon  a 
body  at  the  same  point ;  the  angle  between  the  lines  of  action 
of  the  forces  is  120°,  and  the  sense  of  each  force  is  towards 
the  body  acted  upon.  What  is  the  magnitude  of  the 
resultant  force  acting  upon  the  body  ?  Ans.  17.3  lb. 

(560)  Three  forces,  Fx  =  30  lb. ,  Ft  =  60  lb. ,  and  F%  =  90  lb. , 
act  upon  a  body  at  the  same  point ;  the  forces  are  inclined 
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of  the  two  reactions  Rx  and  Rr 


Ans. 


at  angles  of  30°,  60°,  and  90°,  respectively.  (See  note 
under  Question  555).  What  is  (a)  the  magnitude,  and  (b) 
the  angle  of  their  resultant  ?  *        $  (a)  166.  G  lb. 

nS'  (  (b)  70°  20',  nearly. 

(561)  What  is  the  closing  line  of  a  force  polygon  ?  Does 
the  closing  line  represent  the  resultant  of  the  given  forces  ? 
What  does  the  closing  line  represent  ?  What  line  represents 
the  resultant  ? 

(562)  A  beam  is  18  feet  long  between  supports,  and  carries 
loads  of  900  and  1,200  pounds,  at  distances  of  9  and  12  feet, 
respectively,  from  the  left  support  Rx.     Compute  the  values 

( Rx  =     850  lb. 
*  \  R%  =  1,250  lb. 

(563)  A  structure  100  feet  long  between  supports  carries 
loads  F„  F„  and  Fv  each  equal  to  1,200  pounds,  at  points 
distant  40,  60,  and  80  feet,  respectively,  from  the  left  sup- 
port Rr  By  the  principles  of  moments  compute  (a)  the 
values  of  the  reactions  Rx  and  Rty  and  (b)  the  bending 
moment  (in  foot-pounds)  at  the  center  of  the  span,  i.  e., 
midway  between  the  supports. 

Ans  i  W  *»  =  1'440  lb- ;  *•  =  2'160  lb' 
"  (  (*)  60,000  ft. -lb. 

(564)  A  rope  is  fastened  be- 
tween two  posts  20  feet  apart, 
and  supports  a  weight  of  40 
pounds  midway  between  the 
posts,  as  shown  in  Fig.  6;  the 
sag  in  the  rope  at  the  center 
is  8  feet.  What  is  (a)  the 
stress  in  the  rope,  and  (b) 
the  horizontal  pull  upon  the 
top  of  the  post  ?  The  weight 
of  the  rope  itself  is  neglected. 


Fig.  6. 


■'M 


Ans  J  M  32  lb*  (sliShtly  more)- 
'  (  (*)  25  lb. 

(565)     If  in  the  preceding  problem  the  rope  is  fastened  to 
each  post  at  a  distance  of  18  feet  above  the  ground,  what  is 
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the  bending  moment  upon  each  post  at  the  surface  of  the 
ground  ?  Ans.  450  ft.  -lb. 

(560)  Fig.  7  represents  a  derrick  carrying  a  weight  of 
9,000  pounds.  Construct  a  stress  diagram  for  the  derrick 
in  the  position  shown.  Determine  the  amount  and  charac- 
ter of  the  stress  (a)  in  the  vertical  mast ;  (&)  in  the  arm  or 

_  boom,  and  (c)  in  the  rope  between 
the  boom  and  mast.  Determine 
also  (d)  the  stress  in  the  guy  rope 
g\  (c)  the  horizontal,  and  (/)  the 
vertical  component  of  the  reaction 
at  the  foot  of  the  mast. 

(a)    +2,870  lb. 


Ans.  < 


Fig.  7. 


(b)   +8,000  lb. 

(c)    - 

-  5,890  lb. 

(d) 

5,140  lb. 

(') 

5,140  lb. 

(/) 

9,*00  lb. 

(567)     The  truss  shown  in  Fig.  8  is  to  carry  a  load  of 
12,000  pounds  at  the  center.      Assuming  the  internal  forces 


Fig.  8. 

to  act  along  the  center  lines  of  the  several  members,  con- 
struct the  stress  diagram  for  the  truss,  and  determine  the 
stress  in  each  member. 

(568)  The  truss  shown  J 
in  Fig.  9  carries  loads  U\  *f 
and  W%,  each  equal  to 
4,200  pounds.  Compute 
the  values  of  the  reactions 
Rx  and  R71  and  draw  a 
stress  diagram  for  the 
truss,    determining   the   stress   in   each   member. 


Fig.  9. 
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(569)  A  weight  Wis  hung  from  the  points  a  and  c  by 
means  of  the  rope  a  b  cy  Fig. 
10.  The  stresses  in  a  b  and 
b  r,  caused  by  the  weight, 
are  120  and  72  pounds,  re- 
spectively. What  is  the 
weight  ?  Ans.  96  lb. 

(570)  Fig.  11  represents 
the  end  view  of  an  ordinary 
freight  car.  The  total  weight 
of  car  and  load  is  60,000 
pounds,  and  the  position  of 
the  resultant  of  the  horizon- 
tal wind  pressure  of  1,000 
pounds  against  one  side  of  the  car  is  8  feet  above  the  top 

of   the  rails.     What   is  the  load 

upon    each    rail,    assuming    the 

rails  to  be  5  feet  apart  between 

centers  ? 

Ans.  31,600  lb.  and  28,400  lb. 
60000  lbs.  J 

(571)     A  beam  is  28  feet  long; 

the  left-hand   support  Rl   is  at 

the   end   of  the   beam,   but   the 

right-hand   support  R9  is  8  feet 

from   the  end   of  the   beam,    or 

20  feet  from  the  left-hand  support.     The  beam  itself  weighs 

40   pounds   per   foot,  and  a  load   IV  equal   to   840   pounds 

is   placed   upon   the  right-hand,  or  cantilever,  end  of  the 

beam.       Construct  the  equilibrium   polygon  for   the   load, 

including  the  weight  of  beam,  and  determine  (a)  the  two 

reactions,  and  (b)  the  maximum  bending  moment. 

Ans    i   W  ^=1>960lb- 
(   (6)   8,000  ft. -lb. 

(572)  In  what  respect  do  the  equilibrant  and  the  result- 
ant of  any  number  of  forces  correspond  ?  In  what  respects 
do  they  differ  ? 


1000  lbs. 
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(573)  When  is  a  moment  said  to  be  positive  and  when 
negative  ?  In  a  simple  beam,  is  the  moment  of  the  right 
reaction  about  the  left  point  of  support  positive  or  negative  ? 

(574)  In  any  structure,  what  is  the  resisting  moment  ? 
What  relation  do  bending  moment  and  resisting  moment 
bear  to  each  other  ? 

(575)  A  load  of  3,600  pounds  is  placed  at  the  apex  of  a 
pair  of  rafters  having  the  pitch  shown  in  Fig.  12.   Determine 


o 

«0 


FIG.  12. 

(a)  the  vertical  reactions,  (b)  the  horizontal  (outward) 
thrust  at  each  support,  and  (c)  the  stress  in  each  rafter. 

(  (a)  1,800  lb. 
Ans.  ]  (b)  2,700  lb. 

(   (c)  3,240  lb. 

(576)  See  Question  566,  Fig.  7.  Suppose  the  boom  of 
the  derrick  is  drawn  up  until  the  distance  a  =  8  feet,  and 
suppose  the  guy  rope  g  makes  an  angle  of  60°  with  the 
vertical  mast.  What  will  be  the  values  (a),  (b)y  (c)y  (d), 
(e),  and  (/"),  respectively  ? 


Ans. 


(a)  +4,380  lb. 

(b)  +8,000  lb. 

(c)  -4,5001b. 
{d)  4,620  lb. 
(e)  4,000  lb. 

„  (/)  11,310  lb. 

(577)     What  unknown  quantities  can  be  determined  by 
drawing  the  force  polygon  ? 
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(578)  In  Question  569,  if  the  weight  (96  pounds)  and 
the  distances  b  c  and  c  d  remain  the  same,  but  the  distance 
a  d  is  increased  to  22  feet,  what  will  be  the  pull  in  the  cords 
b  a  and  b  c  respectively  ? 

Ans.  160  lb.  and  128  lb. 

(579)  If  a  load  W=  200 
pounds  is  placed  at  cy  Fig. 
13,  determine  (a)  the  stress 
in  the  member  a  c,  and  (b) 
the  stress  in  the  rod  dc. 


Ans.  |  W  400  lb' 
(  (b)  448 


—  4'-  —  -\ 4'— 


~1 


Fig.  18. 


(b)  448  lb. 

(580)  If,  in  addition  to  the  load  of  200  pounds,  placed  at 
cy  Fig.  13,  a  load  of  200  pounds  is  placed  at  b>  and  a  load 
of  25  pounds  per  foot  is  distributed  over  the  entire  length  of 
the  beam,  determine  (a)  the  direct  stress  in  %a  cy  (b)  the 
stress  in  d  c,  and  (c)  the  maximum  bending  moment  in 
inch-pounds  mac.  (  (a)      800  lb. 

Ans.  \  (b)      896  lb.,  nearly. 
(  (c)    7,200  in.-lb. 

(581)  Fig.    14   represents  a   gin-pole   50   feet   long,   by 

means  of  which  is  sup- 
ported a  weight  of 
12,000  pounds.  The 
angle  of  the  gin-pole 
with  the  horizontal  is 
60°,  and  that  of  the  guy 
rope  is  30°  as  shown. 
Determine  (a)  the  stress 

in  the  gin-pole,  and  (b)  the  stress  in  the  guy  rope. 

Ans    -I  <*>  20>780  lb' 
AnS'   I  (b)  12,000  lb. 

(582)  Two  forcqs  Ft  and  Ft  act  upon  and  towards  a  body 
at  the  same  point;  their  lines  of  action  are  inclined  at 
angles  of  30°  and  150°  respectively,  and  the  forces  are  bal- 
anced by  a  vertical  force  of  100  pounds,     (a)     What  are 


Fig.  14. 
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the  magnitudes  of  Fl  and  F9  ?     (b)  What  is  the  angle  of  the 
equilibrant  ?  j  (a)  F^  =  100  lb. ;  Ft  =  100  lb. 

'     (  (b)  270°. 

(583)  The  forces  ^  =  40,  F9  =  30,  F,  =  60,  FA  =  150, 
and  /^  =  120,  all  in  pounds,  act  upon  and  towards  a  common 
point;  their  angles  with  a  horizontal  line  are  40°,  30°,  60°, 
150°,  and  120°,  respectively.  What  are  the  magnitude  and 
angle  of  their  resultant  ?  Ans.  290.6  lb.  and  111°. 

(584)  The    roof    truss    of    Fig.     15    is   acted    upon    by 

vertical  forces  as  shown. 
Compute  the  reactions 
and  draw  the  stress  dia- 
gram for  the  truss,  de- 
termining the  stress  in 
each  member.  Use  Bow's 
notation. 

lb. 
lb. 


1*0*-+ 


l& f — 12*6*-^ 


*, 


Ans   J^  =  1>200 
AnS'  1  J?,  =  1,200 


Pig.  15. 


(585)  What  is  meant  by 
jL  the  term  direction  of  a 
force  ?  Can  a  simple  line 
represent  a  force  in  magnitude  and  direction  ?  How  may 
the  direction  of  a  force  be  represented  ? 

(586)  Where  should  the  arrow-head  which  indicates  the 
sense  of  a  force  be  marked  upon  the  line  which  represents 
the  force  ?  How  may  tension  be  distinguished  from  com- 
pression in  a  stress  diagram  ? 

(587)  Four  forces  having  the  magnitudes  and  directions 
shown  in  Fig.  16  act  at  the  points  shown  upon  a  beam 
40  feet  between  supports.  Construct  the  force  diagram  and 
equilibrium  polygon  and  determine  (a)  the  amounts  and 
directions  of  the  reactions,  and  (b)  the  maximum  bending 
moment.  (In  the  figure  the  reactions  are,  for  convenience, 
drawn  vertical,  but  their  directions  are  not  known.) 

Ans   -1  W  *■  =  1'770  lb' ;  *'  =  1'960  lb' 
'  (  (b)  22,600  ft. -lb. 
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(588)  Construct   the   moment   diagram   for   the  vertical 


Fig.  16. 
components  of  the  forces  shown  in  Fig.  16,  so  that  its  clo- 
sing line  will  be  horizontal. 

(589)  A  beam  is  25  feet  long  between  supports,  and 
carries  a  load  IV  at  a  distance  of  5  feet  from  the  left  sup- 
port. The  bending  moment  at  the  load,  caused  by  the 
reaction  from  the  load  alone,  is  480,000  inch-pounds.  What 
is  the  magnitude  of  the  load  ?  Ans.  10,000  lb. 

(590)  A  beam  30  feet  long  weighs  40  pounds  per  foot. 
The  left-hand  support  Rx  is  at  the  end  of  the  beam,  and  the 
right-hand  support  R9  is  10  feet  from  the  opposite  end,  i.  e., 
the  supports  are  20  feet  apart.  The  beam  carries  a  uniform 
load  of  60  pounds  per  foot  over  its  entire  length,  a  load 
Wx  =  8,000  pounds  midway  between  the  supports,  and  a 
load  W%  =  2,000  pounds  upon  the  right-hand  end  of  the 
beam.  Construct  the  equilibrium  polygon;  determine  (a) 
the  amount  of  each  reaction,  and  (6)  the  maximum  bending 
moment. 

f  (a)  Rx  =  3,750  lb.; 
Ans.  \  Rt  =  9,250  lb. 

(  {b)  32,500  ft. -lb. 

(591)  Determine  the 
stress  in  each  member  of 
the  frame,  Fig.  17,  and  in  q 
the  cable  a.  What  are 
the  amount  and  direction 
of  the  reaction  R  ? 

Ans.  R  =  5,000  lb.  fig.  17. 


W)3000lb8. 
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(592)  Fig.  18  represents  a  common  form  of  crane.  De- 
termine the  stress  in  each 
member,   and   the   horizontal 

H  f°rce  ^»  ^or  t^le  dimensions 
and  load  shown.  What  is  (a) 
the  amount,  and  (b)  the  incli- 
nation of  the  reaction  R  ? 


Ans.  \  £>  W?  lb>  nearly- 
}  (6)  315°. 


Pio.ia. 


(*) 

(593)  A  beam  is  12  feet  long 
between  its  two  supports  and 
carries  a  load  of  600  pounds. 
What  is  the  maximum  bending  moment  M  and  the  amount 
of  the  left  reaction  Rx,  if  the  load  is  (a)  3  feet  from  the  left 
support ;  (b)  4  feet  from  the  same ;  (c)  in  the  middle  of  the 
span,  and  (d)  uniformly  distributed  ? 

"  (a)   Af=  1,350  ft. -lb. ;  Rx  =  450  lb. 

(b)  >/=  1,000  ft. -lb. ;  7?,  =  400  lb. 

(c)  J/=  1,800  ft. -lb. ;  7?,  =  300  lb. 

(d)  M=     900  ft. -lb. ;  Rt  =  300  lb. 

(594)  What  is  the  lever  arm  of  a  moment  ?     What  is  the 
center  of  rotation  ? 

(595)  The  truss  shown  in  Fig.  19  carries  the  loads  1V19 
Wt9  and  W%y  each   equal  to  12,000  pounds.     Compute  the 


Ans. 


Fig.  19. 

reactions  and  draw  the  stress  diagram  for  the  truss,  deter- 
mining the  magnitude  and  character  of  the  stress  in  each 
member.  Ans.  Rx  =  18,000  lb. ;  R,  =  18,000  lb. 

(590)  Assuming  all  conditions  the  same  as  in  the  prece- 
ding example,  except  that  Wx  =  2,000  lb.,  instead  of  12,000 
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lb.,  again  compute  the  reactions  and  draw  the  stress  dia- 
gram, determining  the  stress  in  each  member. 

Ans.  Rx  =  10,500  lb. ;  Rt  =  15,500  lb. 

(597)  The  pulley  by  which  a  machine  is  driven  is  8  inches 
in  diameter ;  it  is  driven  by  a  belt  from  a  shaft  pulley  32 
inches  in  diameter.  The  moment  at  the  center  of  the  shaft 
pulley  necessary  to  drive  the  machine  is  960  inch-pounds. 
(a)  What  is  the  pull  or  stress  in  the  belt  caused  by  the 
moment  ?  (b)  What  is  the  moment  at  the  center  of  the 
small  or  driven  pulley  ?  .         j  (a)  60  lb. 

*  \  (b)  240  in. -lb. 

(598)  Refer  to  Fig.  19,  and  Example  595.  It  was  found 
that  the  left  reaction  Rt  =  18,000  lb.  (a)  Compute  the 
bending  moment  at  the  joint  12  feet  from  Rt  (at  which  Wx 
is  supported),  (b)  If  this  bending  moment  is  divided  by  the 
depth  of  the  truss,  what  is  the  result  ?  (c)  Does  this  result 
equal  the  stress  obtained  in  the  solution  of  Example  595  for 
any  member  of  the  truss,  and  what  member  ? 

Ans.  (a)  216,000  ft. -lb. 

(599)  Fig.  20  represents  a  form  of  crane  sometimes  built. 
The  entire  weight  of  5,000 
pounds  is  carried  at  the 
lower  reaction  Ry  the 
upper  reaction  H  being 
simply  the  horizontal  force 
necessary  to  resist  the 
overturning  moment  of 
the  load.  Draw  the  stress 
diagram,  determining  the 
stress  in  each  member  of 
the  crane  and  also  the 
amount  of  the  reactions  H  Fio.  2a 

and  Ry  the  weight  of  the  crane  itself  being  neglected. 

Ans.  H  =  5,000  lb. ;  R  =  7,070  lb.,  nearly. 

(600)  Five  forces,  Fv  F„  Ftt  F0  and  Fb,  each  equal  to 
200  pounds,  act  upon  and  towards  the  same  point;  their 
angles,  with  a  horizontal  line,  are,  respectively,  60°,  120°, 
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180°,  240°,  and  300°.     What  is  (a)  the  magnitude,  and  (b) 
the  angle  of  their  equilibrant  ?  Ans.  (a)  200  lb. ;  (b)  0°. 

(601)  Four  forces  Fx%  F%,  F„  and  FAJ  each  equal  to  400 
pounds,  act  upon  and  towards  the  same  point ;  their  angles 
are  45°,  135°,  225°,  and  315°,  respectively.  Determine  the 
magnitude  and  angle  of  their  equilibrant. 

(602)  If  in  the  preceding  problem  the  forces  Ft  and  F4 
were  removed  and  the  body  acted  upon  by  the  forces  Fx  and  F% 
only,  what  would  be  the  magnitude  and  angle  of  the  force 
necessary  to  equilibrate  Fx  and  F%  ? 

(603)  Determine  the  amount  and  character  of  the  stress 

in    each    member  of 
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F, 


F, 


F4 


lOt-^lO^ 


F4 


PlO.  21. 


the  truss  shown  in 
Fig.  21,  which  is 
acted  upon  by  five 
equal  vertical  forces 
of  900  pounds  each. 

(604)  A  beam  28 
feet  long  is  supported 
at  points  6  feet  from 
each  end.  The  weight 
of  the  beam  is  60 
pounds  per  foot,  and  it  supports  a  uniformly  distributed 
load  of  1,440  pounds  per  foot  over  its  entire  length.  Con- 
struct the  equilibrium  polygon  and  determine  (a)  the  value 
of  the  two  reactions  Rx  and  R9 ;  (b)  the  maximum  positive 
bending  moment,  and  (c)  the  maximum  negative  bending 
moment.  (  (a)  Rx  =  21,000  lb. ;    R,  =  21,000  lb. 

Ans.  ]  (b)  +21,000  ft. -lb. 
(   (c)   -27,000  ft. -lb. 

(605)  A  beam  of  the  same  length  and  supported  at  the 
same  points  as  the  beam  of  the  preceding  problem  carries  a 
load  of  8,000  pounds  at  each  end  beyond  the  point  of  sup- 
port, and  in  the  middle  a  load  IV t  equal  to  12,000  pounds. 
Neglecting  the  weight  of  the  beam,  determine  (a)  the  maxi- 
mum positive  bending  moment,  and  (^)  the  maximum  nega- 
tive bending  moment.  Ans.  (a)  0  ;  {b)  —48,000  ft. -lb. 
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(606)  If  the  equal  loads  \Vy  and  lVt  are  removed  from  the 
ends  of  the  beam,  but  the  load  W%  remains  upon  the  middle, 
what  is  the  maximum  bending  moment,  the  weight  of  the 
beam  being  neglected  ?  Ans.  48,000  ft. -lb. 

(607)  With  the  loads  Wi  and  W%  upon  the  ends  of  the 
beam,  but  the  load  W^  removed  from  the  middle,  determine 
the  maximum  bending  moment,  neglecting  the  weight  of 
the  beam.  Ans.  —  48,000  ft. -lb. 

(608)  With  U\  (  =  12,000  lb.)  upon  the  middle  of  the  beam 
and  \V%  (=  8,000  lb.)  upon  the  left  end  only,  find  (a)  the  re- 
actions, and  (b)  the  maximum  bending  moment,  the  weight 
of  the  beam  being  still  neglected. 

j  (a)  Rt  =  17,000  lb. ;  R7  =  3,000  lb. 
"  1  (<*)  -48,000  ft. -lb. 

(609)  A  beam  weighing  40  pounds  per  foot  is  10  feet  long 
between  supports;  it  carries  a  uniformly  distributed  load  of 
1,560  pounds  per  foot  upon  the  entire  10  feet.  Construct 
the  equilibrium  polygon  and  determine  (a)  the  value  of  the 
reactions  Rx  and  R„  and  (b)  the  maximum  bending  moment. 

(  (a)  Rt  =  R9  =  8,000  lb. 
"I   (b)  20,000  ft. -lb. 

(610)  In  the  preceding  example,  the  total  load  supported 
by  the  beam  is  (1,560  +  40)  10  =  16,000  lb.  If  a  weight  of 
this  magnitude  were  upon  the  center  of  the  beam,  what 
would  be  (a)  the  value  of  each  reaction,  and  (b)  the  maxi- 
mum bending  moment,  neglecting  the  weight  of  the  beam 
itself  ?  Ans    (  (a)  R,  =  R2  =  8,000  lb. 

'  (   (b)  40,000  ft. -lb. 

(611)  What  is  a  resultant  moment  ?  What  is  the  bend- 
ing moment  at  any  point  in  a  structure  ? 

(612)  What  are  concurring  forces  ?  What  are  non-con- 
curring forces  ? 

(613)  Two  forces  Fx  and  F7  act  towards  the  same  point. 
Fx=  1,000  lb.  acts  at  an  angle  of  30°,  and  Ft  =  866  lb.  acts  at 
an  angle  of  180°  with  the  horizontal  reference  line.  What  is 
(a)  the  magnitude,  and  (b)  the  angle  of  their  equilibrant  ? 

Ans.  \  (?)  5000lb- 
I  (l>)  270°. 

T.    I.-44 


656 


ELEMENTARY  GRAPHICAL  STATICS. 


(614)  A  positive  moment  is  produced  by  a  force  of  80 
pounds  acting  upon  a  lever  arm  of  6  feet ;  it  is  equilibrated 
by  the  negative  moment  of  a  force  of  120  pounds.  What  is 
the  lever  arm  of  the  latter  force  ?  Ans.  4  ft. 

(615)  What  is  a  foot-pound  ?  What  is  an  inch-pound  ? 
How  many  foot-pounds  in  60  inch-pounds  ? 

(616)  By  means  of  what  assumption  are  problems  in 
statics  solved  ? 

(617)  A  beam  12  feet  long  projects  4  feet  beyond  the 
right  support  Rt ;  the  left  support  Rx  is  at  the  end  of  the 
beam.  A  load  W%  is  placed  upon  the  overhanging  end  of 
the  beam,  and  a  load  Wx  is  placed  3  feet  from  the  left  sup- 
port. Neglecting  the  weight  of  the  beam,  the  reaction  of 
the  right  support  Rt  is  540  pounds,  and  the  left  reaction  Rt 
is  zero.     What  are  the  amounts  of  the  loads  Wx  and  Wtl 

Ans.  W;=240  1b.;   W%=  300  lb. 

(618)  With  the  loads  and  distances  the  same  as  in  the 
preceding  problem,  (a)  what  and  (b)  where  is  the  maximum 
bending  moment  ?  Ans.  (a)  —  1,200  ft. -lb. 

(619)  Define  Graphical  Statics. 
What  is  a  truss  ? 
Define  tension  and  compression. 
The  plunger  of  a  pump,  driven  as  shown  in  Fig. 

-4 


__- ~  -i<r- 


(620) 
(621) 
(622) 


Fig.  ». 


22,   is  assumed  to  be  vertical  when  tne  driving  crank  is 
vertical,    as  shown.      As  the   crank    is    pulling   upon   the 
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connecting-rod  in  this  position  it  is  assumed  that  the  moment 
at  the  center  of  the  crank-shaft  is  1,440,000  inch -pounds. 
What  is  the  pull  (a)  upon  the  connecting-rod,  and  (b)  upon 
the  plunger  ?  Ans    (  (a)  60,475  lb. 

'  t  (b)  45,000  lb. 

(623)  With  all  conditions  the  same  as  in  the  preceding 
problem,  determine  the  stress  in  the  three  members  of  the 
frame,  and  the  amount  of  the  reaction  R. 

(624)  A  pine  block  6  inches  square  and  12  inches  long  is 
standing  on  end  upon  a  level  surface.  What  amount  of 
steady  pressure  /'applied  horizon- 
tally at  the  top  will  tip  the  block 
over,  assuming  it  to  weigh  6 
pounds  ?  Ans.  1£  lb. 

(625)  A  sailboat  is  tacking 
against  the  wind.  The  sail  is  set 
at  an  angle  of  50  degrees  with  the 
course  of  the  boat,  and  the  wind 
is  at  an  angle  of  70°  with  the  boat's 
course,  or  20°  with  the  sail.  See 
Fig.  23.  In  this  condition,  assuming  the  sail  to  be  a  level 
surface,  and  the  force  of  the  wind  against  the  sail  to  be  2,000 
pounds,  what  is  the  forward  pressure  or  propelling  power 
imparted  to  the  boat  ?  Ans.  524  lb. 

(626)  In  shooting  an  arrow  from  a 
bow,  if  the  string  is  pulled  back  at  the 
center/" until  the  distance  b  is  one-half 
the  distance  a  (see  Fig.  24),  and  the 

jy    tension  in  the  string  is  80  pounds,  what 
y-   is  the  force  imparted  to  the  arrow  ? 
/  Ans.  80  lb. 

(627)  A  single  load  W  =  4,000  lb. 
at  the  center  of  a  beam  causes  a  bend- 

fig.  84.  ing   moment   of   240,000   inch-pounds. 

How  long  is  the  beam  in  feet  ?  Ans.  20  ft. 

(628)     If  the  same  load  were  upon  the  same  span,  but  at 


FIG.  23, 
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a  distance  of  5  feet  from  the  left  support  Rl$  what  would  be 
the  maximum  bending  moment  in  inch-pounds  ? 

Ans.  180,000  in. -lb. 

(629)  In  what  proportions  is  a  load  upon  a  simple  struc- 
ture transferred  to  the  reactions  ?  What  is  the  value  of 
each  reaction  ? 

(630)  What  is  a  statical  couple,  and  what  is  its  effect  ? 

(631)  The  truss  represented  in  Fig.  25  is  assumed  to  be 
loaded  with  five  loads  in  the  manner  shown ;  each  load  W  = 


Fig.  25. 

6,000  lb.  (a)  Compute  the  values  of  the  reactions  R^  and 
R%y  and  (b)  draw  a  stress  diagram  for  the  truss  thus  loaded, 
determining  the  value  of  each  stress. 

Ans.   (a)  Rt  =  15,000  lb. ;  Rt  =  15,000  lb. 

(632)  Consider  the  loads  Wx,  \V%,  and  W%  to  be  removed 
from  the  truss  represented  in  Fig.  25;  the  truss  being 
loaded  with  WK  and  W%  only,  (a)  Compute  the  reactions, 
and  (b)  draw  the  stress  diagram,  determining  the  stress  in 
each  member  of  the  truss  when  thus  loaded. 

Ans.   (a)  Rx  =  3,000  lb. ;  R%  =  9,000  lb. 

(633)  Consider  a  structure  of  the  same  length  as  the 
truss  shown  in  Fig.  25  to  be  loaded  in  the  same  manner  and 
with  the  same  system  of  loads,  (a)  Without  reference  to 
the  form  of  the  structure,  construct  the  force  diagram  and 
the  equilibrium  polygon  for  the  loads  in  the  respective 
positions,  determining  graphically  the  reactions,  and  also 
the  bending  moment  at  the  point  of  application  of  each 
load,  (b)  Divide  each  bending  moment  thus  obtained  by 
the  height  of  the  truss  shown  in  Fig.  25,  and  compare  the 
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results  with  the  stresses  obtained  for  the  upper  and  lower 

horizontal  members  in  the  solution  of  Example  631. 

Note. — This  comparison  between  the  results  should  be  carefully 
noticed  and  remembered. 

(634)  Consider  Fig.  26  to  represent  a  truss  sustaining 
five  equal  loads  as  shown,  without  having  any  system  of 
diagonal  bracing.     (Bow's  notation  is  used  to  designate  the 
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M 


Fig  26. 

members,  and  for  clearness  the  letters  P  and  M  are  several 
times  repeated.)  Assuming  each  load  W  to  equal  6,000 
pounds,  compute  the  values  of  the  reactions  and  draw  the 
stress  diagram  for  the  truss.  Compare  this  stress  diagram 
with  the  force  diagram  of  the  preceding  example. 

(635)  In  Example  633,  consider  the  five  loads  to  be  upon 
the  span  in  the  respective  positions,  without  reference  to 
the  structure,  (a)  Compute  the  bending  moment  at  Wx, 
\V„  and  \V%,  and  (b)  compare  with  the  bending  moments 
obtained  graphically  in  Example  633. 

(  At  Wx ,  M=  270,000  ft. -lb. 

Ans.     (a)  4  At  W7,,  M=  432,000  ft. -lb. 

(  At  Wt ,  M=  486,000  ft. -lb. 

(636)  A  force  Fx  acts  horizontally  and  to  the  right;  that 
is,  it  makes  an  angle  of  180°  with  the  horizontal  reference 
line,  and  a  force  F%  makes  an  angle  of  45°  with  the  same. 
Fx  =  100  lb.,  Ft  =  79£  lb.,  and  their  lines  of  action  if  pro- 
longed would  meet.  What  is  the  magnitude  of  their 
resultant?  Ans.   7l£  lb.,  nearly. 
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(637)  What   is  a  simple  structure  ?    What  is  a  canti- 
lever ? 

(638)  When  is  a  bending  moment  considered  positive, 
and  when  is  it  considered  negative  ? 

(639)  The  truss  shown  in  Fig.  27  supports  three  loads, 
IV,.  lVtf  and  W„  each  equal  to  12,000  pounds.     The  posi- 


\t 
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tions  of  the  loads  are  shown  in  the  figure.  Compute  the 
values  of  the  reactions,  and  draw  the  stress  diagram  for  the 
truss,  determining  the  stress  in  each  member. 
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